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IIpenuciaosue
K IIepBOMY U3JIAaHUIO

Kak ciemyer uz HazBaHUsl, 9Ta KHUTA MOCBSIIIEHA (DYHKIIMOHAJIBHOMY aHa-
nu3y. TepMuH «dyHKIIMOHAIBHBIN aHAIN3» OBbLT MPEAJIOKEH B CAMOM HavaJe
Tekymero Beka 2K. AjamMapoM, M3BECTHBIM BCEM MaTeMaTUKaM 110 (hopMy-
Jie JIJIsl BBIYUCJIEHUST PAJIAYCa CXOJUMOCTH CTEIEHHOTO psifa. PYHKITMOHAb-
HBIM QHAJU30M CTAJIM HA3bIBATh HOBYIO BETBb BapHUAIMOHHOIO WMCYMC/IEHWUSI,
KOTOPYIO MHTE€HCUBHO paspabarbiBain B TO Bpemsi B. Bombreppa, Y. Apue-
ga, I1. JleBu, C. Ilunkepsie u psj Jpyrux npejcraBuresieil (ppaHily3cKoit u
UTAJbSIHCKON MaTeMaTHYECKUX IITKOJI.

Bxiag 2K. Amamapa B co3tanne HOBOM JUCIUTLIMHBI HE CBOJIUTCS, Pa3y-
MeeTcsl, K n300peTeHunIo cjoBa (pyHKIMOHA (TOUHEe, K IIPEBPAIIEHHUIO COOT-
BETCTBYIOIIErO [IPUJIArATEILHOr0 B UMs CyliecTBuTenbHoe). K. Amamap xo-
POIIIO TTOHMMAJI POJIb 3aPOXKIAIOIIErOCsT HAIPABJIEHUsI, NHTEHCUBHO paboTall,
ITOCTOSTHHO TPOIAraHUPOBAJl BHOBb BO3HUKAIOIIUE MTPOOIEMBI, UIEU U METO-
ael. B wacTHOCTH, OH TIOCTaBMJI TIepes], cBouM y4uenukom M. @perire 3a1a4y 1Mo~
CTPOEHUsI TOrO, ITO BCE Telepb HA3bIBAIOT TEOPHEl METPUYIECKUX IIPOCTPAHCTB.
B 37011 Ke cBsI3U yMECTHO OTMETUTH, 9TO OKPECTHOCTH, IPUMEHsIEMbIE B (DY HK-
[IMOHAJILHOM aHaJju3e B cMbIciie Amamapa — Boabreppa, mOC/IyKuUIu mIpeaTe-
4deit m3BecTHbiX pabor @. Xaycuopda, o3HaMeHOBABIINX OpOpMIIeHHE OOIIei
Torosiorun. Jjis JasibHeRero BayKHo IOJYEepKHYTh, YTO OJHO M3 Hauboiee
MHTEPECHBIX, TPYIHBIX W BaXKHBIX HAIPABJIEHUN KJIACCUIECKOTO AHAIU3A —
BapUAIMOHHOE WCUYUCJIEHNE — CTAJIO MEPBBIM MCTOYHUKOM (DYHKITHOHAIHHOTO
aHaJuM3a.

BropbiM ncTouyHuKOM (DyHKIIMOHAJIBLHOIO aHaJM3a ObLIN MCCJIeIOBAHUS,
HaIpaBJIEHHBIE HA CO3/IaHme aarebpamdecKoit Teopun (pyHKIIMOHATBHBIX yPaB-
HEHWIi, TOYHEE TOBOPsi, HA YIPOIIEHNE U (DOPMATUANNIO MAHUITYTUPOBAHIS
«ypaBHeHHUsIMH B (DYHKIUAX» U, B YaCTHOCTH, JIMHEHHBIMU WHTEIDAJIBLHBIMU
ypaBHeHusIMU. Teopusi Takux ypaBHeHnii, Bocxoasimas K H. A6esro u 2K. JIu-
YBUJLTIO, TIOJIY 9UJIa CYIIIECTBEHHOE pa3BuTne B paborax . @penronsma, K. Heii-
mana, ©. Hérepa, A. Ilyankape u ap. Tpyapl 3THX MATEeMATUKOB MOITOTOBU-



IIpegucaosue ix

JIM TIOYBY 3HAMEHUTBHIM nccienoBanusaM /. I'mipbepra 110 Teopun KBapaTmd-
HBIX GopM oT HeckoHeuHOro uncia rnepemeHubix. Vmen 1. 'masbepra, pa3sn-
Teie @. Puccom, . [IIMuarom u Jp., HEIOCPEJACTBEHHO MPEIIIIECTBOBAJIA aK-
CHOMATHUIECKOMY ITOCTPOEHUIO TEOPHUM I'MIbOEPTOBBIX MPOCTPAHCTB, JTAHHOMY
k. dor Heitmanom u M. Croynom. Bosuukinmit pasiesr MaTeMaTHuKy OKa3al
1 IIPOJIOJIZKAET OKa3bIBATh CHJIbHEHIIIee BO3AEHCTBIE Ha TEOPETUIECKYIO0 (DU3H-
Ky M IPeXKJe BCero Ha KBAHTOBYIO MeXaHuKy. Hebe3bIHTepecHO U MOy YNTETHLHO
B 9TOM CBSA3U OTMETUTH, YTO TEPMUH «KBaHT» BO3HUK B ToM ke 1900 1., 4TOo 1
TEPMUH «(DYHKITHOHAIT.

TperbuM BazKHEHIIMM UCTOYHUKOM (DYHKIIMOHAJIBHOIO aHAJIN3a, MOCILY-
Kuyim reomerpudeckue ujen I'. MunkoBckoro. Pa3BuThblit M amnmapar KOHEY-
HOMEPHO# T'e€OMETPHUH BBIMYKJIBIX TEJ MOATOTOBUJI TOT KPYT' MPOCTPAHCTBEH-
HBIX MIPEJICTABJIEHHUI, B KOTOPOM OCYIIIECTBJISIETCSI COBPEMEHHOE PA3BUTHE aHa-
mm3a. Upest BeimykjocTu, paspaborannast J. Xewm, . Xanom, K. Kapareo-
nopu, 1. Pamonom u jp., jieryia BIIOCJIEICTBHU B OCHOBY T€OPUHU JIOKAJIHLHO BbI-
IIYKJIBIX IIPOCTPAHCTB. B €BOIO o4Yepesb, 3Ta TEOpHsi CIIOCOOCTBOBAJIA PACIIPO-
CTPAHEHUIO MeTOo/1a O0OOIEHHBIX TPOU3BOAHLIX, OTKpLITOro C. JI. CobomeBbiM
Y KOPEHHBIM 00pa30M M3MEHUBIIErO almapaT MaTeMaTHdecKoit dusmku. B
[TOCJIEBOEHHBIE T'0JIbl PF€OMETPUYECKasl KOHIIEIIUsI BBITYKJIOCTA 3aBOEBAJIA JIJIsI
MaTeMaTUKUd HOBYIO cdepy NPUJIOKEHUH — CoIrajibHble HAyKH U OCOOEHHO
IKOHOMUKY. VICKIIOUUTETBHYIO POJIb TIPA ITOM CBITPAJIO JUHEHHOE TPOrpaM-
mupoBaHnue, oTkpbiToe JI. B. KanTopoBuuewm.

[IpuBenEHHBII TIepeYeHDb JIMHUN CTAHOBJIEHUsT (DYHKIIMOHAJIBLHOIO aHAJIU-
3a CXeMaTH4eH, HENOJIOH M Npubiu3nuresieH (Tak, OCTAINCh HEOTMEYEHHBIMA
smHus npuHnuna cynepunosunuu J. Beprysm, muHus GyHKIEi MHOXKECTB 1
TEOpUM HWHTErpaja, JIUHUS OMEPAIMOHHOIO WCYUC/ICHUS, JIMHUS WCIUCTICHUST
KOHEYHBIX pa3HOCTel U JIpobHOro auddepeHmpoBanus, JINHAS «ODIIero aHa-
Jau3a» ¥ MHoroe apyroe). HecMoTpsi Ha 9TO, IepeYUC/IEHHbIE TPH UCTOYHHUKA
OTPaXKalT OCHOBHYIO, HAMOOJIee CYIECTBEHHY O 3aKOHOMEPHOCTh — B (DYHKITH-
OHAJILHOM aHAJIN3€ OCYIIECTBJICHBI CHHTE3 U PA3BUTHE WUJIEH, TPEICTABICHUN 1
METO/IOB KJIACCUYECKUX PA3JIe/IOB MATEMATHKH: I'e€OMEeTPUH, aJirebpbl U aHAJIN-
3a. Takum o6pazom, X0oTst B 6YKBaJIbHOM CMBICIIE CJI0B (DYHKIIMOHAJIBHBIN aHa-
JIN3 — 3TO aHaau3 GPYHKIUH 1 DYHKIIMOHAJIOB, JaXKe MOBEPXHOCTHBIN BI3IVIS,
HA €ro MCTOPUIO Ma€T OCHOBAHWS CKA3aTb, YTO (DYHKIIMOHAJBLHBIN aHAIN3 —
3TO ayirebpa, reoMeTpus U aHaan3 PyHKIUNE 1 HYyHKIMOHAJIOB. Bosee riybo-
KO€ M Pa3BEPHYTOE Pa3bsCHEHUE MOHSATUS «(DYHKIIMOHAJIBHBINA aHAJIN3» TaéT
Cosercknit Durukioneaudeckuit CioBapb: «PyHKIIMOHAIBHBIN aHAIN3, OIMH
13 OCHOBHBIX Pa3JeJI0OB COBDEMEHHOI MaTreMaTnku. BO3HUK B pe3ysiabrare B3a-
VMHOTO BJIUSTHUsI, OObeJUHEHUsT M 0O00IIEHUsT UJIeil U METOJIOB MHOTUX pa3Jie-
JIOB KJIACCUYECKOTO MATEMATUYIECKOIO aHAIU3a. XapaKTePU3yeTCsl UCIOJIB30-
BaHMEM TIOHATHUH, CBSI3AHHBIX C PA3JIMIHBIMU aOCTPAKTHBIMU ITPOCTPAHCTBAMH,
TaKUMU, KaK BEKTOPHOE IIPOCTPAHCTBO U jp. Haxomur pasHooGpasHble mpu-



X IIpenuciioBue

MeHeHUs! B COBPeMEHHOIH (bu3nke, 0COGEHHO B KBAHTOBON MexaHuKe» (c. 1449).

Odopmitenne GyHKIIMOHAIBHOIO aHAIN3a KaK CAMOCTOSITEILHOIO pasie-
Jia MaremaTuku cBa3ano ¢ kauroii C. Banaxa «Teopus juHeHBIX onepanuiis,
BBIIIE/IIIIEN B CBET IOJIBEKa Ha3a . BiusHue 9TOi KHUTU HA PAa3BUTHE MaTeMa-
TUKU OIPOMHO — IIpeJICTaB/IeHHbIe B Hell KoHIenuu C. Banaxa nmpoHu3bIBaIOT
BCIO MATEMATHKY.

Brigaromuiicsa Bkias B pazsurre pyHKIIMOHAIBHOIO aHAIN3a BHECIN CO-
Berckue yuenbie . M. Tenpdang, JI. B. Karnroposuy, M. B. Kenapim, A. H.
Kommoropos, M. I'. Kpeitn, JI. A. Jlrocrepuuk, C. JI. Cobones. [lns oreve-
CTBEHHOM IITKOJIBI XapaKTEPHO Pa3BUTHE UCCIEIOBAaHWUM B 001aCTU (PYHKIHO-
HAJILHOIO aHAJIU3a B CBA3U C KPYIHBIMU [PUKJAIHBIMUA TpoOJIeMaMu. DTH
WCCJIETOBAHUS PACIIUPUIN POJIb (PYHKIMOHAJIBHOIO aHAIN3a — OH CTAJ OC-
HOBHBIM SI3BIKOM TIPUJIOXKEHUI MaTeMaTuku. [lokasaresen ciemyrommit hakr.
B 1948 r. camo nasBanme mupoko m3BectHoit crarbu JI. B. KanToposuua
«DyHKIMOHATBHBIN aHAJIN3 U IPUKJIATHAS MAaTEMATUKay, 3AJIO2KHUBIIEN OCHO-
BBl COBPEMEHHOW TEOpHUH IPUOIMKEHHBIX METOJIOB, BOCIIPHHUMAJIOCH KaK IT1a-
panokcanbraoe. Omuako yxke B 1974 1., mo ciosam C. JI. CoGosesa, Teoputo
BBIYWCJIEHUI CTAJI0 «TaK K€ HEBO3MOXKHO cebe Mpe/CTaBUTh 6e3 HGaHAXOBBIX
IIPOCTPAHCTB, KaK 1 0e3 3JIEKTPOHHBIX BBIYNCIUTEIbHBIX MAIIUHY.

Hapsny ¢ mocTossHHBIM pOCTOM IOTPEOHOCTEHl B METO/IaX U IIPEJICTaBJIe-
HUSX (DYHKIIMOHAJIBLHOTO AHAJN3a B TIOCTEIHEE BpeMsi HAOJI0TaeTCs SKCIIOHEH-
IHAJIPHOE HAKOILIeHWE (PaKTUIECKOTO MaTepraja B paMKaX caMoil 9TO# jmc-
OUTUIUHBL. TakuM 06pa3oM, pa3pblB MEXK/Iy COBPEMEHHBIM YPOBHEM aHAJIN3a U
ypOBHEM, 3aUKCUPOBAHHBIM B JIOCTYIIHOH IIIMPOKOMY YHTATENIO JINTEPATYPE,
TMIOCTOSTHHO yBeImYuBaeTcst. Hacrosrmast KHUTa mpeceyeT Melb TPEOI0IeHIs
9TON HEraTUBHOU TEHJICHITUH.

1983 e.



IIpenucioBue
KO BTOPOMY W3IaHUIO

B rTeuenune GoJiee jiecsiTKa JieT 9Ta KHUATA HUCIOJIb3YETCsl B KAYECTBE
OCHOBBI 00513aTEJILHOIO Kypca JIEKIUil 1m0 (DYHKIMOHAJIHHOMY AHAJU3Y
B HoBocubupckoMm rocymapcTBeHHOM yHEUBepcuTeTe. Bpemst moaTBepan-
JI0O 060CHOBAHHOCTD MPUHIIUIIOB COCTaBJIeHUsI MOHOrpaduu. B Hacros-
Iee U31aHNEe BHECEHBI pa3Jielibl, TPAKTYIONNe OCHOBBI TEOPUU pacIpe-
JeJIeHni, 100aBJIeHbl YIIPAYKHEHUs] TEOPETUIECKOTO XapaKTepa U CyIIe-
CTBEHHO OOHOBJIEH CIIMCOK JIUTEPATYPBI. YCTPAHEHBI TAKXKE HETOYHOCTH,
yKa3aHHbIE MHE KOJLIEraMHu.

[Momw3ytock ciydaem mobIarofapuTh BCEX, KTO MOMOI MHE B HOJI-
roTOBKe 3TOi KHUrH. MOU HIpUSTHBIN 10T 0c060 OTMETUTH (DUHAHCO-
BYIO TIOJJIEP2KKY BO BpeMsl IIOJITOTOBKY M3/IaHUs CO CTOPOHBI HCTHTYTA
maremarukn uM. C. JI. CoboseBa Cubupckoro otnesnenusi Poccuiickoit
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T'masa 1

DKCKYpPC B TEOPUIO MHO>KECTB

1.1. CoorBercrBus

1.1.1. OnPEAENEHUE. Ilycte A u B — mHOXKecTBa u F' — noj-
MHOXKecTBO npoussenenus A x B. Torma F Ha3bIBalOT coomseemecmeuem
¢ obaacmvio omnpasaenua A u obaacmoro npubvimus B wim, Kopoue,
cooreercTBuem u3 A B B.

1.1.2. ONPEAEJEHUE. st coorBercTBust FF C A X B MHOXKeCTBO
dom F:= D(F):={a€ A: (3beB) (a, b) € F}
HA3BIBAIOT 004aCcmMbI0 onpedesenus F| a MHOXKECTBO
imF:=R(F):={beB: (Ja€A) (a, b) € F}

— obaacmuvio 3navwenul wm obpasom F.

1.1.3. IIPUMEPHI.

(1) Ecim F — coorsercrsue u3 A B B, To
F1:={(,a)eBxA: (a, b) € F}

— coorBercrBue u3 B B A, HassiBaemoe obpamnvim K F. fcno, uro F
06paTHO K cooTBeTCTBHIO F 1.

(2) Omnowenue F' B A — s10 coorBercrBue F' C A x A.

(3) Iycrs F C A x B. Torga F Ha3bIBAIOT 00HOZHAYHbLM
COOTBETCTBHEM, €CJH I Kaxaoro a € A u3z ycuosuii (a, by) € F
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u (a, by) € F BoiTekaer, uro by = by. B uacrHocTH, eciu U C A u
Iy == {(a, a) € A2 : a € U}, to Iy — 0oJHO3HAYHOE COOTBETCTBHE
u3 A B A, 0 KOTOPOM T'OBOPST U KAK O MOHCIECTEEHHOM OMHOWEHU
win mooicdecmee Ha U. OtnOmenne U? HA3BIBAIOT NPOMUCKYUMEMOM
na U. CoorsercrBue F' C A X B Ha3bIBAIOT 0Mobdpasiceruem MHOKECTBA,
A B mHOX)ecTBO B, eciiu F omrosnauno u dom FF = A. CoorBercrBue
Iy aBisiercst orobpaxkenueM ToJibKo 1ipu A = U. B sTom ciryuae Iy Ha-
3BIBAIOT Mmootcdecmeernmnvim omobpasicenuem. Orobparkenne ' C A x B
obosnagator cumBojiom F': A — B. Crour Ho4epKHYTh, YTO IIPA STOM
nenpemerto dom F' = A u B TO 2Ke BpeMsi 00pa3 im F' MOXKeT OT/IndaThCs
or B. Pasencrtro im F' = B BbIIeJAIOT cjioBamu: <«F — omobpastcerue
A na B».

Haxkomert, ecsiu coorserctBue F~1 C B X A 0Ka3bIBAETCS OXHO3HA-
HBIM, TO UCXOAHOE oToOpazkenue F' : A — B Ha3bIBAIOT 63aUMHO 00HO-
3HAYHBIM.

(4) Bmecro orobpazkeHuii MHOTJA TOBOPAT O CeMeHCTBAX.
Tounee, orobpaxkenue F' : A — B npu KeJJaHUM HA3BIBAIOT CEMEUCMEOM
ssieMeHTOB B 1 0603Ha4ai0oT 1pocto (by)eca, win a — b, (a € A), wim
maxe (bg). Mmeerca B Bumy, 9ro (a, b) € F B TOM M TOJIBKO B TOM
caydae, ecoit b = b,. Jlomyckas BOJBHOCTh, HE PA3JNYIAIOT CEMECTBO U
ero o0J1acTb 3HAYEHUIl.

(5) Iycrs F C A x B — coorercrue u U C A. Coorser-
creue F'N (U x B) C U x B nasbiator cyoicenuem F ua U uinu caedom
F na U un oboznavator F|y. Muoxecrso F(U):= im F|y Ha3biBatoT 06-
pazom mMHOXKecTBa U nipu coorBercTBum F'. IIpuMeHSIOT ecTecTBEHHbIE
cokpamenus. Tak, ecaiu F' — orobpazkeHnue, TO JJIsl 9JIEMEHTA @ TUTITYT
F(a) = b, nompasymesast F'({a}) = {b}. Crobku B cumposie F(a) gacro
OIIYCKAIOT WJIM M300parkaioT B MHOM Hadepranuu. OTMeTbTe, HAKOHEI,
4To 06pa3 mpu 0OPATHOM OTOOpAarXKEHUU Ha3bIBAIOT mpoobpasom. Tou-
Hee roBopsi, obpa3 F_l(U) MmHOkectBa U B B mpu coorBercTBun F !
Ha3bIBAIOT Nnpoobpasom MHOKecTBa U 1mpu coorBeTcTBUU F'.

1.1.4. OnPEAENEHUE. g FF C Ax Bu G C C X D MHOXKeCTBO
GoF:={(a, d € Ax D: (3b) (a, b) € F & (b, d) € G}

HA3BIBAIOT KOMNO3uyuet Wi cynepnoduyueti coorsercrsuit F u G. Tlpu
srom G o F paccmarpuBaior Kak coorBercrBue u3 A B D.
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1.1.5. BAMEYAHUE. O6bEéM NOHSATHS CYIEPIO3UIIH, [10 CYIIECTBY,
He yMeHbIuTCs, ecau B 1.1.4 3apanee cunrars, yro B = C.

1.1.6. IIycts F — coorsercrsue. Torma F o F~' O Iij.p. Boiee
toro, F o F~' = I;,r B TOM H TOJIBKO B TOM caydae, ecid Flaomp —
910 oTObpakenune. <>

1.1.7. IIyctrb F C AXx B, G ¢ BxC uU C A. Torma mis
coorBercrBusi Go F C A x C 6yner Go F(U) = G(F(U)). <>

1.1.8. Ilyctro F C Ax B, G C BxC, HC C x D. Torja coorBer-
creust Ho (GoF) CAX D u(HoG)oF C AX D cosrnagaror. <Il>

1.1.9. BAMEYAHUE. B cuiry 1.1.8 pagymuo orpesesén cumBos H o
G o F' u eMy 110100HbBIE BBIPAKEHMS.

1.1.10. Ilycre F, G, H — tpu coorBercrBusi. Torma

HoGoF = ) F'(b) x H(c).
(b,e)eG

<d(a, d)e HoGoF < (3(b, ¢)€@) (¢, d) e H& (a, b) e F &
(3, c)eG)ac F1(b)&de H(c) >

1.1.11. 3AMEYAHUE. [Ipemmoxkenne 1.1.10 u BbIKJIAJIKA, TPHUBE-
J€HHAs B KAaUeCTBE €ro J0Ka3aTeIbCTBa, ¢ (POPMAILHON TOYKH 3PEHUs
BOIMIONIE HEKOPPEKTHBHI, ITOCKOJIBKY OCHOBBIBAIOTCS HA HEOTNOBOPEHHOM
SIBHO MJIN HA JIBYCMBICJIEHHON nH(bopManuu (B 9aCTHOCTH, HA ONPeese-
uuu 1.1.1). OmbiT H03BOJISET CIUTATH YKA3AHHYIO KPUTUKY IIOBEPXHOCT-
Hoit. [loaromy B JlanbHeiieM aHAJIOrUIIHOrO poja yIo0HbIe (a Ha caMOM
Jesie 1 Hem30eXKHbIE) HEKOPPEKTHOCTH OyIyT, KAK IIPABUJIO, UCIOJIb30-
BaThCA 0€3 CIEINAIBHBIX OTOBOPOK U COYKAJIEHUI.

1.1.12. /lns coorBercrBuii G u F' BpImoJIHEHO

GoF= [J F'(b)xGb).

bcimF

< B 1.1.10 mosaraem: H:= G, G:= Ijwp u F:=F. >
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1.2. YmopsitodeHHble MHO>KECTBA

1.2.1. ONPEAENEHUE. IlycTh 0 — oTHOIIEHHME B MHOXKecTBE X, T. €.
o C X2. Pefaercusrocmv o 03HAUAET BKIIOUEHIE 0 O Ix, Mpan3umus-
HOCMb — BKJIIOUEHUE 0 0 0 C 0, GHMUCUMMEMPUYHOCTNS — BKIIOUCHIE
ocNo~ ! C Ix u, HAKOHEIl, CUMMEMPUYHOCTIL 0 O3HAYACT PABEHCTBO
o=oc"L

1.2.2. OIIPEAEJIEHUE. PedJiekcuBHOE U TPaH3UTUBHOE OTHOIIIEHUE
HA3BIBAIOT omHoweHuem npednopadka. CHMMETPUIHBIN TPEIOPSIOK
HA3BIBAIOT IK6UBANEHMHOCTNYI0. AHTUCUMMETPUIHBIN IIPEJIIIOPSII0K Ha-
3BIBAIOT NOPAIKOM.

Ecin X — muoxkecTBO, a 0 — 1opsiyiok B X, To napy (X, o) Ha3bl-
BAIOT YNOPAOOUEHHBIM MHOHCECTNBOM U TUIIYT T <, Yy BMECTO Y € o(x).
JotyckatoT 0ObIYHbIE BOJIBHOCTH CJIOBOYIIOTPEO/IEHNS] U HAIIMCAHUSI: Ca-
MO X HA3BIBAIOT yIOPSITOYEHHBIM MHOXKECTBOM, IUIMYT T < Y U TOBOPST
«Z MEHBINE Y» WIN «Y OOJIbIIE T» W T. . AHAJOTUIHBIE COTJIAICHUS
JEHCTBYIOT U JUIst NpedynopadoMeHHblL MHOHCECNS, T. €. MHOXKECTB C
OTHOIIIEHUSIMA Tpearnopsaka. Ilpm 9Tom B ciaydae OTHOIIEHUsI SKBUBaA-
JIEHTHOCTH UCIOJIb3YIOT 3HAKH THUIIA ~, WM IIPOCTO ~.

1.2.3. I[IPUMEPHI.

(1) ToxuecrBennoe orHomeHue; noaMHOKECTBO X9 B X €
oTHoIeHneM og:= o N Xy X Xg.

(2) Ecim o — (npen)nopsiyiok na X, ro 0~ ! raxske (mpes)no-
pasok Ha X . Ilpu aToM oTHOIIEHNE 0~ 1 HABBIBAIOT NPOMUBONOAONHCHBIM
K 0 (IpeJ)IopsIIKOM.

(3) Hyers f : X — Y u 7 — ornomenue B Y. Pacemorpum
B X cremytomee orHomenue: f-'o7o f. B cury 1.1.10

florof= U ') x ().
(y1,92)€T

SHAYUT, BBIITOJIHEHO

(z1, 22) € f oTo f & (f(z1), fla2) €T

TaxuM 06pa3oM, ecn T — 3TO IPeAIopAIoK, To f~LoTo f Toxke mpemmo-
PSIIOK, HA3bIBAEMBIi npoobpasom T upu orobpazkernn f. flcHO, 9TO 1IpPO-
00pa3 5KBUBAJIEHTHOCTH sIBJISIETCSI SKBUBAJIEHTHOCTBIO. B TO Ke BpeMsi
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poobpas HopsaKa He 06s3aH ObITh AHTUCUMMETPUYHBIM OTHONICHUEM.
B uacrHOCTH, Tak, Kak MIPaBUIIO, ObIBAET JIs CJIEYIOIEero OTHOMICHUS
skBuBasIeHTHOCTH: f to f = f~loly o f.

(4) Tycrsr X — mpousBOJIbHOE MHOXKECTBO M W — 3KBHBa-
nentHocTh B X. Onpemenum orobpazkenne ¢ : X — 2% mnpasumiom
o(x) := w(z) (3mecs 2X — 310 MmHosICECME0 NOIMHONCECME X, 06O-
sHauaemoe Takxke n Z(X)). Iyers X := X/w := imp — daxmop-
mrooicecmeo. OToOparKeHne , KaK U3BECTHO, HAZBIBAIOT KAHOHUMECKUM
(kaHOHMYECKOI npoekIueil, (baKTOPHBIM OTOOPAKEHHEM U T. 1L.). 3ame-
THM, 9TO (p CIMTAIOT JeificTByomuM Ha X . MuokecTBO ¢(7) Ha3BIBAIOT
KAQCCOM IKEUBAAEHTMHOCTNUY WA KOMHOdHCeCTneom dementa r. OTme-
THUM €eIIg, YTO

w=¢top=J e '@ xe (@,
TEX

IIycts Temepns f : X — Y — orobpaxkenme. Torma f momyckaer cHu-
orcenue f ma X, T. e. cymecTByer orobpazkenue f : X — Y Takoe, 9TO
7 0@ = f B TOM U TOJIbKO B TOM CJIydYae, ecjau w C fﬁ1 of. <>

(5) Hyers (X, o) u (Y, 7) — aBa upeaynopsaI094eHHbIX MHO-
xkecrBa. Orobpaxenue f : X — Y sospacmaem (1. e. = <, y =
f(x) <; f(y)) B TOM U TOMBKO B TOM ciydae, eciim o C f~L1oTo f. <>

1.2.4. OnPEAEJEHME. ITycrs (X, 0) — yuopsizioueHHOe MHOXKe-
crBo u U — mommmuoxkecTBO B X. DuieMeHT & € X HA3BIBAIOT 8epITHEV
epanuueti U, ecrm U C o~ (x). Koporko mmmyT: x > U. B wactaoctn,
x > . Duement x € X Ha3bIBAIOT HustcHel epanuyetd U, ecan x aBs-
eTcsa BepxHeif rparnteit U B IPOTHBOIONOKHOM Hopaake o~ . KopoTko
mumyT: < U. B gactoocrn, z < &.

1.2.5. BAMEYAHUE. B naJipHeiiem Mol 6y1eM JI0IyCKaTh BOJIbHO-
CTU IIPYU BBEJIEHUU IMOHSATHI, ITOJIYYAIONINXCS U3 JIAHHBIX IIyTEM IIEPEX0Ia
K IIPOTUBOIOJIOXKHOMY (11pen)nopsiiky. OTMeTuM TakzKe, 9To OIIpejiesie-
HUE BEepXHENl M HIKHEH T'PAHUIL OCMBICJIEHO U B TPELYIOPSI0OUEHHBIX
MHOXKECTBaX.

1.2.6. OIIPEJEJIEHUE. DJIEMEHT T HA3BIBAIOT HAUOOALWUM B MHO-
xectBe U, eciim x > U nx € U. AHAJOrMIHO ONPENeAoT HauMeHbuull
asremenT U.



6 I'n. 1. 9KCKypc B T€OPHIO MHOYKECTB

1.2.7. Hycre 7,(U) — COBOKYIHOCTH BCeX BEPXHUX T'DAHUI] IIOJI-
muoxkectsa U B ynopspiodennom muoxkecrse (X, o). Ilycrs, nagee,
x € X — manbospmuii 3;iement U. Torna, Bo-1iepBbIX, T — HAHMEHbBIIHLH
ssremenT 7, (U), a Bo-Bropeix, o(x) NU = {z}. <>

1.2.8. BAMEYAHUE. Ilpeyoxxenune 1.2.7 siBjisieTcsi OCHOBOM JBYX
0000IIIEHNI IOHATHSI HANOOJIBIIIEIO 3JIEMEHTA.

1.2.9. ONIPEJEJIEHUE. DjeMeHT & 13 X HA3BIBAIOT MO4HOU GEPI-
net epanuyet maokecrsa U B X, ect £ — HAUMEHBINNN 3JIEMEHT MHO-
sKecTBa Bcex BepxHux rpanun U. Ilpm srom numyr z = supy U nin,
kopoue, x = supU. Amnasoruuso (upu nepexoyie K IPOTHBOIIOJIOKHO-
MY TOPSAJIKY ) OUPEAEIAIOT MOUHYI0 HUNCHION 2panuyy MHOXKecTBa U —
snemenT inf U wiu, 6osiee mosiao, inf x U.

1.2.10. OTIPEAEJIEHUE. DJIEMEHT & YIOPSIOYEHHOTO MHOXKECTBA
(X, 0) Ha3LIBAIOT MAKCUMAALHOIM B TTOAMHOXKecTBe U MHOXKecTBa X,
ecn o(x)NU = {z}. AHAJOIIYHO ONPEAETAIOT MUHUMAALHIY JTEMEHT
MHOKecTBa U.

1.2.11. BAMEYAHUE. HeobxoauMo OTYETIMBO NIPEACTABIATE cebe
pas/Inuns U O0IIKe YEPThHI HOHATHH HAMOOIBINErO U MAKCUMAJIbHOIO 3J1e-
MEHTOB M TOYHOI BEpXHEH I'DaHUIbI MHOXKECTBa. B 9aCcTHOCTH, CTOUT
«IKCIIEPUMEHTATBHO» YIOCTOBEPUTHCS, UTO Y «THUIUIHOTO» MHOXKECTBa,
HET HaubOJIBIIErO 3JIEMEHTA, OJHAKO MAKCUMAJIbLHbIE 3JIEMEHTHI BCTPEYa-
IOTCS.

1.2.12. OOPEJIEJIEHUE. YHOPsI09eHHOEe MHOYKECTBO X HA3BIBAIOT
peweémxoti, eciu st JIOObIX JIBYX 9JIEMEHTOB 1, Lo U3 X CyIIECTBYIOT
UX TOYHAsl BEPXHsisl TPAHUIA T1 V Tg:= Sup{zi1, T2} U TOYHAA HUKHIS
rpanuna 1 A xo:= inf{xy, za}.

1.2.13. OOPEJEJEHUE. YOOPSJI0OYEHHOE MHOKECTBO X HA3BIBAIOT
noanotl pewémrot, ecan JIoboe MOAMHOXKECTBO X HMEeT TOYHYIO BEPX-
HIOIO ¥ TOYHYIO HUYKHIOIO I'DAHUIIBI.

1.2.14. VnopsigodeHHOEe MHOXKECTBO SIBJSIETCS TTOJIHOH DENIETKOH B
TOM H TOJIBKO B TOM CJIydae, €CJH JI0D0E ero MOJMHOXKECTBO HMEET TOU-
HYIO BEPXHIOIO I'paHHUILy. <>

1.2.15. OIPEJIEJIEHUE. YHOpsiJioueHHOe MHOXKeCTBO (X, o) Takoe,
yro X2 = 07! 0 0, HABLIBAIOT PuUALMPOBANHHBIM NO B03PacMarUI0. AHa-
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JIOTUYHO OIIPEJIEJISIIOT (PUusbmposaroe no youeanuro Muoxkectso. Herry-
croe (bUIbTPOBAHHOE IO BO3PACTAHUIO MHOXKECTBO HA3BIBAIOT HANPGLG-
AEHHHIM TIIA, KOPOUE, HANPABAEHUEM.

1.2.16. ONIPEAEJEHUE. OTobparkeHne HAITPABJIEHHOIO MHOXKECTBA
B JIAHHOE MHOXKeCTBO X HAa3bIBAIOT (0606wWénHol) nociedosamesvro-
cmwto um cemwto B X. Orobparkenust (eCTeCTBEHHBIM 06Pa30M ) HAIIPAB-
JIEHHOT'O MHOXKeCTBa HaTypaabHBIX duces N B X Ha3bIBaioT (CIETHBIMHE)
nocaedosamenvrocmamu. (Ciexyst ofguoit u3 Tpagunumii, monarawor N 1=

1,2,3...})

1.2.17. Pemérka sIBJISIETCS MOJHOH B TOM H TOJIBKO B TOM CJIy4ae,
ecjin J1r0b0€e (pUIBTPOBAHHOE MO BO3PACTAHUIO MHOXKECTBO B HEH HMeeT
TOYHYIO BEPXHIOIO rpaHHUIly. <[>

1.2.18. BAMEYAHUE. Cwmbica 1.2.17 cocTouT B TOM, YTO JJIs Ha-
XOKICHUS TOYHON BepXHEil TPaHUIBI JTI0O0T0 MOAMHOXKECTBA B X ClIeIy-
€T HAYYUTHCS HAXOIUTH TAKUE IPAHUIIBI JJIs JBYXIJIEMEHTHBIX IO IMHO-
xkecTB B X ¥ I BO3PACTAIOIINX ceTeill 31eMeHTOB X .

1.2.19. ONPEAENEHME. Ilycrs (X, 0) — yHopsiJl0UeHHOE MHOXKe-
crou X2 = o Uo L.
MHOKeCTBOM. Ecmm X( — HemycToe JMHEHHO ymOpsIOIeHHOe TOAMHO-
xkKectBo X, To X Ha3pBalOT uenvto B X. Hemycroe ymopsgodennoe
MHOYKECTBO HA3BIBAIOT UHOYKMUGSHbIM, €CITH JII00ast Iellb B HEM OrpaHHU-
4eHa cBepxy (T. €. UMeeT BEPXHIOI TDAHMILY ).

Torma X HA3BIBAIOT AUHETHO YNOPAOOUEHHBIM

1.2.20. Jlemma KyparoBckoro — ILlopua. NumykruBHOEe MHO-
KeCTBO HMEET MAKCHMAJIbHBIIH 9JIEMEHT.

1.2.21. BAMEYAHUE. Jlemma Kyparosckoro — Iopaa ciryKut 9K-
BUBAJIEHTOM aKCHOMBI BHIOOPA, TPUHUMAEMOIl B TEOPUH MHOXKECTB.

1.3. ®uabTpshI

1.3.1. OUPEAENEHUE. [lycteb X — MHOXKecTBO U % — HeIycToe
IIOJIMHOYKECTBO HEIIYCTEIX 3jeMeHToB 2%. MuoxkecTBO % HA3BIBAIOT
basucom uavmpa (B X), ecian % GuibrpoBaHo 110 yOLIBAHUIO DU BBE-
JIEHUN B MHOZKECTBO 2% 1oaMHOMKecTB X OTHOIMICHHS IIOPS/IKA O BKJIIO-
YEeHUIO.
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1.3.2. IoguuoxkecrtBo B B 2% apisercs 6a3ucoM (uibTpa B TOM
U TOJIBKO B TOM CJIy9ae, eCJId

(1) B+09, ¢ %
(2) Bl, BQE%?(HBE%)BCBlﬂBQ.

1.3.3. ONPEAEJEHUE. [TonmuoxecTso # B 2% Ha3BIBAIOT (Hub-
mpom (B X), eciin F upencraBisierT co60N COBOKYIHOCTh HAIMHOXKECTB
HekoToporo 6aszuca Guibtpa B (B X), 1. €.

F =fil#:—={Cc2¥: 3BcX) BcCl

[Ipu srom rosopst, uro B — 6asuc & wim 9to F umeer % CBOUM
6a3ucoM u T. II.

1.3.4. Ilomvumosxectso.F B2X apisercs (huibTpOM B TOM H TOIBKO
B TOM CJIy9ae, eCJIn

1) 7+ 9, 9¢F;

(2) Ae #, ACBC X = Be %,

3) A4, Ay e F = A1 NA e F. <>
1.3.5. IIPUMEPHI.

(1) Oyers FF € X x Y — coorBercrBue u A — HUIbLTPo-
BaHHOE 10 yObIBanmO MoMHOKecTBO 2% . [lonoum F(%) := {F(B) :
B € #}. Buano, uro F(%#) duisrposano no yoeisanuo. Jomyckaor
HEKOTOPYIO BOJILHOCTL B 0603HadeHnsAX, cauras F (%) := fil F(#). Ecau
Z — dbwibrp B X u BNdom F # & g Beskoro B € &, 10 F(F) —
GuibTp B Y. 10T GUILTP HA3BIBAIOT 00pa3om Pusbmpa F TPU COOT-
Bercteuu F. B wacraoctu, ecim F' : X — Y — orobpakenue u B —
6azuc buiabrpa 8 X, 10 F(F) — buasrp B Y.

(2) Iycrs (X, o) — vanpasienne. HecomuenHo, uro % :=
{o(z) : © € X} — sro 6asuc pmwiprpa. Ecim F' : X — Y — Hekoro-
past 0600MIEHHAS [I0C/IeI0BATENLHOCTD, TO Guibrp fil F/(%) HasbiBaior
Puarvmpom xeocmos F.

Mycrs (X, &) u F : X — Y — ;pyrue HanpaBjieHUe U ceTh 3J1e-
ventos Y. Eciu dmistp xBocros F comepkur buasTp xBocTos F, T0
F maswBaioT nodcemvio (6 wupoxom cmwicae) cetn F. Ecmm xe cy-
necTByeT mojiceTh (B mmpokoM cmeicie) G X — X TOKJIecTBeHHOf
ceru (T)yex d7MeMenToB Hampastenns (X, o) taxas, uro F = F o G, To
[ maswiBator nodcemwto I (umorma rosopar: F — nodcemv Mypa niu
cmpoeas nodcemo F). Kaxnasg moncerb CIyzKUT HOACETHIO B IMUPOKOM
CMBICTIe. <[>
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1.3.6. OPEAENEHME. Ilycrs .7 (X) — COBOKYIMHOCTB Beex buiib-
rpoB B MuoxkectBe X. Ecu F1, o € F(X) u F1 D Fa, TO rOBODAIT,
uro F1 monvwe Fo unu Fi masicopupyem Fo (COOTBETCTBEHHO Fo
epybee F1 nim Fo munopupyem F).

1.8.7. Muoxectso % (X ) ¢ OTHONIEHHEM «TOHBIIE> SIBJSIETCS YIIO-
PsAI09eHHBIM. <|[>

1.3.8. Ilycre A — nanpasienne B % (X). Tormay A ectb Tounas
BepxHsist rpannna Fo:= sup A . Ipu sTom

Fo—U{F: FeN).

<1 HyzkH0 yOeauThcst TOIBKO, 9TO .%o — 310 PUIbTp. SIcHO, 9TO
@ ¢ Py u, B cuiy Heycrorsl S, Foy £ &. Ecm A € Fou B D A,
TO, nopbupasa F us A, jmia koroporo A € %, zakimouaem: B € F C
Fo. Ecom xe Ay, As € %y, TO MOXKHO HAWTH 3JIeMeHT ¥ B A TaKolii,
aro Ay, Ay € F, ubo A4 — 310 Hanpasyenue. Ha ocnoBanum 1.3.4,
AiNAy e F C . >

1.3.9. ONPEAEJEHUE. MakcuMaJibHbIE 3JIEMEHTBI B YIIOPsIOYEH-
HoM MHOXKecTBe Z (X)) buiabrpos B X Ha3BIBAIOT YAbMPAGUALIMPAMU.

1.3.10. Kaxkzasrii puiabTp rpybee HEKOTOPOTO YIbTPapHIbTPA.

<1 BBuyty 1.3.8 MHOXKeCTBO (DUIIBTPOB, COJAEPAKAIIUX JTAHHBIHN, SIBJIsI-
ercst mHAYKTUBHBIM. Ocraérest cocnarhes Ha JieMMy KypartoBckoro —
Ilopna 1.2.20. >

1.3.11. Quiubrp & sBjsiercss yabTpagUIbTPOM B TOM H TOJIBKO
B TOM ciy4ae, ecim jjist Kaxkgoro A C X ymbo A € F, mbo X\ A € F.

< =:Myctb A ¢ .Z uB:=X\A¢.Z. Orvmerum, yto A # S u
B # @. Tonoxum F1:= {C € 2% : AUC € F}. Torna A ¢ F =
o ¢ FLuBeF = F # I Croub ke npocro uposepurb 1.3.4 (2)
u 1.3.4 (3). Urak, .%; — dbuabrp. Ilo mocrpoennto % O .%. Paz F#
— yabrpadunsTp, To F1 = F. lloayaumiocs nporusopeune: B & F u
Be.7.

< Iyers 1 € F(X)u % D .F. EemAe S1uAg F, to
X\A € Z no ycnoeuro. Orciona X\ A € F1,r.e. @ = AN(X\A) € F#,

4ero ObITH HE MOXKET. [>

1.3.12. Eciu f — orobpaxkenne uz X BY u F — yabTpahpuiabTp
B X, ro f(¥#) — yabrpacuasrp BY . <>
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1.3.13. Ilycrp & 1= Zg,:={F € F(X): F C Hy} usa Heko-
toporo %y € F(X). Torma 2 — nonHas pemérka.

< IonsitHO, uTO Fy — Haumbosbmuii, a {X} — HauMeHbIIHI dJe-
MeHTH B 2. Crajgo OBITH, IyCTOE MHOXKECTBO B £ HMEeT TOYIHYIO
BEPXHIOK M TOYHYIO HIKHIOK rpanuip: sup @ = inf 2 = {X} u
info = sup2Z = %. B cuuy 1.2.17 u 1.3.8 m0ocTaTovHO yCTAHO-
BUTb CylllecTBOBaHue %1 V Fo 1 mobbix Fy, o € Z . Paccmorpum
F={A1NAy: A € F, Ay € %}. Her comnuenuit, uro F C Fy u
F D F, F D F. IlosroMy s IPOBEPKU paBeHCTBa . — %1 V Fo
HY>KHO JIOKa3aTh, 9TO .% — (PUILTP.

Coornomenust & # & u & ¢ F odyeBuanbl. fcuo Takxke, uro (Bi,
By € % = By N By € .%). Ilomumo sroro, eciiu C D Ay N As, e
A e F u Ay € yg, To C = {A1 OAQ}UC: (A1UC)0(A2UC).
IMockosbky A1 UC € F1, a AsUC € %, BeiBogum: C' € % . Anesnsanus
K 1.3.4 maér tpebyemoe. >

Yopa>kHeHust

1.1. IlpuBecTu mpuUMepbl MHOXKECTB U HE MHOXKECTB, TEOPETHKO-MHOXKECTBEH-
HBIX CBOUCTB U HE TEOPETUKO-MHOYKECTBEHHBIX CBOMCTB.

1.2. Moxer s orpesok [0, 1] 6eite smemenTom orpeska [0, 1]7 A orpesok
[0, 27

1.3. HaiiTu KOMIO3UIUK IIPOCTERIIUX COOTBETCTBUII M OTHOIIIEHUI: KBaJpPaTOB,
KpPYTOB I OKPY?KHOCT€ii C OBIIMMHU U C HECOBIAJAIONUMMY IIEHTpaMu, mapos B RM x
RY npu pasmurunbix gomycrumbix zabopax M, N.

1.4. Hus coorBercrBuii R, S, T ycTaHOBUTH COOTHOIIEHUSI:

(RUS)'=Rtus™!;, (BRNS)'=R1ns
(RUS)oT =(RoT)U(S0oT); Ro(SUT)=(RoS)U(RoT);
(RNS)oT C(RoT)N(SoT); Ro(SNT)C(RoS)N(RoT).

1.5. Ilycrs X C X x X. okazarb, yro X = .

1.6. BrrsicHuTh ycsioBus paspemumMocTy ypasueHuit A = B u AZ = B orHo-
CUTENbHO % B COOTBETCTBUSX, B (DYHKIUAX.

1.7. HajiTu 9ncjIO OTHOIIEHUN SKBUBAJEHTHOCTU Ha KOHEYHOM MHOXKECTBE.

1.8. Byzger jim 3KBUBAJIEHTHOCTBIO IlepecevyeHne 3KBuBajieHTHOCTEN? OObeau-
HEHUE SKBUBAJICHTHOCTEH?

1.9. Haiitu ycsioBue KOMMYTATUBHOCTH SKBUBAJIEHTHOCTEH (OTHOCUTEIHLHO KOM-
[IO3MIIUN).
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1.10. CKOJIBKO MOPSIIKOB | MPEITOPSIIKOB Ha ABYX- U TPEX3JIEMEHTHOM MHOKE-
crBax? IlpenbasuTh ux. YTo MOXKHO CKa3aTh O YHCJIE MPEANOPAIKOB Ha KOHEUHOM
MHOYKeCTBe?

1.11. Ilycre F' — BO3pacraroliee, UIeMIOTEHTHOE OTOOparXKeHUe YIOPsI0YeH-
Horo mHoxkecTtBa X B cebs. JlomycTtum, uro F' MaKOpUpyeT TOXKJIECTBEHHOe OTO0-
paxkenne: F > Ix. Takue F nasbiBalor omeparopamu (aOCTPAKTHOIO) 3AMBIKAHUA
wim, Kopoue, obosioukamu. lcciieroBaTh CBOMCTBA HEMOJBHKHBIX TOYEK OIEpaTopa
3aMbIKAHUS.

1.12. Ilycts X, Y — ynopsimouensusle muoxkecrBa u M (X, Y) — MHO)KecTBO
BO3pacTamomux orobparkenuit X B Y ¢ ecrecrBeHHbIM ynopsizodennem (kakum?). Jlo-
Ka3aTb, YTO

(1) (M(X, Y) — pemérka) < (Y — pemérka);
(2) (M(X, Y) — nonnas pemérka) < (Y — mosHas pemérka).

1.13. YcTaHOBUTBH, UTO [JIs1 YIOPSIOUEHHBIX MHOXKECTB X, Y, Z CIIpaBeIJIUBBI
CJIeYIOIIUE YTBEPXKIEHUSI:
(1) M(X, Y x Z) msomopdro M (X, Y) x M(Y, Z);
(2) M(X xY, Z) usomopduo M (X, M(Y, Z)).

1.14. Ckonbko GUIBTPOB Ha KOHETHOM MHOXKECTBE?
1.15. Kak ycTpoeHBI TOYHBIE IPAHUIBI MHOYKECTBA (DUIBTPOBT

1.16. Ilycts f orobpaxkaer X ma Y. Jlokaszarb, 4TO KaxKAblil yabTpadUuiIbTp
B Y ecTb 06pa3 OTHOCUTENLHO f HEKOTOPOro yiabTpaduibrpa B X.

1.17. [Jokazarb, 9TO KasKIAbIH yIbTpadUIbTp, MaKOPUPYIOIIHI IIepeceduecHIe
IByX (UIBTPOB, TOHBIIE XOTs ObI OJHOIO U3 HHUX.

1.18. JlokasaTb, 9TO KaxK/Jblil (PUIBTD NPEACTaBIsIeT CODOIO IMEepecedeHre Co-
JEeprKaIAX ero yIbTPadUILTPOB.

1.19. Ilycts &/ — yubrpadmisrp B N, comeprkaiuil TOIOJHEHUS KOHEUHBIX
nogmuoxkecTs. iy z, y € s:= RY monoxum z ~o y:= (3A € &) z|a = yla.
O6oznadum *R:= RV /~g,. na t € R 3HaK # CUMBOJIM3HPYET KJIACC, COAEPIKAIUil
HOCTOAHHYIO TIocsieoBaTebhocTb t(n) := t (n € N). okasars, uro *R \ {*t : t €
R} # . Beecru B *R anrebpauveckue U HOPsSZKOBYIO CTPYKTYpbl. Kak cBs3aHbl
coiictBa R n *R?
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BekTopHBIE TPOCTpPaHCTBA

2.1. IlpocTpaHcTBa U MOAITPOCTPAHCTBA

2.1.1. BAMEYAHUE. B ajyirebpe, B 9aCTHOCTHU, U3y YAIOT MOJLYJIU HA/T
koJbriamu. Modyav X nad xoavuom A onpesessiior ykazaHuem abesie-
Boit rpynusl (X, +) u upejcrasienns A B Kosblle sHI0MOPGU3MOB X,
3aJaHHOTO OTOOparkeHneM JIeBoro yMHoxKeHnd - : Ax X — X. Ilpu srom
3apaHee 006eCIeunBaIOT €CTECTBEHHOE COTVIACOBAHNUE OIIEPAIINIl CJIOKEHUS
u ymHOXKeHusi. C yaéTOM CKA3aHHOTO TPAKTYIOT (hbpasy: «MOmysib X HaJl
KOJIbIOM A onuceiBaerca ueTBépkoii (X, A, +, +)».

2.1.2. ONIPEAEJEHUE. IloJie BemecTBeHHBIX Ynces R U 1mojie KOM-
wiekcHbIX unces C Ha3BIBAIOT 0CHOBHBIMYU NoAsmu. st 0003HAMEHNS
KaKJIOr0 M3 9TUX JBYX MOJIEH MCIOMB3YIOT TakkKe cuMBos F. Cuwmraror,
qr0 nojie R crangapTabiM (1 00MIEn3BecTHBIM) c110co6oM BiioxkeHo B C.

2.1.3. OnpPEAEJEHUE. Ilycts F — ocroBHOe moste. Moayns X Has
nosteM F maswBaloT eekmoprovim npocmpancmeom (Hag F). Diemen-
Tl I Ha3BIBAIOT ckaaApamu, a daeMeHTBl X — eexkmopamu. Bekrtop-
HOE TIPOCTPAHCTBO HaJl R HA3BIBAIOT BEULECTNEEHHLIM BEKMOPHBIM NPO-
cMparcmeom, a BEKTOPHOe TpocTpancTBo Hal moseM C — xomnaerc-
HOM  BEKMOPHLLM NPOCTPAHCMEOM. YTOTPEDISIOT COOTBETCTBYIOIINE
passépuyTeie 3amucu: (X, F, +, ), (X, R, +, ) u (X, C, +, -). Bcé
JKe, KaK MMPABUJIO, JOIYCKAIOT OGJIBIIYIO BOJLHOCTD, OTOXKIECTBIISAS MHO-
JKECTBO BEKTOPOB X € OTBEYAIONUM €My BEKTOPHBIM IIPOCTPAHCTBOM.

2.1.4. [IPUMEPHI.
(1) Ocuosroe tosie F — BeKTOpHOE IPOCTPaHCTBO HaJ F.
(2) Hycrs (X, F, +, :) — BeKTOpHOE IpocTpaHCcTBO. Pac-
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emorpuM Habop (X, F, +, ), tae « : (A, ) = XNz s Ads e Fux €
X, a \* — KOMILTIEKCHO compsizk€HHoe K A uncio. [lomydennoe BekTop-
HOE€ TIPOCTPAHCTBO HA3BIBAIOT JyaavHuim K X m obosmadgaor X,. I[lpm
F := R npocrpanctBo X, coBmajmaer ¢ X.

(3) Bekropnoe npocrpancrso (Xo, F, +, -) HassiBaioT nod-
npocmpancmeom BekTopHoro npocrpancrea (X, F, +, ), ecim Xy —
910 ToArpynna B X u yMHOXKEHHE Ha CKajsap B Xo — 9TO CyKeHue Ha
F x Xy ymuoxenus na ckajsap B X. MuoxkectBo X Ha3bIBAIOT AUMHET-
Hom mroocecmeom B X . OdeHb yno0HO, XOTsI U HE BIIOJIHE KOPPEKTHO,
paccMaTpuBaTh JUHEHHOE MHOXKECTBO X KaK BEKTODPHOE MOJIPOCTPaH-
ctBo B X. DBoJjiee TOro, HEHTpAJIbHBIA 3JIEMEHT — HyJIb Ipylnbl X —
cunTaroT noiupocrpancTeoM X u obosnadaror cumBosioM 0. ITockosib-
Ky CBsi3b HyJs ¢ X $BHO HE OTPayKeHa, BCE BEKTOPHBIE MPOCTPAHCTBA,
BKJIIOYAs U OCHOBHBIE TI0JIs1, MOYKHO BOCIPUHSATH 3aICILICHHBIMU 38 OJINH
o0IINit HYJTh.

(4) Iycrs (X¢)eezs — ceMefiCTBO BEKTOPHBIX NIPOCTPAHCTB
vaj nojiem F. Ilycrs, nasee, 2 := ngg X¢ — mpouseedenue cooT-
BETCTBYIOIINX MHOXKECTB, T. €. COBOKYIHOCTH OTOOpayKeHwWii x : = —
UgezXe, it KOTOPBIX Z¢ := (§) € X¢ npu kaxaoM £ € Z (B nogo6HbIX
CUTYyalusX BCErJa MOJYAJIMBO OApa3yMeBaioT, 9To = # &). Hanenum
Z TOKOOPMHATHBIMY OIIEPAIUAMHE CJIOXKEHUS 1 yMHOKEHUS Ha, CKAJIAD:

(@1 + 22) ()= w1 (&) +22(8) (w1, 22 € 27, € E);
(A-2) ()= -z(f) (x€Z, AT, £€E)

(HuKe, KaK [IPaBUJIO, BMECTO BBbIPAXKEHUH THna A - 2 OylIeM IHcaTh Co-
KPAIIEHHO: Az 1 u3peska ). IloyueHHOe BEKTOPHOE IIPOCTPAHCTBO 2
Ha i F HA3BIBAIOT npousdsedenuem cemeticmen 6eKmMopHT NPoCmparcms
(Xe)ees. Ipm =:={1,2,...,N} mumyr X; X Xo x ... Xx Xy := Z.
B cayuae, korga X¢ = X jyu1a mob6oro § € =, HCHOJL3YIOT 0003HaYeHne
X=:= 2. Ecrm x Tomy xe Z:= {1,2,..., N}, momarator X~ := 2.

(5) Iycrs (X¢)eez= — CeMEHCTBO BEKTOPHBIX IIPOCTPAHCTB
nag osiem F. PaccMOTpuM HpsIMyIo CyMMy MHOXKECTB 2 := dea Xe,
T. €. TIOJMHOXKECTBO B TPOU3BejeHuU 2 = ngz X¢, cocrodmee u3

TAKHUX JIEMEHTOB T, U4TO Hailjércst (BOOOILe rOBOPsI, CBOE JUIsl KarK 10~
TO T() KOHETHOEe MOJMHOKECTBO =g B = Takoe, uTo (= \ Zp) C 0.
Bugno, aro 2y — nuneiinoe MHOXKeCTBO B ipomssenennu 2 . CooTseT-
CTBYIOIIEe BEKTOPHOE IIPOCTPAHCTBO — IOIIPOCTPAHCTBO LPOU3BECHUS
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BEKTOPHBIX IPOCTPAHCTB (X¢)eez — HABBIBAIOT NPAMOT CYymmol cemeti-
cmea sexmoprvix npocmparncms (Xe)ees.

(6) Iycrs (X, F, +, ) — BEKTOPHOE OPOCTPAHCTBO U 3418
Ho nognpocrpancreo (Xo, F, +, ) 8 X. Ionoxum

~X = {(1'1, :]32) S X?: r1 — 9 € Xo}

Torya ~x, — sxBuBasenTHOCTh B X . Ilycts 2 := X/~vx, n@: X — 2
— KaHoHWYecKoe orobpaxkenue. Omupemesnm B £ omepanuu

Ty + 2= (@~ N (@1) + @ Hx2)) (w1, 22 € X);
M= p(Ap H(z)) (xe X, NeT).

31ech, Kak OOBIYHO, JJIsi MHOXKecTB S1, S B X, MHOXkecTtBa A B F n
sstementa A € F canraercs, 9To

S1+ Sq:i= +{Sl X SQ};
ASl = (A X Sl); )\Sl = {)\}Sl

Takum obpaszom B 2 BBejeHA CTPYKTYpPa BEKTOPHOTO ITPOCTPAHCTBA
Hayt F. DTO mpocTpaHCTBO HA3BIBAIOT (PAKMOP-NPOCMPAHCMBOM NPO-
cmpancmea X no nodnpocmparcmey Xo u obosnagaror X/ X.

2.1.5. IIycrp X — Bekropnoe npocrpanctso u Lat(X) — coBokyn-
HOCTB BCEX MOIIPOCTPAHCTB B X ¢ OTHOIIIEHUEM IIOPSIIKA IO BKJIFOYEHHIO.
Torpa ynopsipodentoe muoxectso Lat(X) siistercst mosHoi peniéTkoii.

< dcno, uro infLat(X) = 0 u supLat(X) = X. Ilommmo sro-
ro, IepecevyeHre HellyCTOIO0 MHOXKECTBA ITOIIPOCTPAHCTB TaKKe OJIIPO-
crpanctBo. [Ipusnekas 1.2.17, nosyaaeM Tpebyemoe. >

2.1.6. BAMEYAHUE. na X;, X5 € Lat(X) cupaseimBo cooTHO-
menne X; V Xo = X1 + Xo. CTOJIb K€ HECOMHEHHO, YTO JJI HEIyCTOrO
muOXKecTBa & B Lat(X) seimosneno inf & = N{Xy : Xy € &}. Ecom
K TOMy 2Ke & GuibTpoBaHo 10 Bo3pacranuio, 1o supé = U{Xp: Xp €
&} <>

2.1.7. ONPEAEJEHUE. Ilomnpocrpancrea X1 u Xo JaHHOIO BeK-
tTopHoro npocrpaucrsa X pasaazatom X 6 (aszefpauveckyio) npamyro
cymmy (cumposmueckast 3amuch: X = X7 @ X3), et X1 A Xo =0 u
X1V Xy = X. Ilpu srom Xo nasbiBaior (aazebpauseckum) 0OnoAHEHUEM
X1, a X1 — (anrebpandeckum) J0moJgHeHHEM Xo.
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2.1.8. JIoboe 1mompocTpaHCTBO BEKTOPHOIO IPOCTPAHCTBA HMEET
ajrebpamdeckoe JJOMOTHeHUE.

< Iyerp X7 — mommpoctpancTtBo X. ITosoxum
&= {XO S Lat(X) : XoN Xy = 0}

OueBuno, 0 € & u Jy1st Kaxk10ii 1ienu &g B &, B cuity 2.1.6, X1 Asup &y =
0, . e. sup&p € &. Takum 06pas3oM, & — UHIYKTHUBHO, U Ha OCHOBAHUU
1.2.20 B & ectb MakcumasbHbI sneMenT Xo. Ecim 2 € X \ (X7 + X3),
TO

(Xo+{Az: NeEFPH)AX; =0.

B camowm neste, ecoin myia mekoropbix A € F u 21 € X3, 9 € X9 BbIIOJ-
HEHO To + Ax = 1, To Ax € X1 + X9 u, crano 6pith, A = 0. Orcioma
x1 = x93 = 0, ubo X1 A X2 = 0. Caenonarensno, Xo+{A\x: A € F} = X,
B cmity MakcuMasibHocTu Xo. Ilocmennee o3nagaer, aro © = 0. B To ke
Bpems siBHO T # 0. Oxonuarepno X1V Xo = X7 + Xo = X. >

2.2. JIunHeiinble omepaTopbl

2.2.1. ONPEAENEHUE. Ilycrs X, Y — BeKTOpHBIE IPOCTPAHCTBA
nayr F. CoorsercrBue T C X X Y HazwBaor aunetnvim, ecau T —
JINHEITHOe MHOYKECTBO B IIPOU3BEJIEHUN BEKTOPHBIX TpocTpancTs X X Y.
Orobpaxernne T : X — Y, gapagromieecs JTUHEHHBIM COOTBETCTBUEM,
HA3BIBAIOT AUHETHbIM ONEPamMOopom (WA IIPOCTO OIEPATOPOM, €CJIU JIH-
HEHHOCTh sCHa U3 KouTekcra). zKesas orimdmth Takoit T or JmHei-
HBIX OJHO3HAYHBIX cooTBeTcTBHil S C X X Y ¢ 06/1aCThIO OIpe e/ IeHHS
dom S # X, roopsar: T — gcrody onpedeséHHvill IMHEHHBINH OIEpaTop
(i3 X 8Y) u S — nuneituniii oneparop uz X B Y, win maxe S — ne
6ct0dy onpedenérHoili TUHENHBIN OlIepaTop.

2.2.2. OrobpaxkenneT : X — Y saBisercst THHEHHBIM OITEPATOPOM
B TOM H TOJIBKO B TOM CJIyd9ae, €CJIU BBIIIOJHEHO

T()\ll'l + )\21‘2) = MTx1 + XoTxo ()\1, X €F; 21, 20 € X) <>

2.2.3. Muoxecrso £ (X, Y) Bcex smneiinpix oneparopoB uz X BY
npeJcras/iser coboit BEKTOPHOE IIPOCTPAHCTBO — HOAIPOCTPAHCTBO Y X . <>
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2.2.4. ONPEJAENEHNE. Oneparopsl u3 £ (X, F) nasbBator sured-
HOMU PYHKYUOHGAGMU HA X, a mpocTpaHcTBO X # = & (X, F) —
(aneebpaunecku) conpascénnvim npocmparcmeom. Jlunelnble byHKIM-
oHaJIbl Ha, X, HA3BIBAIOT *-AUHEUHLLMU PYHKUUOHAAGMY HA X .

Eciin XoTsT MOM9epKHYTh IPUPOJLy OCHOBHOIO 10Jist [, TO roBOPSIT
0 BEIIECTBEHHO JIMHEWHBIX (DYHKIIMOHAJIAX, O KOMILJIEKCHO COIPSI2KEHHOM
npocrpancTBe u T. 1. lloHsitHO, uro ipu F = R TepMuH <«*-JimHEHHbII
PYHKIIMOHAT», KaK TMPABUIO, HE YIIOTPEOJIAIOT.

2.2.5. ONIPEAEJIEHUE. Jluneiinpiii oneparop T € £ (X, Y) naspr-
BatoT (aszebpauneckum) usomoppusmom, ecu coorsercrue T 1 aps-
ercs suHedinbiM oneparopoM u3 £ (Y, X).

2.2.6. ONIPEJEJIEHUE. Bekropubie nmpocrpancrea X u Y Ha3biBa-
101 (anzebpauvecku) usomop@rowmu n manyT X ~ Y, eciu cymiecTByer
n3oMopdusm mMexay X u Y.

2.2.7. IlpocrparcrBa X u Y SIBASIOTCS H30MOP(HBIMH B TOM H
TOJIBKO B TOM cJlydae, ecau Hafgyrcs oneparoper T € Z(X,Y) u S €
LY, X) rakue, uro SoT = Ix uT oS = Iy. Ilpu 3T70M BBIIOJHEHO
S=T"'uT=5"1 <>

2.2.8. SAMEYAHUE. Ilycts X, Y, Z — BeKTOpHBIE IPOCTPAHCTBA,
npuuém 3aganet T € (X, Y)u S € Z(Y, Z). Becciopno, 9o coor-
BercrBue S o T — a10 aement £ (X, Z). Oneparop S oT B najibHeii-
meM Jist IPOCTOTH OyneT obosznadeHn cumBosiom ST. OrTmerum 3j1ech
ke, uyro Komnosummio (S, T) — ST, Kak IpaBwIo, CIATAIOT OTOOpa-
xkerneMm o : LY, Z)x Z(X, V) - Z(X, Z). B uacrHocTH, ecan
ECZY, Z), aT e Z(X,Y), ro nonarator & o T:= o(& x {T'}).

2.2.9. ITPUMEPHI.

(1) Ecom T — suHeiiHOE COOTBETCTBHE, TO T—! takxke Ju-
HeilHOe COOTBETCTBUE.

(2) Ecyn X7 — 00apocTpaHCTBO BEKTOPHOIO IPOCTPAHCTBA
X u X9 — ero anreGpaundeckoe ponosHenne, 1o Xo uzomopduo X/ X.
Heiicreuresnbro, ecim ¢ : X — X/X; — KaHOHHYECKOe 0TOOparKe-
HUE, TO ero Cy’kKeHue Ha Xg, T. €. OIepaTop Ly — ¢(x2), Tae x3 € Xo,
OCYIIECTBJISIET TpeOyeMbIil m3oMopdu3M. <>

(3) Hycrs 2= []¢ez Xe — npoussesenne cemeiicTsa Bek-
TOpHBIX IPOCTPaHCTB (X¢)ecz. Orobpaxenue Pre : 27 — X, oupene-
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JISIEMOE COOTHOIIEHUEM Pre & 1= ¢, HA3BIBAIOT KOOPOUHAMHHLM NPOEK-
mopom (= npoexyuet). fcuo, uro Pre — ymmeiinsrii oneparop: Pre €
L(Z', X¢). OrmeruM, 4T0 4acTO 9TOT OLEPATOP PACCMATPHBAIOT KaK
ssieMeHT npocrpaHcTsa L (2) = L (2, Z"), umest B BUJLY eCTECTBEH-
mblit m3oMopdusM ¢ u Xe, tne Xe =[] an a 777 :=0mpun #£¢
n 75 = Xg.

(4) Myers X = X7 @ Xo. IockosbKy oTobpazkenue + !
ocymmecTBasseT nzomopdmam X m X1 X X9, TO ompemeseHbl JTUHEHHBIE
. . -1 ., .7 —1
onepaTomexl = PX1HX2'7 Pry O(+ ), ]DX2 = PX2HX1 = Pry O(+ ),
netictBytonue u3 X B X. Oneparop Py, HasbBaoT npoekmopom X wa
X1 napasnesvrno Xo, a Px, — donoanumenvrowm npoexmopom K Px, .
B cBoro ouepesp, Py, jonosnnurened K Px,, a Px, OCyIIeCTBJIsSIET 1IPO-
ektupoBanue X Ha X mapasesbno Xj. Ormerum takxke, uro Px, +
Px, = Ix. Kpowme Toro, P>2<1 := Px, Px, = Px,, T. e. IPOeKTOp — udem-
nomenmuui onepamop. Haobopor, 0001 HIEMIIOTEHTHBINA OIepaTOP
P € Z(X) saserca upoekropom Ha P(X) napamiensao P~1(0).
Ecmn T € £(X), to Px,TPx, = TPx, B TOM U TOJbKO B TOM
ciydae, eciiu T(Xl) C X1, 1. e. X1 unsapuarmmuo ommuocumenvroT'. <1t>

nex=

PasencrBo T'Px, = Px,I' cupaBeJIuBO B TOM U TOJIBKO B TOM CJIy-
1ae, ecyid Kak X1, Tak U JIonoIHeHne Xo HHBAPUAHTHBI OTHOCUTEJBHO 1.
B nociegaem citygae roBopst, aro pasdaooicerue X = X1 @ Xo npusodum
onepamop T'.

Co caemom T ma X; paboTaroT Kak ¢ 3jeMeHTOM 1] IPOCTPAHCTBA
Z(Xy). Ipu srom Ty Hazesator wacmoto T B X1. Ecmn Ty € £L(Xa) —
qacth 1 B Xa, TOo oniepaTop T MBICIAT KaK MaTPUILY

T ~ <T1 0 > :
0 T

Nmenno, ssement x u3 X1 @ X9 paccMaTpUBAIOT KaK «BEKTOP-CTOJIOEIT>
c KoMmIoHeHTamu 1 € X1, x3 € Xo, riue 1 = Prx, x, o = Prx, x.
VMHOXKeHMe MaTPHIL, TPOBOAAT OOBIYHBIM CIIOCOOOM I10 3aKOHY «CTPOKA
Ha CTOJIOEIl», & pe3y/IbTaT YMHOXKEHUs YKA3AHHON MATPUIbl Ha BEKTOP-
crosiberr x, T. e. BeKTOp-cToJber ¢ Komuonenramu 1121, Texs (wau, 9ro
B JIAHHOM CJiydae TO x)e camoe, Tx1, Txs), eCTECTBEHHO TPAKTYIOT KaK
aytemenT T'x.

NMubiMu cimoBamu, T' 0TOXKIECTBIAIOT ¢ oToOpazkenneM X1 X Xo B
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X1 X Xo, NefCTBYIONIUM II0 TTPABUILY

X1 . T1 0 X1

i) 0 T2 i) )
AH&.HOI‘I/I‘{HI)IM o6pa30M BBOJAT MaTpPpUYIHBIC IIPpEACTaBJICHUA O6IJ_LI/IX ol1e-
patopoB T € Z(X1 & X2, V1 @ Y2). <>

(5) Koneunoe MHOXKeCTBO & B X HA3BIBAIOT AUHETHO He3a-

BUCUMDLM, CITH U3 yeIoBUA Y o A€ = 0, T1e Ae € F (e € &), BBITE-
KaeT, 910 A\, = 0 juisg Bcex € € &. MHOXKecTBO & HA3BIBAIOT AUHEUHO
HE3ABUCUMDBLM, €CITH JTI000€ KOHETHOE IOJMHOXKECTBO & JIMHEHHO He3a-
BUCHMO.

MaxkcuMaabHOe 110 BKJIIOYEHUIO JIMHEHHO HE3ABUCUMOE MHOXKECTBO B
X nazbiBator 6asucom amenn (nmm anzebpavieckum 6asucom) B X. Jlio-
60e JIMHEWHO HE3ABUCHMOE MHOYXKECTBO COJEPXKUTCHA B HEKOTOPOM Dasuce
lamests.

Y Bcex 6azucoB ['amenss B X omgmHAKOBasi MOIHOCTH, Ha3bIBaeMast
pazmeprocmovio X . Pasmeprocts X obosrawaior dim X.

Kaxkoe BexkTopHoe mpoctpancTBo X M30MOPGHO NIPIMON CyMMe
cemeiicrsa (F)ecz, rue Z umeer Momuocts dim X

Eciu X1 — nogupocrpancTso X, To pasmeprocTs X /X1 Ha3bIBAIOT
rKopazmeprocmuio X1 n obosnagaoT codim X;. Ecm X = X1 & X3, To
codim X7 = dim X5 u dim X = dim X; + codim X;.

2.3. YpaBHeHHusI B oliepaTopax

2.3.1. ONIPEAEJEHUE. s oneparopa T € £ (X, Y) oupenesns-
tor: ker T := T~0) — adpo, cokerT := Y/imT — xoadpo, coimT :=
X/kerT — xoobpas T.

Omneparop T HazwBatoT Mornomoppuzmom, ecau ker T = 0. Onepa-
top 1T Ha3BIBAIOT ANUMOPPUIMOM, ecid im T =Y.

2.3.2. Omeparop sijisieTcst ©30MOPGPU3MOM B TOM U TOJBKO B TOM
cJIydae, ecjii OH MOHOMOP(HU3M H SIMUMOPGU3M OJHOBPEMEHHO. <I>

2.3.3. BAMEYAHME. B paJbHeiieM nHOTIa yI0OHO I0JIB30BATh-
CsI A3BIKOM KOMMYMAMUsHuL Juazpamm. HaydnTbes UM 10JIb30BATHCS
MOXKHO, pa300paB MOAXOISIIA IpuMep.

Taxk, dpaza «cjemyomas JuarpaMmmMa,
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aq
X —Y

KOMMyTaTHBHa» O3HauaeT, 910 a1 € L (X, V), ap € L(Y, W), a3 €
ZL(X, W), aqg € LV, Y)u a5 € L(V, W), upuuém aza; = ag

n o5 — ip0lg.

2.3.4. ONIPEAEJIEHUE. Jluarpammy X Ly 5 Z nasssator mou-
notl (B wiene Y) nocaedosameavrocmuio, ecim ker S = imT'. Tlocae-
JOBATEJBHOCTD ... — X1 — X — Xy — ... HaA3BIBAIOT MOYHOU
B 4ieHe X}, €CJIH TOYHA IOCIEIOBATENbHOCT Xi—1 — Xp — Xpi
(HaMMeHOBaHUsI OIIEPATOPOB OILYIIEeHbI). PaccMaTpruBaeMyro mOCJIeI0Ba-
TeJIbHOCTD HA3BIBAIOT MO%HOU, €CJU OHA TOUYHA B KaXKJOM dieHe (KpoMme
[IEPBOIO U IIOCJIEJIHETO, €CJIU TAKOBBIE, PA3YMEeTCs, €CTh).

2.3.5. IIPUMEPHI.

T
(1) Toumas nocremosarenbrocts X — Y 2z noAYMOYHA,
1. e. ST = 0. O6parHOe yTBEPKICHHE HEBEPHO.

(2) Hocanenosarensrocts 0 — X LY rouna B Tom 1 ToMB-
KO B TOM ciydae, ecan T — monomopdusMm. (3mech u B JasbHeimeM
sanuch 0 — X — 9TO, KOHEYHO Ke, €I ONHO OBO3HAYEHUE HYJsd —
€JIMHCTBEHHOr0 31eMeHTa npocrpancTsa £ (0, X) (em. 2.1.4 (3)).)

T
(3) TMocaenosarensrocts X — Y — 0 TOYHA B TOM M TOJIb-
KO B TOM ciy4ae, ecim T — srmmmopdusm. (IIoHATHO, 9TO 110/ CAMBOJIOM
Y — 0 TyT CHOBA CKPBIBAETCH HYJIb — €JMHCTBEHHBIN JIEMEHT IPOCTPAH-

crBa .Z(Y, 0).)

(4) Omneparop T € Z(X, Y) siBusiercst n3oMOpPU3MOM B

T

TOM U TOJIBKO B TOM ciydae, ecim 0 — X — Y — 0 — 310 TOuYHAsA
[IOCJIEIOBATEIHHOCTD.

(5) Iycrs Xy — mexoropoe noxnpocrpanctso B X. Cum-
BoJIOM ¢ : Xo — X obosHauuM onepamop (mooicdecmeenozo) 6.n0oce-
HUA: LXo:= To M Beex Tg € Xo. Ilyers teneps X/Xo — dakrop-
npocrpalceTBo u ¢ @ X — X/X( — COOTBETCTBYIOIEE KAHOHUIECKOE
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oTobpazkenune. Torma moc/ie10BaTeIbHOCTD
L ®
0—-Xo—>X=>X/X0—0

SIBJISIETCS TOYHOM. (SHaKI/I L 1 HAZKE B HO,QO6HBIX CJIy4dadX, KaK IIpaBu-
JIO, OHyHLeHbI.) VYkazannast I10CJIeJ0BATEJIbHOCTh B U3BECTHOM CMbICJIE
YHUKaJIbHA. I/II\/IGHHO, pPacCMOTPpUM IIPOMU3BOJIbBHYIO, KaK TI'OBOPAT, <«KO-
pomryro» mocaea10BaTeIbHOCTD

T S
0—-X=Y=272—-0
U JOIyCTHM, 9To oHa TouHa. llomaras Yp:= im T, Jerko mocTpouTs u3o-

MOPGU3MBL v, (3, 7y TaK, YTO IOJIyYaeTCsl CJIEYIONasi KOMMY TATHBHAS
JauarpamMma:

T S
0 X Y 7 0
of 8l |
0 Yo Y Y/Yy 0

WNubmvu csioBamMu, KOPOTKasi TOYHAS IIOCIEIOBATEIHFHOCTD 110 CYyTHU eI
TO K€, YTO TOJIIIPOCTPAHCTBO U (HAKTOP-IIPOCTPAHCTBO 0 HeMY. <I[>

(6) Iycrs T € .£(X, Y) — oneparop. C HEM cBsi3aHa TOY-
Hast TOCJIE/IOBATEILHOCTD

O—>ke1rT—>XZ>Y—>cokerT—>07

Has3bIBaeMas KaGHOHUYECKOT MOYHOUT NOCAeJO8AMEALHOCTILIO 1A T.

2.3.6. OPEAENEHUE. Omneparop T HazeBator npodossiceruem T
(mumryr T D Tp), eciiu KOMMYTATHBHA JUarpaMma

XQ—> X
T, T
Y

T.e. To =T rme t: Xg — X — BJIO>KEHHeE.
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2.3.7. Ilyctp X, Y — BekTOpHBIE IpOocTpaHCTBa U X — HOJIIPO-
crpancrso B X . [Lst mo6oro Ty € £ (X, Y') cymecTByer npojosrkeHue
TeZ(X,Y).

< Ilpenbasum T := Ty Px,, rne Px, — onepaTop IpOeKTUPOBAHHSA
na Xo. >

2.3.8. Teopema o paspemmmvmoctu ypaBHeHus ZA = B.
Hycre X, Y, Z — Bekropubie npocrpanctsa; A € £ (X, Y), B €
Z(X, Z). Iunarpamma

KOMMyTaTuBHa 111 Hekotoporo 2 € L(Y, Z) B TOM H TOJBKO B TOM
cayyqae, ecou ker A C ker B.

<1 =: To, uro npu B = 2 A Beimosineno ker A C ker B, oueBuaHO.

«: Tonoxum 2 := Bo A~!. Scuo, uro mms € X 6ymer 2 o
A(x) = Bo (A7l o A)x = B(z + ker A) = Bz. Ilposepum, uto 2y =
Z |im A — Jmneiinprii onepaTop. ClieyeT IPOBEPUTH TOJIBKO OJHO3HAM-
nocts 2 . Ilyctby € im A u 21, 2o € Z (y). Torma 2 = By, 2o — B,
a Ax; = Axe = y. Io ycuoBuio B(x1 — z2) = 0. 3uauur, 21 = 29. llpu-
MeHss 2.3.7, BO3bMEM Kakoe-JTub0 mpojoskenne Z oneparopa 2o Ha
IIPOCTPAHCTBO Y . [>

2.3.9. 3AMEYAHUE. Ecin B ycioBusix 2.3.8 oneparop A — smm-
Mopdu3M, TO oneparop £ eIuHCTBeH. <>

2.3.10. JluretiHbrit ommepaTop JOIYCKAET €IHHCTBEHHOE CHUXKEHHE
Ha CBOI Koobpas.

< 9to crnencreue 2.3.8 u 2.3.9. >

2.3.11. Jlunerinsiii oneparop T gomyckaer (KAHOHHIECKOE) PA3JIO-

2KeHne B KOMIIO3HUITHIO SHI/IZMOpd)I/ISMa (Y2 I/ISOIMOpd)I/ISMa T nu MOHOMOD-
d)HSMa L, T. €. KOMMYTaTUBHa CJEAYIOlasd JuarpaMma:
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coimT im7T
ot
X Y

LIS @ THHCTBEHHOr O orieparopa 1. <>

2.3.12. IIycte X — HEKOTOpOE BEKTOPHOE MPOCTPAHCTBO U 38 aHBI
fo, fi,...,fn € X#. Oyuxuuonas fo sB/sercs uHeiiHoil KoMOTHAIIHETT
fi,..., fn B TOM m TOSIBKO B TOM Ciydae, ecin ker fo D ﬂévzl ker f;.

< Hyers (f1,..., fn) : X — FN — numeitnsii onepaTop, 3aIaHHbIH
COOTHOIIECHUEM

(f1- s In)w= (fi(@), .., (@)

Bugno, uro ker(fi,...,fn) = ﬂj»vzl ker f;. Hcnone3yss Teopemy 2.3.8
JISL 33/1a9H

X (f15--50N) FN

Jfo
F
I yuuTHIBas crpoenue mpocrpascTsa FN# | momydaem TpeGyemoe. >

2.3.13. Teopema o paspemiumoctu ypaBHeHuss AZ = B.
Hycrs X, Y, Z — Bekropubie npocrpancrBa; A € Z(Y, X), B €
Z(Z, X). Iunarpamma

A
X +—Y

PN

Z

KOMMyTaTUBHA A/151 Hekoroporo 2 € £ (Z, Y) B TOM U TOJBKO B TOM
ciaydae, ecim im A D im B.
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<4 =: imB=B(Z)=A(Z(Z)) C A(Y) =im A.

<: Ilycrs Yy — anrebpanyeckoe pornosaenne ker ABY u Ag:= Aly,.
Torma Ag B3amMHO OAHO3HAYHO OTOOpaykaeT Yo Ha im A. Omneparop
X = Ay !B, oueBnno, mckoMbIit. >

2.3.14. BAMEYAHUE. Ecau B ycnosusix 2.3.13 onepatop A — mo-
HOMOpP(U3M, TO oreparop £ eIuHCTBEH. <>

2.3.15. BAMEYAHUE. Teopembr 2.3.8 u 2.3.13 cBs13aHbl «(popMaib-
HOM ABOMCTBEHHOCTHIO». KaxKaas M3 HUX MOJIYIaeTCa U3 IpYyroit «obpa-
IIEHINEeM CTPEJIOK», «IIEPECTAHOBKON sifiep W 00Pa30B» U «IIEPEXOIOM K
TIPOTUBOIIOJIOXKHOMY BKJIIOUYCHUIO».

2.3.16. Jlemma o cHexxuHke. Ilycre saganer S € L(Y, Z) u
T € £(X, Y). CymecrByror, u IPHTOM €JIHHCTBEHHBIE, ONEPATODHI

Qai,...,06, A5 KOTOPBIX KOMMYTATHBHA JHATDAMMA.:
0 0
N o Y
ker S T > ker S
Va / o
T
0 » kerT cokerT— 0
ay

Coker S <—coker ST
0/ \O

IIpu sroM (BbLIEIEHHAS) TOCTETOBATEIBHOCTD

0 — ker T2% ker ST-22s ker S22,

23, coker T4 coker ST =25 coker S — 0

SBJISIETCS TOYHOH. <>
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Yopa>kHeHust

2.1. IIpuBecTu npuMepbl BEKTOPHBIX IIPOCTPAHCTB, & TaKyKe M HEe BEKTOPHBIX
MPOCTPAaHCTB. KakKune KOHCTPYKIMHU MPUBOIAT K BEKTOPHBIM IIPOCTPAHCTBAM?

2.2. V3yunThb BEKTOPHBIE IPOCTPAHCTBA HAJ[ JBYX3JIEMEHTHBIM IOJIEM Z2.
2.3. OnucaTh BEKTOPHOE MPOCTPAHCTBO CO CYETHBIM Gasucom [amests.

2.4. Jlokazarb CyIecTBOBaHUE pa3pbIBHBIX pemieuil f : R — R dynknmonass-
HOTO ypaBHEHUS

fl@t+y) = f@)+ fly) (2, yeR).
Kaxk npencrasurs Takue f rpadudecku?

2.5. JJokasaTb, 9YTO MPOCTPAHCTBO, AJreOpaMdYecKu CONPSRKEHHOE K IPSIMOM
CyMMe, peaju3yeTcd KaK IIpAMOe IIPOU3Be/ICHUE.

2.6. Ilycte X D Xo D Xoo. Hoxasars, ato X/Xoo un (X/Xo0)/(Xoo/Xo0) —
n30MOpPQHbIE TPOCTPAHCTBA.

2.7. Ilycre oTobparkeHne «IIBOWHOMN [11e3» OIIPEJIeJIEHO IIPABUJIOM:
oz o (x| 2?) (e X, 7 e XT).
YcTaHOBUTD, YTO 9TO OTOOPArKEHUE OCYIIECTBIISIET BJIOXKEHNE BEKTOPHOI'O IIPOCTPAH-
crBa X BO BTOpPOE CONPSI?KEHHOE HPOCTPAHCTBO X 77
2.8. Jokazarp, uro asrebpanmdecku pedJIeKCUBHBIMU SIBJISIOTCSI KOHETHOMED-
Hble IIPOCTPAHCTBA U TOJILKO OHH, T. €.

#H(X) = X7 & dim X < foo.

2.9. Ecrb nm anasioru 6asucos lamensa B obmux Momynax?
2.10. Tlpu kakux ycaoBUSIX CyMMa IIPOEKTOPOB OYIeT IIPOEKTOPOM?

2.11. IIycte T — 5T0 3HIAOMOPGU3M HEKOTOPOTO BEKTOPHOI'O IMPOCTPAHCTBA,
npuaém 771 £ 0 u T™ = 0 7151 KAKOTO-TO HATYPAIbHOTO n. JloKasaTh, UTO omepa-
ropet 7O, T,...,T™ 1 jnuneiino nHe3aBUCHMBL

2.12. Onucarb CTpPOEHUE JIMHEHHBIX ONEPATOPOB, ONPEIEJIEHHBIX HA MPAMON
CyMMe IIPOCTPAHCTB U JEUCTBYIOIIUX B IPONU3BEICHUE ITPOCTPAHCTB.

2.13. Haiitu ycinoBusi €IMHCTBEHHOCTH DEIIeHUi CJIeIYIOMUX YPaBHEHUN B OIle-
paropax ZA =B u AZ = B (3/1eCb HEU3BECTHBIM $SIBJIsIETCs onepaTop Z).

2.14. Kak yCcTpoeHO IIPOCTPaHCTBO OGUIMHEHHBIX OIEPaTOPOB?

2.15. OxapakTepu3oBaThb BEKTOPHBbIE NIPOCTPAHCTBA, BO3ZHUKAIOIIUE B PE3YJIb-
TaTe OBEINIECTBJIEHNS KOMILJIEKCHBIX BEKTOPHBIX IIPOCTPAHCTB.
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2.16. Ins cemeiicTBa JIMHEHHO HE3ABUCUMBIX BEKTOPOB (Ze¢)ec & MOABICKATD Ta-

KO€e CeMeicTBO (DYHKIMOHAJIOB ($ﬁ)eeg, 9TOOBI BBITIOJIHSIUCH COOTHOIIIEHUS:
(ze ‘$f> =1 (e€ &)

(ze |zF)Y =0 (e, € €68 e#¢).

2.17. Jlnst cemeiicTBa JIMHEHHO HE3ABUCUMBIX (DYHKIMOHAJIOB (sz)eeg ToAbIC-
KaTb TaKOe CEeMeHCTBO BEKTOPOB (Ze¢)ec &, ITOODI BBIIOJHSINCH COOTHOIICHUS:

(welzl)=1 (e€&);

(e |zF)Y =0 (e, € €68 e#€).

2.18. HaiiTu ycioBUsi COBMECTHOCTH CUCTEMBI JIMHEMHBIX yPDaBHEHUN U JIMHEH-
HBIX HEPABEHCTB B BEIIECTBEHHBIX BEKTOPHBIX IIPOCTPAHCTBAX.

2.19. IlycTes mana KOMMyTaTHUBHAs JUarpamMMa

W X vy— z

al Bl vl &l

W— X7 —7Z
C TOYHBIMHM CTOPOHAMHU, IPUIEM @ — 3mUMOPdU3M, a § — MoHoMopdusmM. lokasars,
uro kery = T'(ker 8) u T~ !(im~) = im 3.
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Brimykabprii anHaiau3

3.1. MHoxkecTBa B BEKTOPHBIX IIPOCTPAHCTBAaX

3.1.1. ONPEAEAEHUE. Ilycts I' — mommuoxkectso F2, a U — mo-
MHO2KECTBO KaKOT'0-JITOO BEKTOPHOTO IpocTpancTBa. MuoxkectBo U Ha-
3biBaIOT I'-mmoorcecmeom (u mumyt U € (T)), ecan BbimosaeHo

()\1, )\2) el'= MU+ XU CU.

3.1.2. IIPUMEPHI.

(1) JIro6oe muOXKkecTBO BXxOUT B (). (Takum obpazom, (&)
He sIBJISIETCS] MHOYKECTBOM. )

(2) Hpu T := F? menycreie [-MHO)KecTBa 3TO B TOYHOCTH
JINHEWHBIE TIOJMHOKECTBA BEKTOPHBIX IIPOCTPAHCTB.

(8) Ecom T := R?, to memycrble [-MHOMkeCTBA B BEKTOD-
HOM IIPOCTPaHCTBe X Ha3BIBAIOT 6EUECTNGEHHbLMU NOONPOCTPAHCINEAMU

B X.

(4) Ecom I':= R?%, To memycrbie ['-MHOXKeCTBa HA3BIBAIOT K0-
nycamu. VHBIME ci0BaMH, HEILyCTOe MHOXKECTBO K sIBJISIETCS KOHYCOM
B TOM W TOJIBKO B TOM ciiy4ae, eciu K + K C K u aK C K npn Bcex
o € Ry. Henycrsie R? \ 0-MHOXKeCTBa (MHOTIA) HA3BIBAIOT HE3A0CT-
PEHHbIMU KoHYycamu, a HemycTble R X 0-MHOXKECTBA — HEGBINYKAbLMU
xonycamu. (37ech U B JaTbHEIIEM HUCHOIB30BAHO OOBIIHOE 0003HAYE-
e Ry:={t eR: ¢t >0}.)

(5) Hycrs T':= {(A\1, A2) € F2 : X\ + Ay = 1}. Hemy-
crble '-MHOXKeCTBaA HA3BIBAIOT aPduHHbLMYU MHO2000pasusmu. Ecmm X
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— moanpocrpanctBo B X u ¢ € X, 1o z + Xo:= {a} + Xo — abdunnoe
MHOroobpasue B X. Haobopor, eciiu L — addunnoe maOroobpasue B X
nx €L, 0o L—x:=L+ {—x} — nuneitnoe muoxectso B X. <>

(6) Mycrs I':= {(A\1, A2) € F2: |A\| + |A2] < 1}. Torma
Herycrble [-MHOXKeCTBA HA3BIBAIOT A0COMOMHO SHNYKADIMU.

(7) HycrsT':= {(\, 0) € F2: |A\| < 1}. Torna [-mMHOXKeCTBa
Ha3BIBAIOT Ypashoseuwennvtmy (pu F:= R roBopsaTr Tak:ke 0 36€30HbIT
MHOYKECTBaX; MCIOJIb3YIOT U TEPMUH «CUMMETPHYHOE MHOYXKECTBO», UTO
HE BIOJIHE OLPABJIAHO).

(8) IIycrs T := {()\1, )\2) e R? . AL >0, Ao >0, A\ +
Ao = 1}. Torga I'-MHOKeCTBa HA3BIBAIOT SbINYKADLMU.

(9) Econ T:i= {(\1, A2) € Ri : A1+ A2 < 1}, To HenycThIe
I'-MHO>KecTBa HA3BIBAIOT KOHUYECKUMU Oompe3kamu. MHOXKECTBO sIBJIs-
€TCd KOHUYECKUM OTPE3KOM B TOM M TOJIBKO B TOM CJIy4dae, €CJIU OHO
BBIIIYKJIO I COJIEP>KUT HYJIb. <>

(10) Ins moboro I' C F? u mpou3BOIBHOTO BEKTOPHOTO
npocrpancrsa X Hag F omosarero X € (T). Ormernm emg, uro B 3.1.2
(1)-3.1.2 (9) muO)ecTBO I' siBiIsteTcst I'-MHOKECTBOM.

3.1.3. ITyctb X — BEKTOpHOE IPOCTPAHCTBO H & — HEKOTOPOE Ce-
mesicrBo I'-muoxkecrB B srom npocrpadcrse X. Torma N{U : U €
im&} € (I'). Ecam, kpome Toro, im & (GuIbTPOBAHO 110 BO3PACTAHHIO
(orHOCHTeAbHO BRMOYeHns: MHOXkecTB), T0 U{U : U € im &} € (T'). <>

3.1.4. 3AMEYAHUE. IIpemroxenne 3.1.3, B 9acTHOCTH, O3HAYAET,
9TO COBOKYIHOCTH ['-MHOXKECTB JIAHHOI'O BEKTOPHOI'O IIPOCTPAHCTBA, Oy-
Ay9d yHOPSAOY€HA 1O BKJIIOYEHUIO, CTAHOBUTCS IIOJIHOM PEIIETKOM.

3.1.5. Ilyctp X m Y — BekTopHBIe npocTtpanctBa, a U C X u
V €Y — mekoropsie I'-muoxxecrsa. Torma U x V € (I).

< Ecimn onro 3 muokectB U mnn V' mycro, To U X V = @ n moka-
3piBaTh Hevero. Llycrs Tenepb u, ue € U m v, v2a € V,a (A1, Ag) € T.
Torma A\qui+Aus € U, aMva+v € V. 3HE%‘II/IT, (>\1U1+>\2U2, A0+
)\2’1}2) cUxV.>

3.1.6. ONPEAEJIEHUE. Ilycrs X, Y — BeKTOpHBIE IIPOCTPAHCTBA
uT C X xY — coorsercreue. Ilycrs I' C F2. Ecom T € (T), o T
Ha3bIBaIOT ['-coomeemcmeuem.
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3.1.7. BAMEYAHUE. Ecau I'-mHO)KecTBa (ipu dbukcuposanHoM I)
HOCAT CIeNUaJbHOE HA3BAHUE, TO 9TO HA3BAHWE COXPAHAOT W Jid [ -
COOTBETCTBUI. B 9TOM CMBICIIE TOBOPAT O AUHEUHBLT U 8BINYKALT COOM-
8EMCMBUAT, APPHUHHBLL 0MOOPANCEHUAT U T. TI. YMECTHO MOTIEPKHYTH
0CODEHHOCTh TEPMUHOJIOTUN: BBINMYKJIas (DYHKIINS OJHON IE€PEeMEHHON
HE SIBJISI€TCSI BBITYKJIBIM COOTBETCTBHUEM, 38 UCKJIOUYEHUEM TPUBUAJIHHBIX
caydaes (cm. 3.4.2).

3.1.8. Ilycts T' C X X Y — HekoTopoe 1} -coorBerctBue, a U C X
— mekoropoe Iy-muoxecrBo. Ecin Ty C Ty, o T(U) € (I).

< Ecmm y1, y2 € T(U), 10 miast HEKOTOpBIX %1, Tz € U Gymer
(x1, y1) €T u (x2, y2) € T. Hua (A1, A2) € I umeem (A1, A2) € I u,
3HAIUT, A1 (21, Y1)+ A2(22, y2) € T. Orcrona ciemyer, 9To A\1y1+A2y2 €
). >

3.1.9. Cymepmosurus I'-coorsercruit — I'-coorBercrBHE.

<IIMycrs FC X xVuGCW xY uF, Ge (I'). Uveem

(z1, y1) EGo F & (Fvy) (71, v1) € F & (v1, 1) € G
(xg, yg) ceGol's (31)2) (:]32, 'UQ) ceF& (”02, yg) c @.

«YMHOKasl IEPBYIO CTPOUKY Ha A1, BTOPYIO — Ha Az, rie (A1, Ag) € T,
¥ CKJIAJIbIBasi PE3yJIbTaThl», IOCIEI0BATEIHLHO IOydaeM Tpebyemoe. >

3.1.10. Ecoim U,V — noamuoxectsa X u U,V € (T') qma I’ C F2,
To st mobbix o, B € F somosmeno aU + BV € (I).
< Canenyer cociarbes na 3.1.5, 3.1.8 m 3.1.9. >

3.1.11. OnPEAEJEHUE. Ilycte X — BekTOpHOE TIPOCTpPAHCTBO, I
— momHOKecTBO F2 1 U — nommuoxkecTBo X . MHOXKECTBO

Hr(U)=n{VcX:Ve(),VDoU}
Ha3bIBAIOT 1'-06040uK0U U.

3.1.12. CupaBeiiuBbl yTBEPKICHUS:
(1) Hr(U) € (T');
(2) Hr(U) — mammenbnree I'-mHO«)€eCTBO, conepzxkamiee U;
(3) U cU; = HF(Ul) C H[‘(Ug),‘
(4) Ue()eU=HrU);
(5) Hr(Hr(U)) = Hr(U). <>
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3.1.13. Hmeer mecto popmyna Monkuna:
Hr(U) = U{Hr(Up) : Uy C U, Uy— KoHEIHOE HOAMHOXKECTBO}.

<1 Obozuaunm yepe3 V' MHOXKECTBO, CTOHAIIEE B IIPABOil 9acTu Hop-
mysel Monkuna. Tak xak Uy C U, o, no 3.1.12 (3), Hr(Up) C Hr(U),
a noromy Hp(U) D V. B cuny 3.1.12 (2) neobxoqumo (u, pasymeercs,
nocTarouHo) nposeputhb, uro V € (T'). Ho mocnensee caenyer usz 3.1.3
u toro daxra, uro Hr(Uy) U Hr(Uy) C Hr(Up U Uy). >

3.1.14. 3AMEUYAHUE. Popmyna Mornkuna MoKa3bBaeT, YTO s
OIIMCAHUS IPOU3BOJILHLIX ['-000/10t€eK ciiemyeT HalTH juib ['-060109KN
KOHEYHBIX MHOXKeCTB. ITogaepkHéM, 9TO IpU KOHKPETHBIX [ ncrmoss3y-
10T crenuajibHble (HO ecrTecTBEeHHbIe) Ha3BaHus i [-obosouek. Tak,
upu I':= {(A1, X2) € RZ : Ay + Ay = 1} roBopsr o 6wnykavs 06040
xax u BMecto Hp(U) iyt co(U). Bmecro Hp2(U) numyt £(U) wnm
lin(U), ecin U # &, kpome ToOrO, TI0JararoT st yaobersa £ (@) = 0.
MmuoxecrBo .Z (U) HasbBaoT Aunetinot oboaoukot U (1 10 BO3MOXKHO-
CTH HE IyTaIoT C NPocmparcmeom dndomopdusmos £ (X) BeKTOPHOIo
npocrpascTBa X ). AHAJOTUYHO BBOJAT IOHATUS afiunhnol 060s0uky,
Konuveckol obosouky u T. 1. OTMETHUM 371eCh ¥Ke, YTO BBIMyKJas 000-
JIOUKa KOHEYHOI'O MHOXKECTBA TOUEK COCTABJIEHA U3 UX GHINYKAGIT KOM-
bunayul, T. e.

N
CO({xl,...,:EN}): Z)\kxk Me >0, M+ A =17, <>
k=1

3.2. YnopsigfoueHHbIe BEKTOPHBbIE IPOCTPAHCTBA

3.2.1. OnpPEAEJNEHME. Ilycrs (X, R, +, -) — BekropHoe mpo-
crpanctBo. Ilycrs, nanee, o — mnpennopsgaok B X. IToBopsar, uro o
coenacosan ¢ eexmophoti cmpykmypoti, ecim 0 — KoHyc B X2. B arom
ciydae mpOoCTPaHCTBO X HA3BIBAIOT YNOPAJOUEHHDIM BEKMOPHBIM TPO-
cmparncmeom. (Touree rOBOPUTD 0 NPEyYNOPAIOUEHHOM GEKMOPHOM NPO-
cmpancmee (X, R, +, -, o), coxpaHss TepPMUH <«YIIODPSIOYCHHOE BEK-
TOPHOE IIPOCTPAHCTBO» JIJIsI T€X CUTYaIHil, KOIJIa ¢ — 9TO OTHOIICHHE
HOPSJIKA. )

3.2.2. Ilyctp X — ynopsiioueHHOE BEKTOPHOE IPOCTPAHCTBO U O
— coorsercrBytomyuii upeanopsinok. Torma o(0) — xonyc. Ilpu srom
o(x) =z + 0(0) mus Besikoro x € X.
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<0 MuoxectBo o(0) — xonyc B cuiry 3.1.3. Tlomumo Toro, us Toxue-
crBa (z, y) = (z, )+ (0, y —x) BoiBOgUM (T, Y) €E 0 = y—x € 0(0). >

3.2.3. Ilycts K — konyc B BekTOopHOM npocrpanctse X . Ilomoxkum
o={(z, y) € X*: y—z € K}.

Tora 0 — HOPEANIOPSIAOK, COIVIACOBAHHBIH C BEKTOPHOH CTDPYKTYDOI,
npuuéMm K coBHajgaer ¢ KOHycoM moJiokuTesnbHbix siemenTos o(0). Bo-
JIee TOro, 0 SABJACTCS MOPSJAKOM B TOM H TOJBKO B TOM CJAyYae, €CJIH
Kn(-K)=0.

< dAcno, wto 0 € K = Ix Cou K+ K C K = ogoo C 0.
Uwmeem Takzke npeicrasienue o' = {(z, y) € X?: xz—y € K}
Buaunt, c No ! C Ix & KN (—K) = 0. Ocranoch mpoBepuTh, 9TO 0
— konyc. C 910l 11esbio Bo3bMEM (21, Y1), (T2, y2) €0 may, az € R,
Torma iy + azys — (uz1 + agze) = a1(yr — 1) + az(y2 — 22) €
arK+aK C K. >

3.2.4. OIIPEAEJIEHUE. 3ajaHublii KOHYC K Ha3bIBAIOT Ynopsdowu-
sarougum miiu ocmpuvim, eciu K N (—K) = 0.

3.2.5. BAMEUYAHUE. Ha ocnoBanuu 3.2.2 u 3.2.3 3a/1aHue B BEKTOD-
HOM IIPOCTPAHCTBE CTPYKTYPHI MPEIYIOPII0UCHHOTO BEKTOPHOTO ITPO-
CTPAHCTBA PABHOCUIBLHO BBIIEJIEHUIO B HEM KOHYCa ITOJIOKUATEIHHBIX JJIe-
MeHTOB. CTPYKTYpY YIIOPsIIOYEHHOI'O BEKTOPHOIO IIPOCTPAHCTBA CO3/1a~
10T BBIJEJEHIEM OCTPOro KOHyca. B 9T0il cBsA3u 0 (11pe)ynopsaio9eHHoM
BEKTOPHOM IIPpOCTpaHCTBe X 4acTo ropopsT Kak o mape (X, X.), rie
X — KOHYC IOJIOYKUTEJIbHBIX JJIEMEHTOB.

3.2.6. IIPUMEPHI.

(1) Hpocrpancrso dynkuuit R= ¢ komycom RT := (Ry)=
byHKIHMA, TPUHEMAIONHUX OJIOKUTEIbHBIE 3HATCHHUSI.

(2) Hycrs X — yuopsiioueHHOE BEKTOPHOE IPOCTPAHCTBO
€ KOHYCOM IOJIOXKUTEJbHBIX 3jieMeHTOB X . Ecmm Xg — moanpocrpanct-
Bo X, TO MOpsIOK, nuIyupyembiit B X u3 X, 3agan konycom Xg N X .
B sToM cMbIciie X paccMaTPUBAIOT KaK YIOPSAJ0IEHHOE BEKTOPHOE IIPO-
CTPAHCTBO.

(3) Iycrs X u' Y — (upe)ynopsiioueHHbIE BEKTOPHBIE IIPO-
crparcrBa. Oneparop T € Z (X, V) Ha3bIBAIOT nosodcumesvHoim (-
mryt T' > 0), ecan Bomosaeno T'(X 1) C Y. MHOXKeCTBO BCeX HOJIOXKHU-
TEeJIbHBIX OllepaTopoB obpasyer konyc £ (X, Y). Jlunelinyto 060J0UKy
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2. (X, Y) obosnauator cumsosoM .4, (X, V). Oneparope u3 %, (X, Y)
HA3BIBAIOT PE2YAAPHLIMU.

3.2.7. ONPEIEJIEHUE. YHIOPSI0YEHHOE BEKTOPHOE IIPOCTPAHCTBO
Ha3BIBAIOT 6€KMOPHOT peutémxoti, eCJiu PENIETKON sIBJISI€TCsS YIIOPSIO-
YEeHHOE MHOXKECTBO BEKTOPOB PACCMATPUBAEMOTO ITPOCTPAHCTBA.

3.2.8. OTNIPEJAEJIEHUE. BeKTOpHYIO PEIETKY HA3BIBAIOT NPOCMPaAH-
cmeom Kanmoposuua nmu, xKopode, K-npocmpamncmeom, ecan Joboe
HEIyCTOe OI'PAHNYEHHOE CBEPXY MHOXKECTBO B HEl MMeEET TOYHYIO BEPX-
HIOIO TDAHUILY.

3.2.9. B K-npoctpaHCTBe KaKI0€ HEIIyCTOE OTPAHUICHHOE CHHU3Y
MHOYKECTBO HM€ET TOUHYIO HIXKHFOIO I'DAHHILY.

< Ilycre & < U. Torma —x > —U. 3uauut, no 3.2.8 cymecTByer
sup(—=U). Ipu stom —zx > sup(—U). Otrcroga 0ueBHHO CJEIYeT, U4TO
—sup(—U) =infU. >

3.2.10. B K-mpocTpaHcTBE M1 HEIYCTHIX OTPAHHICHHBIX CBEPXY
muoxkectB U u V' BbimosiHeHO

sup(U + V) =supU +sup V.

<! B ciyuae, korma muokectBo U mim MHOXKecTBO V' cocrouT u3
OJTHOTO 3JIeMeHTa, TpebyeMoe paBeHCTBO sicHo. O0Imuit cirydail mosryaem
Terepb B CUJIY «ACCOIUATHBHOCTU TOYHBIX BEPXHUX I'paHully. VIMmeHnmo,

sup(U + V) =sup{sup(u +V): ue U} =

=sup{u+supV: ueU}=supV +supf{u: ve U} =
=supV +supU. >

3.2.11. BAMEYAHUE. BriBog npenjoxenns 3.2.10 MOXKHO CYUTATD
CIIPABEJTUBBIM B IPOU3BOJILHOM YIIOPSIOYEHHOM BEKTOPHOM ITPOCTPAH-
CTBE TIPU YCJIOBUU, UTO ¥ UCXOJIHBIX MHOXKECTB UMEIOTCS TOUHBIE BEPXHIE

rpauibl. AHAJIOrMYHO TPAKTYIOT cooTHomenue: sup A\U = Asup U mist
AeR,.

3.2.12. ONPEAEJEHUE. st s/1eMeHTa & BEKTOPHOI PEIIETKN BEK-
TOp X4 := & V 0 HA3BIBAIOT NOAOHCUMEALHOT HACMBIO T, FTIEMEHT T_ i =
(—x)+ — ompuyameavrol wacmovto, a |z|:= x V (—x) — modysem x.
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3.2.13. B BekTOpHOIT perIéTke A1 JIIOObIX 9JIeMEHTOB X U Y UMEET

MECTO TOZKJIECTBO
rTty=xVyt+zAy.

Qzty—zANy=x+y+(—z)V(-y)=yVe>

3214. =z —z_; || =24 +2_.

< Ilepsoe pasenctBo monydaercs u3 3.2.13 npu y := 0. Ilomumo
storo, || =V (—x) = —z+ (22)V0 = —z+ 22, = (z. —x_)+ 22, =
Ty +rT_. D>

3.2.15. JlemMma o cymMMe ONPOME>KYTKOB. /lJisi MOJIOXKHTE/IbHBIX
9JIEMEHTOB T, Yy B BeKTOpHOII pemiétke X Oymer

[0, x +y| =10, =] + 0, y|.

(Kak o6brano, |u, v]:= o(u) No~1(v) — (mopsaxossrit) npomesicy-
MoK HWIH UHMEPSAA.)

< Bxarouenne [0, ] + [0, y] C [0, = + y] Hecomuenno. Ecmn xke
0 <z < z+y, To nosokUM 21 := z A x. Buumo, uro z; € [0, z|.
IIyctn Temepn 2zo:= z — 2z1. Torma z9 > 0. Ilpu atom 20 = 2 — 2z A x =
24+ (=2)V(-z)=0V(z—2)<0V(z+y—2z)=0Vy=y. >

3.2.16. Teopema Pucca — KautopoBu4a. Ilycrs X — BekTOp-
Has pemérka, a Y — Hekoropoe K-npocrpanctso. IIpocTpancTBo pery-
JisipabIX oneparopos £.(X, Y) ¢ konycom £ (X, Y) nonoxureapabix
orepaTopoB sBJistercst K -npocTpancTBoM. <I>

3.3. IlpomosikeHre MOJIOXKUTEJIbHBIX (DYyHKITMOHAJIOB U
orepaTropos
3.3.1. KOHTPIIPUMEPHI.

(1) Iycrs X — npocrpancrso B([0, 1], R) orpannennsx
BemecTBeHHbIX dyHKmit Ha [0, 1], a Xo:= C([0, 1], R) — mommpocrpan-
crBO X, cOoCTaBJIeHHOe U3 HelpepbiBHbIX (yHKImit. [losoxum Y := X
u HageanM Xg, X u'Y ecrecTBeHHBIME OTHOIEHUAME HOPsika (cp. 3.2.6
(1) u 3.2.6 (2)). Paccmorpum 3aauy 0 MPOJIOZKEHAN TOXKIECTBEHHOTO
oneparopa Tp : Xo — Y o nosnoxurenssoro oneparopaT € £, (X, Y).
Ecsn 651 912 3amava nmesra pemtenne 1', TO y KayKIO0r0 HEIIYCTOrO Orpa-
HUYEHHOIO MHOXKeCTBa & B X( HAILIACh Obl TOYHAS BEPXHsisl IPAHUIIA
supy, ¢, Beranciennas B Xo. Nnmenno, supy, & = T'supy &, rie supy &
— TovHas BepxHsisd rpanuiia & B X. B To e BpeMsi HET COMHEHUH, 9TO
Y #e aBiserca K-mpocTpaHCTBOM.
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(2) Iycrs s:= RY — mpocTpaHCTBO MOCIEI0BATETLHOCTEIH,
HAJIEJIEHHOE €CTECTBEHHBIM TIOPsITKOM. 1IycTh, fasee, ¢ — MOANPOCTPaH-
CTBO B $, COCTABJIEHHOE U3 CXOJSAIIMXCS MOCJIEI0BATENBHOCTEH. Yera-
HOBUM, UTO ITOJIOXKUTEIbHBIN DyHKIHOHAT fo : ¢ — R, ompeneséHublit
coorHorerneM fo(z) := limx(n), He IOIMyCKaeT IOJOKUTEIBHOTO MIPO-
JoJKeHns Ha s. B camom geite, yets f € s, f > 0wu f O fo. Hoo-
KM zo(n):=n u zx(n):=k An ga k, n € N. fdcuo, aro fo(zry) = k.
IMomumo sroro, f(xg) > f(xr) > 0, Tak Kak g > x > 0. Iomxyumau
IPOTUBOpEYHE.

3.3.2. ONPEAEJEHUE. IlommpocrpancTBo X( yopsijo9eHHOIO BEK-
TOPHOTO TPOCTPAHCTBA X C KOHYCOM IOJIOKUTEJIbHBIX IJIEMEHTOB X 4
Ha3bIBalOT Maccushom (B X), ecmn Xog + X = X.

3.3.3. IlommupocrpascrBo Xy MaccuBHO B X B TOM U TOJBKO B TOM
caydae, ecau s Besakoro x € X HaiqyTcs sjgeMeHTHI T, 1 € Xo
TaK#ue, 9YTO BBIIOJHEHO To < T < 20, <>

3.3.4. Teopema KauTtopoBu4a. Ilycrs X — ymopsimodeHHOE BEK-
TOPHOE IIPOCTPAHCTBO, X( — MACCHBHOE MOIIPOCTPAaHCTBO B X H Y —
HekoTopoe K -npocrparcTBo. JIr000I mosoxkureabHbIi omeparop Ty €
Z. (X0, Y) pomyckaer nosoxurensboe npogokenne T € L (X, Y).

< 9t1aAn L. Ilycrs cuagana X := Xo @ X1, rme X1 — omHoOMepHOE
noxnpocrpanctso, X1 := {aZ : « € R}. Tak Kak HOAIPOCTPAHCTBO
Xy MaccuBHO u orieparop 1( MOJIOXKHUTEJIeH, TO MHOXKeCcTBO U := {Toxo :
2% € Xy, 2° > T} orpanmueHo cHHM3y W, 3HAYUT, ONPEIETCH STEMEHT

y:= inf U. TTomoxum
Tx:= {Toxo + aF : & = xo + oF, 9 € X0, a € R}.

OueBuHo, T — OJHO3HAYHOE JIMHEWHOE cooTBeTcTBUE, mpudéM T D Tj
n domT = X. Ocrajock yb6euThbcs B HOJIOXKUTEIbHOCTH T .

Ecim ¢ = 29 +ax u x > 0, To npu o = 0 qoKa3piBaTh Hedero. FEcmm
ke o > 0, 70 T > —x0/a. Orcriona caenyer, uro —Tozg/av < T, T. e.
Tz € Y,.. Anamnorngso npu o < 0 umeem T < —xg/a. Crano GbITh,
Y < —Toxo/a u BHOBb T = Tpxo + ay € Y.,

OT1AI II. Ilycts Temepb & — COBOKYITHOCTH TAKUX OJHO3HATHBIX
smHeitnbx coorBercTBuit S C X x Y, wro S O Tp m S(X,) C Y.
B cuty 3.1.3 npu ynopsiiodeHun 0 BKJIFOYEHUIO & WHIYKTUBHO, U IO
siemMe Kyparosckoro — Iopaa B & ecThb MakcUMaJIbHBIA 3jieMeHT 1.
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Ecim T € X \ dom T, T0 MOXXHO IIPUMEHWUTH JOKa3aHHOe Ha drare I K
cayugaro X := domT® Xy, Xo:=domT, Tp:=T u X;:= {aZT : o € R}.
Bosuukaer mporuBopeune ¢ MmakcumasbHocTbio 1. Utak, T — nckomoe
pOJIoJI2KEeHe. >

3.3.5. BAMEYAHUE. [Ipu Y := R 0 3.3.4 unorja roBopsIT KaK 0 meo-
peme Kpetina — Pymmana.

3.3.6. ONIPEJIEJIEHUE. DJIEMEHT T U3 KOHYCa MOJIOKUTETHLHBIX dJ1e-
MEHTOB Ha3bIBAIOT duckpemmwvim, ecin [0, z| = [0, 1]z.

3.3.7. Ecum Ha npocrpanctse (X, X ) umeercs qucKpeTHsIi pyHK-
muonas, o X = X — X

< Ilycre T — makoit dysknmonans u £ = X — X,. Bozbmém
f € X7. Jocrarouno nokasars, uro ker f O 2" = f = 0. Ilo yciaosuio
T+ fel0, T|, v e. ausa mexkoroporo « € [0, 1| 6yner T+ f = oT'. Eciu
Tl =0,102T € [0, T]. Orcrona T =0 u f = 0. Ecsm xxe T(zg) # 0
JIsT KaKoro-jmbo g € £, to « = 1 u BHOBB f = 0. >

3.3.8. Teopema Kpeiina — PyTmana qJ1s1 AUCKpPETHOTO (pyHK-
nuoHaJsa. Ilycrs X — ymopsimodenHoe BEKTOPHOE IPOCTPAHCTBO, X —
MaccuBHOE moANpocTpancTBO B X u Ty — IUCKpETHbIH (DyHKIIHOHAJ
ua Xo. Torzma cymecrByer auckperHsiii ¢pyrakmuonass T ma X, npogosr-
skarorquit T,

< «IToampaBum» moKa3aTeIHCTBO 3.3.4.

1A L. [Ipenbspinennsiit pyuknuonas T’ quckpered. B camoMm je-
ae, upu T’ € [0, T| must nogxomsimero « € [0, 1] mpu Beex zg € X Gyaer
T (z9) = aT (xo) u (T —T")(x0) = (1 — @)T(x9). Ouenunaem:

T'(T) < inf{T"(2") : 2° > 7, 2° € Xo} = T (%);

(T —T")(Z) <inf{(T —T)(2"): 2°>7, 2° € Xo} = (1 — )T(%).

Taxum obpasom, T' = oT u [0, T] C [0, 1|T. IIpoTHBOIOIOKHOE BKIIKO-
YeHMe CIpaBeynBo Beerya. Vrak, dpyuakimonan T’ IUCKpETeH.

ITAI II. Ilycre & — MHOXKECTBO, BBEJIEHHOE MPHU JIOKA3ATEHCTBE
3.3.4. PaccMOTpUM MHOXKECTBO &y, COCTOsIIIEE M3 TAKUX JIEMEHTOB SEE,
910 cItef] S|dom § IPEJCTABISIET COOOM TUCKPETHBI DYHKIMOHAI Ha IIPO-
crpancree dom S. Crenyer ycTaHOBUTH MHIYKTUBHOCTD &y. B cooTset-
crun ¢ 1.2.19 Bo3bMéM 1ienb &y B &y. [omoxkum S:= U{Sy: Sp € &}.
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OueBuHo, uT0 S € &. Ybeuumcsi B IUCKPETHOCTU S, 9TO U 3aBEPIIUT
JIOKA3aTEJILCTBO.

[ycts S’ € (dom S)# Takos, uto 0 < S'(z9) < S(wo) aas Beex
zo € (dom S)+. Ecmm S(xg) = 0 aya smoboro Takoro xg, o S’ = 0S5,
4910 u Hy:KHO. Ecim ke S(xg) # 0 nyst HekoToporo zg € (dom S), To
BbIGepeM Sy € &y u3 yeaosuga Sp(xg) = S(xg). Torma B cuity quckper-
Hocru Sy MoxkHo 3anucarb: S’ (x') = aS(z') pna Beex ¢’ € dom Sy. Ipn
stoMm « = S’'(zg)/S (o), T. e. « He 3aBucut or BEIGOpa So. IToCKOIBKY
&y — menb, 3akmodaem: ST = aS. >

3.4. Boinykible QYHKIUN U CyOJIUHENHbIE
dbyHKIIIOHAJIBI

3.4.1. ONPEAENEHUE. [loaypacwupennot wucrogoli npamot R’
HA3BIBAIOT MHOXKECTBO R’ ¢ mpucoe uHEHHBIM HAUOOJIBIINM JIEMEHTOM
+oo. IIpu srom nomarator a(+00) := +oo (a € Ry), +oo + z:= x +
(+00):= 400 (z € R").

3.4.2. ONPEAEJEHUE. Ilycts f : X — R° — mekoropoe orobpa-
»KeHne. MHOXKeCTBO

epif:={(z, ) e X xR: t> f(x)}
HA3BIBAIOT Hadzpagukrom f, a MHOXKECTBO
dom f:={z e X: f(zx) < +oo}

— appexmuenoti obaacmovro onpedenenus GyHKIuN f.

3.4.3. BAMEYAHUE. Henocjie10BaT€IbHOCTD B IIPUMEHEHUH CHM-
Bouta dom f kaxxymasics. Vimenno, spdexkTrBHast 00JIACTD OIpee/IeHnst
dbyuknuu f: X — R’ coBmazaer ¢ 001acThI0 OIpee/IeHns: OTHOZHATHO-
ro coorBerctBusg f N X X Ruz X B R. B aroit cBas3u npu dom f = X
OymeMm, Kak u mpexke, mucaTth f : X — R, omyckas Touky B R'.

3.4.4. ONPEAEJIEHUE. Ilycrs X — BelecTBeHHOE BEKTOPHOE IIPO-
crpanctBo. Orobpaxkenue f : X — R’ maswBaior eunykaol gyrryuer,
ecsin Harpaduk epi f — 3TO BBITYKJI0E MHOMKECTEO.
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3.4.5. Orobpazxkenue f : X — R’ sBistercst BeIIIyKJIOH pyHKIIHEH
B TOM I TOJIBKO B TOM CJIydae, eC/I HMEeT MecTo HepaBeHcTBo Hemncena,
T. e.

flaazy + aaza) < a1 f(21) + azf(z2),

KaK TOJIBKO a1, g > 0, ay +ags =1 mwxy, 20 € X.

< =: Ecim BeiOpans! yncna aq, as > 0, oy +as = 1 ¥ 0JIUH U3 BeK-
TOPOB X1, T2 He BXoAuT B dom f, TO MOKa3bIBATH HEUETO — HEPABEHCTBO
Mencena ouesnuno. Ilycrs 21, zo € dom f. Torma (z1, f(x1)) € epi f
u (z2, f(x2)) € epi f. Cramno 6piTh, ¢ yaérom 3.1.2 (8), aq(z1, f(x1)) +
(w2, f(w2)) € epif.

<: Iyers f : X —» R — byukuus u (z1, ¢1) € epi f, (z2, t2) €
epi f, . e. t1 > f(x1) ute > f(z2) (B cayuae dom f = @& 6yuer f(z) =
+o00 (x € X) u epi f = @). Ilpusiekas nepasencrso Memncena, BuaumM,
qTo g o, o > 0, a1 + as = 1 crpaBeyiuBo (alxl + axo, aity +
OéQtQ) S ep1 f >

3.4.6. ONPEAENEHUE. Orobpaxkenue p : X — R’ HaspBator cyb-
AUHETHBIM PYHKUUOHAAOM, €CIT HAIrPpadUK epip — 9TO KOHYC.

3.4.7. IIpm dom p # 0 5KBHBAJEHTHBI YTBEPK ICHUSL:

(1) p siBasiercst cybauHEHHPIM (DYHKITHOHAJIOM;

(2) p — BbmyKIas byHKIUS, YIOBIETBODSIONIAS YCIOBHIO
MOJIOKATEIbHON ofiHOpoaHoCTH; T. €. plax) = ap(z)
npu Bcex a > 0 m x € dom p;

(3) gt r06BIX 1, a2 € Ry m w1, x2 € X BbIIOJHEHO
plarzy + agxe) < arp(ry) + azp(r2);

(4) p — mosokHUTENIBHO OJHOPOHBI (DYHKIHOHAJ, YIOBJIE-
TBOpsIOIUE ycaoBuio cybagmurusHocT: p(r1 + ) <
p(x1) + p(wa) arst Beex x1, T2 € X. <>

3.4.8. IIPUMEPHI.

(1) JIuneinsiii byHKIMOHAJ CyOIMHEEH, B TO BpeMst Kak ad-
dbuHHBI DYHKINOHAI — BBITYKJIad QYHKIUS.

(2) Iycrs U — Beirykoe MaoxkecTBO B X . TTosmoxum

0, ecin x € U,

()= {

+o00, ecmm x & U.

Orobpaxenue §(U) : X — R’ mazpiBaior unduxamophotl gynryuets MHO-
skectBa U. dcuo, uro 6(U) — Bbinykias dyuknust. Ecan U — KoHyc, TO
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0(U) — cybmmneitasiit dynkiponan. Ecan U — adbdunHOE MHOXKECTBO,
10 §(U) — addbunubiii pyHKIHOHAI.

(3) Cymma KOHEYHOro 4ucja BBINYKJIBIX (DYHKOUH U TOY-
Hasl BEPXHsisl TPAHNIA (UM BEPXHsis OMMOAOIIAsT) CeMefiCTBa BBIILYKJIIBIX
byukmit (Bbranciasemas norodedno, T. e. B (R')X) cyTh BBITyKIBIE
dyukIur. AHaJOrHUHBIE CBOHCTBA HAOGIONAIOT y CYOJIUHEHHBIX (DYHK-
IIIOHAJIOB.

(4) Cyneprosunus BeiIyKoil dbyHKIUN ¢ afurmvim one-
pamopom (T. €. CO BCIOJLY OUPEIEIEHHBIM OJHO3HAYHBIM ahPUHHBIM CO-
OTBETCTBHEM) SBJIsIeTCs BBILYKJONH dbyukimeil. Cyneprosumus cy6iu-
HEITHOro (PYHKIMOHAJIA C JIMHEHHBIM OITepaTOPOM — CyOIMHENHBIH (DYHK-
IIOHAJI.

3.4.9. ONIPEAENEHUE. Ilycte X — BEKTOpHOE POCTPAHCTBO, a U
u V — naBa nogmuoxkectBa B X. loBopar, uro U noazaowaem V, eciin
nafinércs n € N, ana koroporo V. C nU. MuoxectBo U HazbIBaoT
nozaowarowum (B X), ecoim U norsomaer kaxiyio Todky B X, T. e.
X =UpennU.

3.4.10. Ilycrs T C X X Y — jmHeiiHOe COOTBETCTBHE, MPHIEM
imT =Y. Ecan U normomaromee (B X ), o T (U) normomaromee (BY ).

QY = T(X) = T(UTLEN nU) = UneNT(nU) = U’ILEN nT(U) >
3.4.11. ONPEAEAEHUE. [lycts U — HOAMHOMXKECTBO BEKTOPHOTO
npocrpancra X. Touka x n3 U upunajyiexur sadpy corelU MHOXKe-

crBa U (wnu aszebpauvecku enympennss ¢ U), ecin muOXKecTBO U — 2
— norJiomaromiee B X .

3.4.12. Ilycrp f : X — R’ — npowmsBosibHasT BBILYKJIAS (DYHKIIHS
u x € coredom f. s Besikoro h € X cymectByer

(@) (h) = lim flatah) - f(@) . . fletah) = flz)

al0 [0} a>0 [0}

Ipu srom orobpaxenue f'(x) : h — f'(x)h asaserca cybiuneiinpi
¢ynkmuonasiom f'(x) : X — R.

< Iycrs p(a):= f(z+ah). B cuny 3.4.8 (4) orobpazkenne ¢ : R —
R" — 3ro Beiykiast dyaknus. [Ipu atom 0 € coredom ¢. Orobparkenue
a — (p(a) — ¢(0))/a (o > 0) BO3pacraeT u OrpaHUIEHO CHU3Y, T. €.
umeercst ¢’ (0)(1). o onpenenennto f'(z)(h) = ¢'(0)(1).
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st >0 u h € H nocjieioBaTeIbHO MTOJIyYaeM

F(@)(8h) = inf {2 aﬂj) ~f@)
f(z+aph) — f(z)
af

Kpowme Toro, mist hy, he € X B cuity y»ke yCTaHOBJIECHHOTO

= Binf = Bf'(x)(h).

) o St gathy +he)) = f(z)
f (x)(h1 + hg) = 22?01 =

(0%

f(F(z+ ahy) + 3(z + aho)) — f(2)

= 2lim <
al0 (0%
<l L@ ZJ@) oy, St ahs) — (@)
al0 (6] al0 (0%
= f(x)(h1) + f'(z)(ha2).

Ccpuika Ha 3.4.7 3aBepiaeT I0Ka3aTeIbCTBO. [>

3.5. Teopema Xana — Banaxa

3.5.1. OnPEAEJIEHUE. Ilycts X — BerecTBeHHOE BEKTOPHOE IIPO-
crpaHcTBo, f : X — R™ — Boinykias ¢dyskius u x € dom f. MHO>XKecTBO
O (f):={le X" : (Vy € X) Iy) —l(z) < f(y) — f(x)} maseBator
cybougdepernyuanrom Gyaxkuuu f 6 mouke x.

3.5.2. [IPUMEPHI.
(1) Iycrbp: X — R* — cybuuneiinstii dbysxmmonan. Omnpe-
nennM cybougddeperyuan p coorromenneM O(p):= dy(p). Torma
op)={le X" :(VreX) Iz)<px)};
Ox(p) ={l € d(p) : U(z) = p(x)}.
(2) Mycrs 1 € X#. Torma d(1) = 0.(1) = {1}.
(3) Iycrs Xy — nomupocrpancrso X . Torma

2(6(Xo)) = {l € X7 : kerl D Xo}.
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(4) Mycrs f: X — R° — Boinykiast QyHKIWsT U IPH 9TOM
BhInoOJIHEHO x € coredom f. Torma

0x(f) = 0(f'(2)). <>

3.5.3. Teopema Xana — Banaxa. Ilycre T € £(X, Y) — -
HeitHbIi oneparop, f Y — R’ — Beimykias QyHKIHs, a To4ka T € X
takoBa, 9r0 Tx € coredom f. Torza

0x(f o T) = Ors(f) o T.

<! Ha ocuoBanun 3.4.10 3akmouaem, uro x € coredom f o T'. Ilpu-
mensg 3.5.2 (4), umeem Oy (f o T) = O((f o T)'(x)). Ilomumo sToro, jist
h € X BbIIOIHEHO
T — T
(FoTY (@)h) — tim LDl = (FoT)@)

al0 (0%

— lim fTz+oTh)— f(Tz) F(Tw)(Th).

al0 (%

IMonoxum p:= f'(Tz). Buosb anesuupys k 3.5.2 (4) u y4uTbiBas, 910,
B cwty 3.4.12, p — 310 cyOimHeiHbIi DYHKITMOHA, BBIBOIAM:

9(p) = O(f'(Tx)) = Ora(f);

OpoT)=0((foT)(x)) = 0x(foT).

Taxum 06pa3oM, OCTAIOCH JOKA3ATH PABEHCTBO
d(poT)=0(p)oT.

Ecma l € O(p)oT, re. =11 0T, tne l; € (p), To l1(y) < p(y)
quist moboro y € Y. B uacrrocr, [(z) € [1(Tx) < p(Tx) = poT(x) upu
Beex T € X, r.e. [ €I(poT). Urak, (p)oT C d(poT).

ITycrs Teneps | € O(poT). Ecmm Tz = 0, 1o l(x) < p(Tz) =
p(0) =0, 1. e. I(x) < 0. To ke BepHO J71s1 dy1eMeHTa —2. OKOHYATETHHO
l(x) = 0. Opyrumu cioBamu, ker! D kerT. 3Suauurt, 110 teopeme 2.3.8,
Il =1y oT gnsa mekoroporo l; € Y#. Tonarast Yy := T(X) u obosnauast
CUMBOJIOM ( BJIOJKeHHe Yy B Y, BUAUM, 9TO (DYHKIMOHAJ [1 © L BXOJUT B
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d(pot). Ecam mbr mokazxkeM, ato d(pot) C d(p) o, TO IJIst TIOJXOSIIETO
ly € O(p) 6ymer lyot = lgor. Orcromal = 130T = ljoroT = lg010T = 30T,
T.e. l€d(p)oT.

Taxum obpaszom, [y 3aBepIIeHns JOKA3aTeIbCTBA TEOPEMbl XaHa
— Banaxa cjejyer ycTaHOBATH TOJIBKO, 4T0 O(p o) C A(p) o ¢.

Bosbmém ssement Iy u3 d(p o) u B mommpocrpancrse Po:= Yy x R
upocrparcrsa ) := Y X R pacemorpum dyukuuonan Ty : (yo, t) —
t — lo(yo). Yuopsmounm ) ¢ momomniso Kouyca )4 := epip. Samernm,
BO-IIEPBBIX, YTO IIOAIPOCTPAHCTEO %) ABJISETCS MACCUBHBIM B CUJLY TOXK-
JIeCTBa

(y, ) = (0, t =p(y)) + (y, ply)) (y€Y, teR).

Bo-Bropeix, mpu (yo, t) € Yo N Y, na ocwoBauuu 3.4.2, t > p(yo)
u, crano 6bitb, To(yo, t) = t — lp(yo) > 0, ™. e. Ty — NOIOKUTETB-
veiit dpyuaknnona Ha ). [lo Teopeme 3.3.4 HANAETCH MTOTOKUTEIHHBIIH
dyukumonan T ua ), upomoszkaoruit To. onoxum I(y) := T(—y, 0)
s y € Y. deno, uro Lot = ly. Iomumo sroro, T(0, t) = Tp(0, t) = t.
Crenoparennro, 0 < T'(y, p(y)) = p(y) — l(y), . e. L € d(p). >

3.5.4. BAMEUYAHUE. YTBep:KJIeHUE TeOPEMbI 3.5.3 UMEHYIOT TaKXKe
Popmys0T AUHETHOT 3ameHbL NEPemerHOT nod 3Hakom cybduddeperyu-
aAa, TOIPa3yMeBasi GPOCAONIYIOCs B TJIa3a CBsi3b CO CTAHJIAPTHBIM Iell-
HBIM MPaBUIOM JiuddepeHnaibHOTo ncancierus. OTMeTuM 371eCh XKe,
470 BKJtoYeHue O(p o) C J(p) o L 4acTO HA3BIBAIOT «TeopeMoil XaHa —
Banaxa B aHAIUTHYIECKO OpME> UM BBIPAXKAIOT CJIOBAMU: <JIMHEHHBIN
dyHKIMOHA, 38JaHHBIA HA MTOIIPOCTPAHCTBE BEKTOPHOTO IIPOCTPAHCTBA
¥ MayKOPUPYeMbIii TaM CyOaMHEHHBIM (DyHKIIMOHATIOM, JOIYCKAET IPO-
JIOJIZKEHUE Ha BCE TPOCTPAHCTBO JI0 JIMHEHHOTO (DYHKITMOHAIA, MAYKOPHU-
PYEMOT0O UCXOJIHBIM CYOJIUHERHBIM (DYHKIIMOHATOM>.

3.5.5. CaeacrBue. Ilycte X — BekTOpHOE MPOCTPAHCTBO, Xg —
nognpocrpadctBo B X u p : X — R — cybumHeHHbIH (DYHKIIHOHAJL.
Hmeer mecro (Hecummerpuunast) popmyna Xana — Banaxa:

d(p +d(Xo)) = 9(p) + A(6(Xo)).

< Brimouenme mpaBoit 9acT UCKOMON (hOPMYJIBI B €€ JIEBYIO 9aCTh
o4eBHIHO. [Js1 JI0KA3aTE/HCTBA NPOTUBONOJIOXKHOTO BKIIOUYEHHs! BO3b-
MéM | € I(p + §(Xo)). Tormalor € d(por), roe ¢« — Broxkenue X B X.
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ITo 3.5.3, 1ot € O(p) o, T. e. juist moaxosmmero Iy € J(p) BBIIOIHEHO
lov =10t Iomoxuwm ls:= 1 — [;. I3 onpenenenns moaydaem Iy o =
(l—li)or=1lot—1lior=0,m e kerly D Xo. Kak ormeueno B 3.5.2
(3), aTo o3mauaet, uro ls € I(6(Xp)). >

3.5.6. CaeacrBue. Ilycto f : X — R’ — mekoropast BbIIyKas
¢yrkmust u ¢ € coredom f. Torga 0,(f) # @.

< Iyers p:= f/(x),at: 0 — X — Bnoxenune. Zdcuo, aro 0 € d(por),
T. e O(pot) # @. Ilo 3.5.3, d(p) # @ (unave 66uT0 6B & = A(p) 0L =
d(pot)). Ocramnock npusieds 3.5.2 (4). >

3.5.7. CneacrBue. Ilycts f1, fo: X — R' — Beimykiible pyHKIMN
u x € coredom f1 Ncoredom fa. Torzga 0,(f1 + f2) = 0:(f1) + 0 (f2).

< Iyers py = fi(z) u po:= fo(x). Hna x1, zo € X nomoxum
p(z1, x2):= pi(x1) + p2(z2) u t(x1) := (21, 1). Ucnompbsys 3.5.2 (4)
u 3.5.3, MoCJIeJ0BaTEeIbHO BBIBOIUIM:

O:(f1+ f2) = 0(p1 + p2) = 0(por) =
=0(p) ot =0(p1) + 9(p2) = 0x(f1) + 0z(fa). >

3.5.8. BAMEYAHUE. Caencrsue 3.5.6 HHOTIa HA3BIBAIOT MEOPEMOT
0 nenycmome cybduggeperyuana. C OqHON CTOPOHBI, €€ MOXKHO YyCTaHO-
BUTH HETIOCPE/ICTBEHHBIM IpuMenenneM JjiemMbl Kyparosckoro — Iop-
Ha. C apyroii cTOpoHBI, uMes ciefcTBue 3.5.6, MOXKHO JIOKa3aTh, 9TO
OpoT)=0(p)oT, cienyromunm obpaszom. Ilosoxkum

pr(y):=inf{p(y + Tx) — l(z) : =€ X},

rue | € O(p) u upunaTer obozuadenus us 3.5.3. fcuo, yro dyHnkmonan
pr cyGunHeeH u 10601 sseMenT 1y u3 O(pr) yAOBIETBOPSIET COOTHOIIIE-
uuio | = [y o T. Urak, menycrora cybauddepennuana u Teopema XaHa
— Banaxa B cybuuddepenimansaoii dhopme obpasyror ymnoOHbIH (1 He
HOPOYHBIN) KPYT.

3.6. Teopema Kpeitha — MuabmaHa Jist
cyonuddepeHIInaion

3.6.1. ONIPEAEJEHUE. [lycrs X — BeriecTBeHHOE BEKTOPHOE TIPO-
crpaHCTBO U seg C X2 x X — COOTBETCTBHE, JefiCTBYIOIIEE 110 3aKOHY

seg(z1, x2):={a1x1 + agxe : a1, ag >0, ay + ag = 1}.
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IlycTe, nasnee, V — BeIIyKjI0e MHOXKECTBO B X U segy — CyKEHHe seg
ma V2. Beiykioe MHOXKecTBo U, jexxarmee B V, Ha3BIBAIOT KpatiHuM
B V, ecrm seg,'(U) C U2 Kpaiinue MHOXKeCTBa HHOIJIA HA3LIBAIOT
epansmu. Touxky x u3 V HaseBaior kpatneld moukod V, ecim {x} —
Kpaitaee moaMHOXKecTBO V. MHOXKeCTBO KpaitHuX To4ueK V 0003HAYAIOT
cumBosioM ext (V).

3.6.2. Mmuoxxectso U siBistercst KpaiitHuM B V' B TOM H TOJIBKO B TOM
ciaydae, ecaH U3 ycaoBui vi, va € V, a3, ag > 0, a3 +ax = 1 m
a1v1 + aovy € V BeITeKaet, uro vy € U mvy € U. <>

3.6.3. IIPUMEPHI.

(1) Hycrb p: X — R — cybuuneiinplit (pyHKIHOHAT U TOY-
ka x n3 X Bxoaut B dom p. Torga 0, (p) — Kpafinee mojamuokecTBO O(D).

< HeitcTBUTENBHO, €CITN T (v, oo > 0 1 ap +ae = 1 u3BecTHO, 9TO
Oélll + 06212 S 8z(p) " ll, l2 S 8(p), T0o 0 = p(l‘) — (04111(117 + OLQZQ(ZL’)) =
a1 (p(x) —li(x)) + az(p(x) — l2(z)) > 0. ITommmo sToro, p(x) — i (x) > 0
u p(x) — la(x) > 0. CaenoBarensbHo, l1 € O5(p) u ly € 0x(p). >

(2) Iycrs U — kpaiinee muozkecTBO BV 1, B CBOIO 0Yepeib,
V' — kpaiinee maoxkecrso B W. Torma U — kpaiinee muoxkectso B W. <>

(3) Iycres X — ynopsioueHHOE BEKTOPHOE HPOCTPAHCTBO.
Ouement x € X ABJIAETCS JUCKPETHBIM B TOM H TOJBKO B TOM CJIydae,
ecin giyd {ax @ « € Ry} mnpercrapisier coboii KpaiiHee MHOMKECTBO
B KoHyCce X 4.

< <: yers 0 < y < x. Torma z = 1/2(2y) + 1/2(2(z — y)).
B cuny 3.6.2, 2y = ax u 2(x —y) = Sfx s HEKOTOPHIX «, [ € R..
Urak, 22 = (o + B)z. Ecam & = 0, To nokasbBaTh Heuero. Ecan xe
x # 0, To a/2 € [0, 1] u, crano 6ere, [0, =] C [0, 1]z. Ob6parHoe
BKJIIOYEHAE OUEBH/THO.

=: IIycrs [0, z] = [0, 1]z u aga gucen o > 0; aq, e > 0, g +
as = 1 v a5eMeHTOB Y1, Y2 € X | BBINOIHEHO O = (Y1 + Qoys. Ecim
a =0, 10 a1y € [0, x| u azys € [0, x| u, crano ObITh, Y1 U Y2 JEKAT
Ha paccMarpuBaeMoM Jyde. Eciu ke a > 0, To (o /a)y1 = tx upu
noxxozsimeM ¢ € [0, 1]. Hakoren, (as/a)ys = (1 —t)z. >

(4) Iycrs U — BblyKJIOE MHOXKECTBO. BBIIYKJIO€ II0JMHO-
skectBo V muOXKecTBa U HasbBator wankol U, ecnin U\ V' — BblyKi0e
MHOXKECTBO.



3.6. Teopema Kpeitna — Muabmana jjist cy6auggeperinaion 43

Touka x B U sBsieTcst KpaiiHeit B TOM H TOJBKO B TOM CJLydae, €CJIH
{x} — manka muHO)KecTBa U. <>

3.6.4. Jlemma o kpaiiHeri Todke cybaucgpgepennuanaa. Ilycrs
p: X — R — cyGuuneiinbii pyuxnuonan u l € 9(p). Ilycrs, nagee,
X =XxR, Zy=epipuT;:(x, t)—t—Iz) (x € X, t €R).
Torma | — kpafiasas Touka O(p) B TOM H TOJBKO B TOM CIy9dae, ecan 1)
— JMCKPETHBI (byHKIHOHAL.

< =: Bospmém dbymkmmonan T € 27 Takoit, uto T’ € [0, Tjl.
[Tosmoxxum
t1:=T00, 1), li(z):=T'(—=, 0);

to:= (T, = T')(0, 1), la(x):= (T, = T")(—z, 0).

HCHO, arot; > 0, to > 0, t1+12 = 1; l1 € 8(t1p), Iy € 8(t2p) uli+ly =1.
Ecmty =0, 10l =0, 7 e. T"=0uT’ € [0, 1|T;. Ecuu xe t2 = 0,
toty =1, e. T/ =T, uaosp T" € [0, 1]T;. Ilycre Teneps t1, ta > 0.
TOI‘,ZLE% ]./tl ll S 8(p) u ]./tg l2 S 8(})), HpI/I‘{éMl — tl (1/t1 ll)+t2 (1/t2 lg)
IMockoubky 10 ycaosuio [ € ext(d(p)), uz 3.6.2 soiBogum 1 = ¢11, 7. e.
T = 1.

<:Ilyerbl = ajlytasly, taely, lo € O(p) mag, e > 0, a1 + ag = 1.

Oyuxmuonansl 17 := 1T, u T := 9T}, TOJOKHUTEIBHBI, TPUIEM
T' € 10, Tj], ubo T' + T" = T,. 3umauwmr, maiinérca § € [0, 1], ms
koroporo T = BT;. Paccmarpusas touxky (0,1), momyuaem a; = S.

CanenoBarenbho, [; = [. Anajgoruyano lo = [. >

3.6.5. Teopema Kpeiina — MunasmaHna gis cybancgpgepen-
uasos. Ilycre p : X — R — cybuunerinbiii ¢pyakquonas. s Bes-
koro x € X nHaiinércs kpaiianit ¢yakmuonas | € ext(d(p)) rakoif, uro
l(x) = p(x).

< YcramoBuM cHadajga Teopemy KpeitHa — Munbmama «B y3KOM
CMBICJIE», T. €. JIOKaXKeM, UTO B cyOauddepennmasie aodoro cybmHei-
HOro (PYHKUIUOHAJA P ecTh Kpaiinue Touku: ext(d(p)) # <.

Beesiem B mpoctpancTso 2 := X X R KoHyc 27 := epip u BbLIETUM
noiupoctpanctBo 2y := 0xR. Samernm, uto 21 N2y = 0xR; = epi0.
IIpumensia 3.6.4 nsa coygass X := 0, [:= 0 u p:= 0, Bugum, uro Ty
— 970 JauckpeTHbiil ¢yukiuonaa #Ha Zy. I[lognpocrpancreo £y B 2
MaccuBHOe (cp. JiokazarenserBo 3.5.3). Amesmmpyst K 3.3.8, mopieM
uckperHoe npojoskerne T € 2% dbynxunonana Ty. IlomsaTHO, |9TO
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T =T, voe l(z) := T(—z, 0) upu * € X. Buoeb npusiexas 3.6.4,
IPUXOJUM K COOTHOIIEHUt o | € ext((p)).

YcranoBuM Tenepsb TeopeMy B rmoHOM 00béme. Ha ocnoBanmu 3.4.12
u yKe J0Ka3aHHOro BeibepeM smemenT | u3 ext(9, (p'(x))). Uz 3.5.2 (2)
u 3.5.2 (4) Boirekaer: [ € ext(0,(p)). Ilo 3.6.3 (1), 0x(p) — xpaiinee
muOKecTBO B O(p). Takum obpasom, B cuiny 3.6.3 (2) dynkumonan [
saBJIgeTCd Kpaitaeil roukoii cyomuddepennuana 9(p). >

3.6.6. CuencrBue. Ilycrb p1, ps : X — R — cybiuHetinbie ¢pyHK-
nuonasel. Hepaserncrso py > pa (B RY) cupasemmiso B TOM 1 TOIBKO
B TOM cay4ae, ecin O(p1) D ext(I(p2)).

< BeccriopHo, uro p1 > pa < d(p1) D 9(p2). Kpome roro, mo 3.6.5,
p2(x) = sup{l(x) : 1 € ext(I(p2))}. >

3.7. Teopema Xana — Banaxa A1 MOJIyHOPMBI

3.7.1. OnpPEAEJEHME. IIycrs (X, F, +, ) — BekTopHOE LpO-
crpancTio Hax F. Bekropuoe npocrpancrso (X, R, +, - |r xx ) Ha3bIBa-
10T gewecmeenkoli ochosotl, npocrparcrsa (X, F, +, -) u obosHagaor
KOPOTKO CUMBOJIOM XR.

3.7.2. ONPEAEIEHUE. Ilycts X — BekTOpHOE mpocTpancTBou f € X7
— smueiinbiit Gysxrmonast. Homoxum Re f : 2 — Re f(x) (z € X). Bos-
nuKaromee orobpazkernue Re : (X7 )r — (Xg)* HasbBaOT 06euecme-
ACHUEM.

3.7.3. Osemecrpienne Re — 310 m3oMophu3M BelieCTBEHHBIX BEK-
ropabix npoctpancts (X7 )g u (Xg)7".

< Cmemyer pazobparb Tosnbpko ciaydait F := C, ubo mpu F := R
onepaTop Re — ToXKIeCTBEHHOE OTOOPAYKEHTE.

Jluneitnocts oneparopa Re He BbI3bIBAET HUKAKUX COMHEHMIT. Y 0e-
JUMCSI B TOM, 9T0 Re — MOHOMOPGhU3M U 3MUMOpPdU3M OJHOBPEMEHHO
(cp. 2.3.2).

Eciu Re f = 0, To

0 = Re f(iz) = Re(if(z)) =

= Re(i(Re f(z) + ¢Im f(z))) = —Im f(x).

Orcroma f = 0 u Re — moHOMOpPGDU3M.
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Ecrm teneps g € (Xg)”, To nonoxxum f(z):= g(x) — ig(iz). Oue-
o, uro f € £ (Xgr, Cr) u Re f(z) = g(z) upu z € X. Ocramocs
npoBepuTh, uto f(ix) = if(x), m6o Torma f € X . IIpamoe BerauceHne
flix) = gliz) +ig(x) = i(g(x) —ig(iz)) = i f(r) MO3BOJISTET 3aKIIOUNTD,
aro Re — stumopdusm. >

3.7.4. OnPEJAEIEHUE. Omneparop Re™! : (Xg)” — (X*)g nasp-
BaloT %OMn./L@%’CU@UKamOpOM.

3.7.5. BAMEYAHME. B cuy 3.7.3 711 KOMILJIEKCHOT'O TIOJIsT CKAJIsI-
poB
Re lg:a— g(x) —ig(iz) (g€ (Xr)", z € X).

B cayuae F:= R xommnexcuduxarop Re™! — ToxkmecTsenHbIil omepa-
TOP.

3.7.6. OONPEJAENEHUE. Ilycrs (X, F, +, ) — BekTopHOE mpo-
crparcTBo HaA F. @yukmmio p : X — R’ HA3BIBAIOT noAyHOPMOT, €CITI
domp # @ u jjist x1, T2 € X u A1, Ay € F BoImOSIHEHO

p(A1x1 + Aawa) < [Aalp(z1) + [A2|p(z2).

3.7.7. BAMEUAHUE. Kaxnas nosyHopMa SBJIS€TCs CyOIMHERHBIM
dbyHsKIOHATIOM (HA BEIIECTBEHHOM OCHOBE PACCMATPUBAEMOT'O ITPOCTPAH-
cTBA).

3.7.8. OOPEAEJEHME. [lycts p: X — R* — mosynopma. Muoxe-
CTBO
10|(p):= {l € X" : |I(x)|] < p(x) npu Beex = € X}

HA3BIBAIOT CYOIUPPHepeHUuUasom ToAYHOPMDL D.

3.7.9. Jlemma o cybaudpcepenuaie moryHOPMbI. s jio-
6oif mostyropMbl p : X — R’ cybangpepernuaist |0|(p) u O(p) cesizansr
COOTHOINCHHUSIMHA

01(p) = Re™'(8(p));  Re(|0](p)) = A(p)-

< ITpu F:= R oveBunHo pasercrso |J|(p) = 9(p). Ocranocs BCoM-
HUTH, 9TO B 3TOM CJiy4dae oTobpakenue Re — TOXKJeCTBEHHOE.

ITycrs F:= C. Ecmu | € |0|(p), o (Rel)(z) = Rel(z) < |l(z)] <
p(x) mnst Beex ¢ € X, 1. e. Re(]0|(p)) C 9(p). Iycrs Teneps g € 9(p)
u f:=Re tg. Ecmm f(z) = 0, 10 |f(2)| < p(z). Ecm xe f(x) £ 0, T0
nosoxuM 6:= |f(z)|/ f(x). Torma |f(z)| = 0f(x) = f(6z) = Re f(Ox) =
9(0z) < p(6x) = |0|p(x) = p(z), ubo |0] = 1. Urak, f € [0|(p). >
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3.7.10. Ilyctp X — BekTOpHOE mpocTpaHcTBO, p : X — R — moiry-
HOpMa u Xy — nogupocrpanctso B X . Vmeer MecTo (HecuMMeTpHIHAS)
dopmyna Xana — Banaxa /ist moJfyHOPMBI

10](p + 6(Xo)) = 18](p) + [0](6(X0))-

<1 C momortpo 3.7.9 u 3.5.5, BEIBOIMM:

91(p + (o)) — Re ™ (A(p + 6(X0))) — Re~2(3(p) + D(3(Xo))) —
— Re~1(0(p)) + Re (9(3(X0))) = 10](p) + [0](3(X0)). >

3.7.11. IIycrs X, Y — Bekropubie npocrpancrsa, T € £ (X, Y)
— JmHeHHbIH onepaTop u p 1 Y — R — moaymopma. Torma po T —
TIOJIYHOpMa, IPAIEM

0l(poT) = [0|(p) o T.
< Ilpusnekas 2.3.8 u 3.7.10, mocsie10BATEILHO TMEEM
0|(poT) = [0|(p + 6(imT)) o T = (|8](p) + [0](6(im T))) o T

—19l(p) o T+ [0|(5(m T)) o T = 9] (p) o T. >

3.7.12. BAMEYAHUE. B ciyuae oneparopa BIOKEHUS U KOMILIEKC-
HOTO TI0Jist CKaJisgpoB 3.7.11 HasbBator meopemot Cyromaunosa — Bo-
nenbarocma — Cobuuxa.

3.7.13. Teopema Xana — Banaxa ajis1 mossyHOpMbI. Ilycts X
— BEKTOPHOE TIPOCTPAHCTBO, p : X — R — moaymopma m Xy — mosg-
npocrpauctBo B X . Ilycts, namuee, lg — suHettabpiit pyHKmoHa  aa X,
auist koroporo |lo(xo)| < p(xo) npu zo € Xo. Torga cymiecrByer Takoii
smuelinsit ¢ynxuuonan | na X, aro |l(z)| < p(x) amsa Besaxoro x € X m,
kpome toro, l(xg) = lo(zo), KaK TOJIBKO To € Xp. <I>>

3.8. ®yuknmonas MUHKOBCKOTO M OTAEeJINMOCTH

3.8.1. OONPEAEJEHUE. Ilyctn R — pacIupeHHas 9UCIoBasd Ips-
Mmag (T. e. R’ ¢ npucoeMHEHHBIM HAUMEHBIIUM JIEMEHTOM —o0). Ecsm
X — npoussosbHOE MHOZKECTBO I f : X — R — HEKOTOpPOE 0TOOpasKeHHe,
TO 114 t € R momaraior

{f<th={reX: flx) <t}



3.8. @yukmuonas MUHKOBCKOTO U OTJI€/IAMOCTH 47

{f =t}:=f71(t);
{f <ty={f <t}\{f =1t}

Muoxecrsa {f < t}, {f = t}, {f < t} naseBatoT .1ebez06biMU MHO-
orcecmeamu f. ITomumo sroro, muoxkecrsa { f = ¢} Ha3BIBAIOT MHOdICE-
CMBAMU YPOBHA.

3.8.2. Jlemma o 3amaHuvu (yHKIuU JTe6eroBbIMH MHOXKe-
crBamu. Jaupi T C R ut— Uy (t € T') — cemeticto moamuo«kecTB X .

CymecrByer ¢pyukmus f : X — R rakasy, aro
{f<ttcU cCc{f<t} (teT)

B TOM H TOJIbKO B TOM CJIydae, eciu oTobpazkenwue t — Uy Bo3pacTaer.

< =: Ilycre T comepKuT He MeHee JIBYX SJIeMEHTOB § U t (B mpo-
THBHOM CJIydae Hedero JiokasbBarh). Eciu s < ¢, 1O

Usc{f<stc{f<t}CU.

<: Tonoxum f(z):= inf{t € T : z € U;}. Tem cambiM 3a5aHO0
orobpaxenme f : X — R. Ecan mis nexoroporo t € T MHOXKECTBO
{f <t} mycro, To {f <t} C U;. Ecom xe x € {f < t}, 10 f(2) < +00,
a TOTOMY HaliJéTcs 3JieMeHT § € T, YIOBJIEeTBOPAIONIHI COOTHONICHHAM
x €U ms <t Urak, {f <t} CUs C Uz. lomumo storo, econ « € Uy,
To no onpesenernto f oyger f(x) < t, 1. e. Bomosneno Uy C {f < t}. >

3.8.3. JlemMma o cpaBHeHUu (hYHKITHI, 3aJaHHBIX JI€6eroBbI-
mu MHO>XKecTtBamu. llycres ¢pymkmun f, g : X — R ompenenensr ce-
mericrBavu (Up)ier u (Vi)ier coorBeTCTBEHHO:

{f<tyclic{f<th

{g<ttcVic{g<t} (teT).

Iycrn, ganee, T mmotao B R (T e. (Vr, t € R, r <t) (AseT) (r <

—X
s < t)). Hepasercrso f < g (BR, . e. f(z) < g(x) gz x € X) umeer
MECTO B TOM H TOJIBKO B TOM CJIy9ae, eCJIu

t1, to €T, t1<t2:>‘/tl CUt2.
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< =: Cyemyer u3 BKJIOYEHUI
Vi, C{g<ti} C{f <t1} C{f <ta} CUs.

<: Iycers g(x) # 400 (mmaue zasenomo f(z) < g(x)). Omat € R
rakoro, 4ro g(z) < t < 400, BoibepeM t1, ta € T u3 ycaosuii g(z) <
t1 < tg < t. Nmeem

xe{g<ti} CVy CU, C{f <t} C{f <t}

Urak, f(z) < t. Y3-3a npoussosbHocTH t osyqaem: f(z) < g(z). >

3.8.4. CuencrBue. Ilycrs T mrorno B R u cemeiictso t — U,
(t € T) Bospacraer. CymecrByer, u UPUTOM €JIHHCTBEHHAs!, (DYHKIIHUS
f: X — R, g koropoit

{f<tycU cCc{f<t} (tel).
JLutst J1e6eroBbIX MHOKECTB [ BBIITOJHEHBI COOTHOIICHHUS
{f<t}=U{Us: s<t, seT};

{(f<t}=n{U,: t<r,reT} (teR).

< CymecTBOBaHNE W €IMHCTBEHHOCTEL f obecmedennl 3.8.2 n 3.8.3.
Ecm s <t,s € T, 10 Us C {f < s} C {f <t}. Ecqim xe f(x) < t, TO
B cuity miotHoct T Habaéres s € T rtak, uro f(z) < s < t. 3Hauwr,
x € {f < s} C Us, uro nokaswiBaer dopmyiy g {f < t}. Ilycrs
reeps 7 > t, r € T. Torma {f <t} C {f <r} C U,. B cBoio ouepep,
ecm ¢ € U, mass v € T, r > t, 10 Gyner Bbimosnrero f(x) < r jus Beex
r >t, orkyna f(z) <t. >

3.8.5. Ilyctp X — BekTOpHOE IPOCTPAHCTBO U S — HEKOTODBIIH KO-
amdecknit orpe3ok B Hem. lnst € R momoxum Uy := &, ecim t < 0, u
U;:=tS npu t > 0. Orobpaxenue t — U, (t € R) Bospacraroiiee.

< Ecm 0 < t1 < tomx € tlS, TO T € (tl/tg)tQS. BHa}{I/IT,
T € tS. >
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3.8.6. ONIPEAEJIEHUE. DyHknmonas ps : X — R Takoii, 4To
{ps <t} CctSC{ps <t} (teR,)

u {p < 0} = @, HaspBaloT Pynryuorarom Munkosckoeo KOHUIECKOrO
orpeska S. (CymecrBoBaHune U eJIUHCTBEHHOCTH 3TOrO (DYHKIIMOHAIIA
obecnieunBaror 3.8.2, 3.8.4 u 3.8.5.) MHbIMu croBaMu,

ps(x) =inf{t >0: z€tS} (reX).

3.8.7. Teopema o pyukimonase MuHkoBCckOoro. QyHKIHOHA
MuHKOBCKOrO0 KOHUYECKOrO OTPE3Ka CyOJIMHEEH W IPHHUMAET MOJIOXKHU-
TeJbHbIE 3HavYeHUsi. Fcim, B cBolo odepeib, p — HEKOTOPBIH CybJin-
HEHHBIH (PYHKIIHOHAJI C IIOJIOXKHTEJIbHBIMI 3HAYEHUSIMU, TO MHOYKECTBa
{p < 1} u {p < 1} cyrp Koumueckue orpe3xu. Ilpu sTOM p sBIIsICTCS
¢dyuarnmonasom MuHKOBCKOro J1iio60ro KOHHIECKOIO OTPE3Ka S TaKoro,
gro {p <1} C S C {p <1}

< IIycTh S — HEKOTOPBIN KOHMYIECKUiT OTPE30K U pg — €ro (PpyHKIU-
onas Munkosckoro. Ilycrs x € X. Hepasencrso pg(z) > 0 oueBuino.
Bozemém o > 0. Torma

ps(ax) =inf{t > 0: amEtS’}—inf{t>O: xEES}
a

=inf{af >0: z €S, >0} =
=ainf{f >0: z € S} = aps(x).
st mpoBepKu cy6ayIUTUBHOCTU Ps BO3BMEM X1, To € X W, 3aMETHB,

970 JIs t1, to > 0 BBIIOJHEHO t1S + t2.5 C (t1 + t2)S (ubo umeer mecto
TOXKIECTBO

t to
tixy + taxe = (t1 + t2) : +t$1+t +t$2 ;
1+ t2 1+ t2

IIoCJaeJ0BaTEJIbHO IIOJIyIaeM

ps(x1 +x2) =inf{t >0: x1 + 22 €S} <
Sinf{t: t =11 +to; t1, to >0, z1 € 115, ZL'QEtQS}:
:inf{t1 >0: 21 €t15}+inf{t2 >0: xo €t25}2p5($1)+p5(332).
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IIycTs Teneps p : X — R* — npousBosibHBL cyOIMHENHBIN DYyHKIINOHAI
¢ moJIoKUTeNIbHBIMA 3HadeHusMu. Ilycrs {p < 1} € S C {p < 1}.
TMognoxkum Vi:={p < t},Up:=tS mnat e Ry u V;:=Uy:= @ upu t < 0.
dcuo, aro

{ps<tycUsC{ps <t} {p<tycVic{p<t}

gt € R Ecmn 0 <t <tg, 0V, ={p<ti} =t1{p <1} C 25 =
Ui, C Uy,. Kpome toro, Uy, Ct1{p <1} C{p<i1} C{p<ta} C V.
Suagnt, B cuny 3.8.3 u 3.8.4, p = pg. >

3.8.8. BAMEYAHUE. Konunveckuit orpe3ok S B X sBJsieTcs ONJIO-
MAOIIAM MHOXKECTBOM B TOM M TOJIBKO B TOM CJiydae, eciau dompg = X.
Eciu ke uzBecTHO, uTO S AOCOJIOTHO BBIMYKJIO, TO P — HOJyHOPMA.
ITpu sTom jyist JsroGoit mostyHOpMBL p MHOXKecTBa {p < 1} u {p < 1}
SABJIAIOTCST AOCOIIOTHO BBIMTYKJIBIME. <I[>

3.8.9. OnPEAENEHUE. [loampocrpancrso H HaHHOrO BEKTOPHOTO
npocrpaHceTBa X HasbIBalOT 2unepnodnpocmparcmeom, ecan X /H uzo-
MOP(hHO OCHOBHOMY HOJIHO. jieMeHTbl X /H Ha3bIBAIOT 2Unepnaocko-
cmamu B X (napaaseavroimu H). Tlox eunepnaockocmoro B X noHn-
MaroT adpuHHOE MHOT00Opa3ne, mapaIeTbHOe KAKOMY-IU00 TUIEPITO-
npocrpanctBy X. IIpum HEOOXOIMMOCTH T'HMIIEPIIOCKOCTH B BEIECTBEH-
Ho#t ocHoBe XR mpocTpaHcTBa X MMEHYIOT 6EULECTMEBEHHLMU 2UNEPNLAOC-
xocmamu B X.

3.8.10. I'mmepmstockoctu B X CyTh B TOYHOCTH MHOXKECTBA YPOBHS
HEHYJIEBBIX 9J1eMEHTOB u3 X 7.

3.8.11. Teopema otmenaumoctu. Ilycts X — BeKTOpHOE MpPOCT-
pancrBo, U — Herycroe BbIILyKJj0€ MHOXKeCcTBO B X u L — acgunnoe
muoroobpasue B X. Ecomm LNU = &, To Haiiaércs runepriockocts H
B X takas, vto H D L uw H NcoreU = @.

< He Hapymast o6IHOCTH, MOYKHO CUUTaTh, 9To core U # & (nHaue
HeJyero JI0Ka3bBaTh) u, 6osee toro, uro 0 € coreU. BosbméMm Touky
x € L u nonoxum Xg := L — x. PaccMoTpuM BEKTOP-IIPOCTPAHCTBO
X/Xo u coorBercrByIONee Kanonnaeckoe orobpazkenue ¢ : X — X/Xj.
IMpusnekas 3.1.8 u 3.4.10, Bugum, aro ¢(U) gBJIETCS MOIVIOMAIOIIAM
KOHUYIECKAM OTpe3KoM. 3HaquT, B cuity 3.8.7 u 3.8.8 dyukimonas Mun-
KOBCKOTO P = Py, () TaKOB, 9T0 dom p = X/Xo u, Kpome TOrO,

@(coreU) C corep(U) C {p <1} C p(U).
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Otciona, B wacTHOCTH, Creyet, aro p(p(z)) > 1 mbo ¢(x) & ¢(U).
Ha ocuoanuu 3.5.6 umeercs: pyuknuonals f u3 cybauddepenualia
Oz(p o ). YunrbiBag reopemy Xana — Banaxa 3.5.3, BoiBogum

7 € 8x(p © 50) - 84,0(1)(17) o .

Honoxum H := {f = po p(zx)}. fcno, uro H — 3710 BemecTBeHHas
runepintockocts B X. To, uro H O L, necomuenno. OcTajoch COCIATHCS
na 3.5.2 (1), arobnr saxmounts: H NcorelU = @. Ilycrs Teneps f:—
Re 'f u H:= {f = f(z)}. Her commennit, uro L C H C H. Taxum

06pa3oM, TUIIEPILIOCKOCTh, H — uckomast. >

3.8.12. BAMEYAHME. B ycioBusix Teopembl orjaenumoctu 3.8.11
MOXKHO cunTarh, 4ro core U N L = @. OrMeTuM 371€Ch Ke, 4TO TEOPEMY
3.8.11 gacto Ha3bIBalOT meopemoti Xana — Banaxa 6 zeomempuneckod
Ppopme nmm xe meopemoti Munxosckozo — Ackosu — Masypa.

3.8.13. OPEAENEHUE. Ilycts U, V — muoxkecTtBa B X 1 H — Be-
[eCTBEeHHAs THHEepIIocKocTh B X . T'oBopst, uro H pasdeasem U u V,
€CJIM 3TU MHOXKECTBa, JIE?KAT B PA3HBIX MOJYIPOCTPAHCTBAX, OIPEIeIs-

embix H, 1. e. ecim cymecrsyer npeicrasienne H = {f = t}, rue f €
(Xg)” ut € R, gsxoroporo V C {f <tyulU C {f > t}:= {—f < —t}.

3.8.14. Teopema otaemumoctu diineapratirta. [lyctro U u'V —
HEITyCThIe BBILYKJIbIE MHOXKECTBA, IPUIEM siIpo V' He IIyCcTo U He Iepe-
cekaercst ¢ U. Torma maiinércs BeliecTBeHHAsS THIIEPIIOCKOCTH, pa3Jie-
Jsirorriast U 'V u He coneprkainast Todek spapa V. <>

YnpaxkHeHUst

3.1. yCTaHOBI/ITb, YTO T'UIIEPIIJIOCKOCTAMU CJIy?KaT B TOYHOCTU MaKCHUMaJIbHbIE
TI0 BKJIFOYEHUIO a(b(bI/IHHBIe MHOXKeCTBa, He COBIIaJarolue CO BCeM ITPOCTPaHCTBOM.

3.2. JlokazaTb, 4To KaxKjaoe apdUHHOE MHOXKECTBO IPEJICTABJIAET CODOI Iepe-
CeYeHHe TUIIEPIITIOCKOCTENA.

3.3. Jloka3aTb, YTO B BEIIECTBEHHOM BEKTOPHOM IIPOCTPAHCTBE JOIOJHEHUE T'H-
MEPIJIOCKOCTH COCTOUT U3 ABYX BBIIIYKJIBIX MHOXKECTB, KarKJ0€ U3 KOTOPBbIX COBHAaJa-
eT co cBouM siApoM. Takme MHOXKECTBA UMEHYIOT OTKPBITBIMHU I1OJIyIIPOCTPAHCTBAMU.
O6beHEHE OTKPBITOTO MOJIYIPOCTPAHCTBA C UCXO/IHON TUIIEPIIOCKOCTHIO HA3BIBaA-
IOT 3aMKHYTBIM HOJIyIIpocTpancTBOM. HaiiTu criocobbl 3a/aHus MOy IPOCTPAHCTB.

3.4. HaiiTu BO3MOXKHBIE IIPEJCTABJIEHUSI JIEMEHTOB BBIIYKJION OOOJIOYKH KO-
HEYHOrO 4YHcjIa TodeK. Kak yd4ecTb KOHEYHOMEDPHOCTH IIPOCTPAHCTBA, B KOTOPOM
BeIETCs paccMOTpeHue?
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3.5. s muOoKkecTB S1 1 Sg mosaraior S = U0<)\<1 AS1N(1—=X\)S2. Hokasars,
4TO S BBINYKJIO DU YCIOBUHU BBIMyKJaocTu S u So.

3.6. Boruuciaurs dyHKIHOHAIB! MUHKOBCKOIO HMOJIYIIPOCTPAHCTBA, KOHYCA, BbI-
MyKJIOH ODOJIOUKH OOBLEIMHEHNs] U TIEPECEICHUsT KOHUYECKUX OTPE3KOB.

3.7. Ilycrs S:= {p+q < 1}, e p, ¢ — dbyuxknmonassl MUHKOBCKOrO KOHHUYE-
CKuX oTpe3KoB Sp u Sy. Beipasurs S uepes Sp u Sy.

3.8. Omnucars cybiauueiinbe dbyHKIMOHAIbI, onpeaeténube Ha RY .

3.9. Burumcaurs cybnuddepeHnman MakCUMyMa KOHEYHOIO UHCJIa JIMHEHHBIX
bYHKIIMOHAJIOB.

3.10. Ilycrs p, ¢ — cybnuHelHbIe (DYHKIHOHAIBI, HAXOAAINECT B OOIIEM IIO-
JIOXKEHHUHU, T. €. TaKue, ITO

dom p — dom ¢ = dom g — dom p.
Jokazars cummerpuanyio ¢popmyrny Xana — Banaxa (cp. 3.5.7)
d(p+q) = Op + Oq.

3.11. Ilycrs p, ¢ : X — R — Bciogy onpenenéunbie Ha X cybinHeitnble (hyHK-
IIMOHAJIBI. 'TOr/ja BBIIIOJTHEHO PABEHCTBO

d(pV q) = co(0p U Iq).
3.12. Haiitn dpynknpmonaa MUHKOBCKOIO Iapa ¢ Heo0sI3aTe/IbHO HYJIEBBIM II€H-
TPOM CUMMETPHUH B F'MJILOEPTOBOM IIPOCTPAHCTBE.

3.13. CuMMeTpHYHYIO KBaJPATHYIO 2 X 2-MaTPHILy HA30BEM IOJIOKUTEIBHOIA,
ecyiM y Heé IOJIOKHUTEeJIbHbIE COOCTBEHHbIE 4rcya. CoryiacoBaH JIM BOSHUKAIOIIUI 11O~
PAZIOK B IPOCTPAHCTBE TAKUX MATPHUIL C BEKTOPHON cTpyKTypoi? Oupezenser ju o
CTPYKTypy npocrpanctBa KanToposuua?

3.14. Ha KaxxJ1oM Ji1 yIIOPsiJJOY€HHOM BEKTOPHOM IIPOCTPAHCTBE MOXKHO 33/1aTh
HETPUBUAJIBHBIHA OJIOKUTEJBHBIH (DYHKITMOHAJ !

3.15. Kakumu crnocobamu RY MoxkuO npeBpaTuts B K -IpOCTPaHCTBO?

3.16. Ilpu Kakux ycJIOBHSIX 3aKJIOYeHHE TeopeMbl XaHa — BaHaxa B aHaJIMTH-
4eCKOi (popMe BBITIOJIHEHO JJIsl HE BCIOLY OIPEIEJIEHHOTO CyOInHEeRHOr0 (DbyHKIIMOHA-
na?

3.17. s crangapTHO HOPMBI B oo HalTH KpaiiHue To4uku e€ cyomuddepen-
nuaJa.

3.18. HaiiTu Bo3MOxKHBIE 0060011IeHNS TeopeMbl XaHa — BaHaxa st orobpaxke-
HUI, JeficTByIOIUX B npocrpancrBa KanTopoBuya.

3.19. Ina muoxectBa C' B mpocTpancTBe X OIpeneauM npeobpasoBanue Xeép-
mangepa H(C) coorHOmeHIEM

H(C) ={(z, t) e X xR:z € tC}.

N3y4urs cBoiicTBa mpeobpaszoBanust XEpMaHiepa.



T'maBa 4

DKCKYpPC B MeTpu4ecKue
MIPOCTPAHCTBA

4.1. PaBHOMEPHOCTb U TOIIOJIOTUS METPUUIECKOTO
HIPOCTPAHCTBA
4.1.1. OnPEAEJEHUE. Otobpaxkemne d : X? — R, Ha3LBaoT
mempurol Ha X, ecsn
(2) d(z, y): d(y, )(x y € X);
(8) d(z, y) <d(z, 2) +d(z, y) (z, y, z € X).
[Mapy (X, d) masbBaOT Mmempuveckum npocmpancmeom. Bere-
crBeHHOe 9ucyo d(x, y) OOBIYHO UMEHYIOT PACCTNOAHUEM MEXKIY T U Y.

Jortyckasi BOJIBHOCTD pevn, CaMO MHOXKeCTBO X B 9TOI CUTYAIINH TAKXKe
Ha3bIBAIOT METPUYECKUM IIPOCTPAHCTBOM.

4.1.2. Orobpaskenne d : X? — R, apigercs MeTpUKOil B TOM H
TOJIBKO B TOM CJIydae, €CJIH

(1) {d<0} — Ix;
@) {d<t}—{d<t} (teR,);
(3) {d < tl} [¢) {d < tQ} C {d <t + tg} (tl, to € R+).
< Caoiictsa 4.1.2 (1)-4.1.2 (3) cyTs nepedopmyuposknu 4.1.1 (1)—
4.1.1 (3) coorBeTcTBEHHO. [>

4.1.3. ONPEAEJNEHUE. Ilycts (X, d) — Merpuueckoe mpocTpaH-
crBo n ¢ € R. \ 0. MuoxecrBo B := Bg.:= {d < ¢} Ha3bBaor 3a-

[e] (o)
MEHYMOIM Yuaundpom (IIOPsIKa €), a MHOKeCTBO B.:= By .= {d < £}
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— omxpvimoim yuaurdpom (nopsiaka €). O6pas Be () Toukn & npu cooT-
BETCTBUU B, HA3BLIBAIOT 3AMKHYMbIM WAPOM PAIUYCA € C IEHTPOM B .

[e]
Ananornuso MHOXKeCTBO B () HA3BIBAIOT OMKDLUMGIM WAPOM DAILYCA
€ C IIEHTPOM X.

4.1.4. OTKpbITHIE UIHHIPHI, PABHO KAK H 3aMKHYTBIC I[HIHHIDBI
HEeITyCTOIr0 MeTPHYECKOI'0 IIPOCTPAHCTBA, COCTABJISIOT Oa3UCHI OHOTO H
TOro 2Ke puabrpa. <>

4.1.5. ONPEAEJEHUE. QuiIbTp, HOPOKIEHHBIN TUTMHIPAME HEITy-
CTOrO MeTpHYecKoro pocrpancTsa (X, d) B MHOXKecTBe X 2, HAZLIBAIOT
MEMPUHECKOT, PAGHOMEPHOCTBIO T 0003HAYAIOT Yy , WU Y, NIIU, HAKO-
HEIl, TPOCTO %/, €CJIU HET COMHEHUII, O KAKOM MPOCTPAHCTBE WJET PEeUb.
IMpu X := @ wosaraor %x = {&}. DieMeHTbl paBHOMEPHOCTU %X
HA3BIBAIOT OKPYHCEHUAMU (OUa2OHAAL).

4.1.6. ITycre % — merpudeckasi paBHOMepHOCTH. Torja
(1) % 6l {Ix};
2)Ue%=U"'ew;
B) VUew)3BAVew)VoVCU;
4 U:Uew}y=Ix. <>
4.1.7. BAMEYAHUE. Cgoiictso 4.1.6 (4), cBsizannoe ¢ 4.1.1 (1), ya-

CTO Ha3BIBAIOT xaycdopposocmuvro U .

4.1.8. /st npocrpanctBa X ¢ paBHOMEPHOCTBIO Uy HOJIOXKUM
T(x):={U(x): Ue}.

Torpa 7(x) — ¢puiabrp s kaxgoro x € X. Ipu s1oM
(1) r(2) C fil {x};
(2) VU € 7(z)) BV € 7(x) &V Cc U) (Vy € V)
Ver(y). <>

4.1.9. ONPEJAENEHUE. OroGpaxkenue T : & — 7(&) HA3BIBAIOT
Mempuueckold monosozued, a JIEMEHTHI T(T) — OKPECMHOCTNAMY TOY-
ku . s 0603HaE€HNS TOTOJOTHH UCIIOIB3YIOT TAKXKe U 00JIee MOTHbIE
obosHavenus:: Tx, (%) u T. 1L
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4.1.10. 3AMEYAHUE. 3aMKHyThIe IIapbl C IEHTPOM B HEKOTOPOIi
TOYKE COCTABJSIOT 0a3uc GpmibTpa OKPECTHOCTeH 3To#l Touku. To ke
BEPHO U JIjIsi OTKPBITHIX MmapoB. OTMeTuM elle, 94To y pas3udHbIX TO-
yek B X CYIIECTBYIOT HEIlepeceKatoluecs OKPEeCTHOCTH. DTO CBOWCTBO,
csazannoe ¢ 4.1.6 (4), HazbIBAIOT TaycdopPhosocmvio Tx .

4.1.11. ONPEAEJEHUE. MuoxkectBo G B X HAa3bIBAIOT OMKPbIMbIM,
€CJIM OHO SIBJISIETCS OKPECTHOCTBIO KAaXKJOH CBOEil TOUKH (CHMBOJIAYE-
ckm: G € Op(r) & (Vx € G) G € 7(x))). Muoxecrso F' B X Ha-
3BIBAIOT 3AMKHYMOLM, €CJH €ro JONOJHEHUE OTKPLITO (CHMBOJIAYECKU:

F e Cl(r) & (X \ F € Op(1))).

4.1.12. O6bemuaenne JII0H6Oro ceMeicTBa 1 mepecedeHne KOHETHOIO
ceMeicTBa OTKPBITBIX MHOXKECTB CYTh MHOXKECTBa, OTKPBIThIC. 1lepecete-
HHE JTI060T0 ceMecTBa I 00 bEIHHEHHE KOHETHOTO CEMEHCTBA 3aMKHY THIX
MHO2KECTB CyThb MHOXKeCTBa 3aMKHYyTbIe. <|[>

4.1.13. OOPEAEJEHUE. st muOXKecTBa U B X m0J/1aTa10T

ntU:= Ui U{G €Op(rx): GCU};
AdU:=U:=nN{FeCl(rx): FDU}.

MuoxkectBo int U HazweiBaiorT enympennocmsio U, a e€ro 3jJeMeHTbl —
enympernumu mowkamu U. MuoxkecrBo clU HaA3bIBAIOT 3aMbiKaHU-
em U, a ero ajmeMeHTsl — moukamu npukrocrosenus U. BHyTpeHHOCTD
nonosHernst X \ U HasbIBAOT HewHocmvto U, a 3J1eMEeHThl BHEITHOCTH
— snewnumu moukamu U. Toukum mpocrpancrsa X, He sIBIAIONINEC
HU BHEITHWMH, HA BHYTpeHHUMU it U, HA3BIBAIOT 2DAHUYHLLMU 0%~
xamu U. COBOKYITHOCTH BCEX TPAaHUYHBIX TOYeK U HA3bIBAIOT 2paHUET
U u obozuagator fr U wmm OU.

4.1.14. MuoxxecrBo U sB/sieTcss OKPeCTHOCTBIO TOYKH & B TOM H
TOJILKO B TOM CJIy4dae, €CJId T — BHYTpeHHss Touka U. <ID>

4.1.15. SAMEYAHUE. B cBsizu ¢ nperoxkenuem 4.1.14 MHOX)KeCTBO
Op(7x) TakzKe 4acTO HA3BIBAIOT Tomosorueil X, umes B BHUIY, 9TO Tx
onHo3HaYHO BoccranaBiuBaercs o Op(7x). Ilocienmee, pasymeercs,
orHOcuTCs U K coBokymHOocTH Cl(Tx) BCEX 3aMKHYTBIX MHOXKECTB B X .

4.1.16. ONPEAE/IEHUE. Ilycts B — 6a3uc puwibrpa B X. ['oBOpsrT,
aro B crodumes k mouke T u3 X WM 9TO T — T0 npedes B (1 mumyt:
P# — ), ecau fil B roubiie busbrpa okpecTHOCTE TOUKH T, T. €. fil B D

7(x).
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4.1.17. OUPEAENEHUE. Ilyctb (x¢)ecz — 910 (0600mEHHAS) 11O~
caenoBaresnbHocTh B X. loBopsit, uTo paccMmarpuBaemasi noc.aedosa-
MeAbHOCTD cxodumces K ¢ (MUILYT: Te — ), €CJH K & CXOAUTCH (PUIBTP
XBOCTOB 9TOI MTOCJIEJ0BATEILHOCTU. VICIIONB3YIOT U JPYyrue pacipocTpa-
HeHHBIe 0003HaMeHns n oboporsl. Hampumep, x = lime x¢ mw x — mpenen
(we), xorma & npoberaer E.

4.1.18. BAMEYAHUE. IIpenen puabrpa, Kak u mpeaea 0600IEHHO
MIOCJT€I0BATEILHOCTH, €IUHCTBEH. DTOT (PAKT eCTh APYroe BhIparKeHne
xaycopdoBocTu Tonoorun. <>

4.1.19. s vermycroro mHOXKecTBa U U TOYKH X paBHOCHJIBHEBI CJTe-
JYIOIHE yTBEPXKICHUS:
(1) roura x sBasercs Toukoii npukocHoBenus U;
(2) cymecryer ¢puabrp ¥ takoii, uro F — x u U € F;
(3) cymecTByer mocaeg0BATEIBHOCTE (L¢ )ecs 1eMeHTOB U,
CXOAAINASCST K TOYKE .

< (1) = (2): Tak kak z He sABJIsieTcs BHeNIHeH Toukoit U, To dbuib-
tps! 7(z) u fil {U} nmeror Tounyio Bepxuioio rpanniy % = 7(x) Vil {U}.

(2) = (3): Hycre # — z u U € #. Ilpespatum % B Halpasie-
HEE ¢ IIOMOIIBIO MOPS/IKA, TPOTUBOINIOJIOKHOTO HOPSKY 1O BKJIIOUEHHMIO.
Bospmém vy € VNU pia V € %, dcno, uro vy — .

(3) = (1): Ilycrb V — 3aMKHYTOE MHOXKECTBO, (T¢)sez — NOCIELIO-
BATEJbHOCTD 9IeMEHTOB V 1 ¢ — . [J0cTaToqHO IOKa3aTh, 9TO B 9TOM
ciyqae © € V. Tocnenuee ogeBuauo, u6o npu x € X \ V xorsa 661 mis
onsoro & € E 6bw10 661 ¢ € X \ V. >

4.1.20. SAMEYAHUE. B yc/ioBUSIX METPUIECKOTO ITPOCTPAHCTBA B
4.1.19 (2) MoKHO cumuTaTh, 9T0 GUILTP -F# MMeeT CUETHBIA 0a3uc, a B
4.1.19 (3) — uro Z:= N. YkazaHHOe 06CTOATEILCTBO HHOLIA BLIPAXKAIOT
CJIOBaAMU: «MeTPHUIECKNEe IPOCTPAHCTBA Y/IOBJIETBOPSIOT IIEPBOIT aKCHOME
CYETHOCTUY.

4.2. HenpepbIBHOCTb U paBHOMEpPHAasS

HeIpepbIBHOCTH

4.2.1. Ilycts f : X =Y utx, 7v — Tonogoruu B X u'Y coorBer-
CTBEHHO. DKBHBAJIEHTHBI Y TBEDIKCHUS:
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(1) G € Op(ry) = f~YG) € Op(rx);

(2) FeCl(ry) = f71F) € Cl(rx);

(3) f(rx(2)) > 7 (f(z)) mpi neex z € X;

4) (zeX, F—-2x)=(f(F)— f(z)) gz uibrpa F;

(5) f(ze) — f(x), xaxoBBI ObI HH OBIIH TOUKA T U CXOLAIIA-
sicsl K Helt ITOC/IeJOBATEIBHOCTD (T¢ ).

< DxBuBasneHTHOCTH (1) < (2) BBITeKaer n3 4.1.11. Ocraércs npo-
BepuTh, uto (1) = (3) = (4) = (5) = (2).

(1)= (3): Ecm V € 7y (f(x)), o W:=intV € Op(1y ) u f(x) € W.
Orciona f~H(W) € Op(rx) u x € f~1(W). Unaue rosops, f~ (W) €
7x (z) (em. 4.1.14). Homuwmo storo, f~1(V) D f~YW) u, crenosarens-
no, f~1(V) € 7x(z). Haxonen, V O f(f~1(V)).

(3) = (4): Ecnmu & — z, 1o fil.F D 7x(x) no onpexnesenno 4.1.16.
ITpusnekas ycmosue, BooguM f(.F) D f(rx(x)) D 7v(f(x)). Ilosrop-
Has ane/usinus K 4.1.16 naér f(.F) — f(x).

(4) = (5): O6pas ¢uabTpa XBOCTOB HOCIEAOBATEILHOCTU (T¢)ecs
pu oTobpazkennu f rpybee duiabrpa xBocToB (f(Z¢))eecz.

(5) = (2): Ilycrs F' — 3amkryTOE OAMHOXKeCTBO B Y. Ecim F = &,
to f~1(F) Tak:ke mycto, a motoMy u 3amkHyTO. llycTh F Hemycro u
x — Touka npuxocnosenuss f'(F). PaccMOTpUM 1OC/I€I0BATEILHOCTD
(z¢)eez Towek m3 fT1(F), cxomamyliocss K x (ee CymecTBOBaHHe 06ec-
neueno 4.1.18). Torma f(zg) € F u f(ze) — f(z). BHoBb npumenss
4.1.18, Bumam, uro f(x) € F u, crano 6uite, € f~1(F). >

4.2.2. OPEAENEHUE. Otobpaxenne f : X — Y, ymoBmerBopsi-
fomee ofHoMY (& 3HAYWT, U JII0OOMY) U3 YKBUBAJIEHTHBIX yTBEPXKICHUIT
4.2.1 (1)-4.2.1 (5), (KaK XOPOLIO M3BECTHO) HA3BLIBAIOT HENPEPLIGHBIM.
Ecsn upu srom 4.2.1 (5) Bbinosseno B GpukcupoBanHoii rouke & € X,
TO TOBOPAT, 9T0 f Henpepuieno 6 mouke x. Crajo ObITh, f HEmpepbIB-
HO Ha X B TOM U TOJIbKO B TOM CJIy4ae, €Ciu [ HeNPEPBIBHO B KaxKJOM
Touke X.

4.2.3. Cynepno3uiiust HEIIPEPHIBHBIX 0TOOPAaYKEHUH HEIPEPBIBHA.
< Caenyer tpuxel npumernts 4.2.1 (5). >
4.2.4. Ilycts f : X — Y u Ux, %y — paBHomepaoctu B X u Y

COOTBETCTBEHHO. DKBHBAJICHTHBI YTBEep2KIeHUA:

(1) VVe%) (3U ) Vz, y)(z, y) e U =
= (f(x), f(y) €V;
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(2) YV e%) ftoVofeU;
(3) fX(%x) D U, e f* : X? — Y geitcTByer 10 1npaBu-

ay [ (@, y) = (f(@), f(y);
(4) VYV e) [*"NV)eUx, e [*NU)C Ux.

< Jocrarouno 3ameruts, uro mo 1.1.10 wig U € X2 u V C Y2
BBIIIOJIHEHO

frevef=|J o) x M (w) =
(v1,v2)€EV
={(@y) € X1 (f(2), f(y) €V} =" (V);
foUof™ = |J flua)x fluz) =
(u1,u2)€U

={(f(w), flu2)): (w1, u2) €U} = f*(U). >

4.2.5. OUPEAEJEHUE. Otobpaxkenue f : X — Y, ymaoBierBopsi-
omee ofHOMY (a 3HAYMT, W JIFOOOMY) M3 SKBUBAJIEHTHBIX yTBEDXKIE-
Huit 4.2.4 (1)-4.2.4 (4), (kak XOpOIIO U3BECTHO) HA3BIBAIOT PAGHOMEPHO
HENPEPLIGHBLM.

4.2.6. Cynepmosuiiusi paBHOMEPHO HEIIPEPBIBHBIX OTOOPAXKEHUIH
PABHOMEDHO HEIPEPHIBHA.
<Ilyers f: X —-Y,9:Y - Zuh:=go f: X — Z. fcuo, uaro
h(x, y)
=g"(f(x), f) =g o[ (x, )

ntst Beex @, y m3 X . 3uauur, b (Ux) = g* (f*(Ux)) D g° (%) D Uz B
cuity 4.2.4 (3). Buosb anesutupys K 4.2.4 (3), Bugum, 9ro h paBHOMEPHO
HEIpepbIBHO. [>
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4.2.7. PaBHOMEPHO HENPEPBIBHOE 0TOOparkeHrne HEeIIPEPHIBHO. <I[>

4.2.8. ONPEAEJEHUE. Ilycth & — MHOXKECTBO 0TOOparkeHuit uz X
BY u %x, % — COOTBETCTBYIOIINE PABHOMEPHOCTH. MHOXKECTBO &
HA3BIBAIOT PABHOCTENEHHO (PABHOMEPHO) HENPEPLIBHBIM, ECITI

VVey) [\ foVofeU.
feé&
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4.2.9. PaBHOCTEIIEHHO HENIPEPHIBHOE MHOXKECTBO OTOODAaXKEHUI CO-
CTOHUT U3 PABHOMEDHO HEIPEPBIBHBIX oTobOpakenuii. Koneunoe MmHOXe-
CTBO PaBHOMEDHO HEINPEPBIBHBIX OTOODarkKeHHil PaBHOCTENEHHO HEIpe-
PpBIBHO. <|[>

4.3. IlosyHEnNpepBIBHOCTD

4.3.1. Ilycrs (X1, di) u (X2, d2) — MeTpHiyecKHe IPOCTPAHCTBA.
Hycre, nanee, ' = X1 X Xo. Jna T := (x1, x2) 1§ := (y1, y2)
ITOJTOZKHM

d(@, §):= di(z1, y1) + da(x2, y2).

Torga d — merpuka vHa 2 . Ilpu arom miist smo6oro T := (1, x2) € 2
CIpaBea/IuBo IIPeCTaBICHAE

ngf(f) = ﬁl{Ul xUy: Uy € TX, (Il), Us € TX2($2)}. <>

4.3.2. OIPEJEJIEHUE. Tomosioruto 749 Ha3BIBAIOT NpoudsedeHu-
em monoaoeul Tx, U Tx, WIA mononozuel npouseedenus X1 u Xo n
0003HAYAIOT Tx, X TX,.

4.3.3. ONPEAENEHUE. Oyukmuo f : X — R Hazesaor noayre-
npepwviehol cHu3dy, ecau eé HaJarpaduk epi f — 3aMKHYyTOE MHOXKECTBO
B TomoJsioruu npousBenenus X u R.

4.3.4. [IPUMEPHI.
(1) HenpepbiBuas dbyukius f : X — R noaysenpepbiBHa
CHHZY.
(2) Ecmu fe : X — R* — monynenpepsiBHast CHU3Y byHKIHS
It Kazkaoro € € 2, To sepxussa orubaomas f(xz):= sup{fe(z) : € € E}
(x € X) Takxke moJiyHenpepbiBHas cHu3y (YHKIMs, TakK Kak epif =
Neez epi fe.
4.3.5. @ynkmusa f : X — R’ mosyrenpepsiBHA CHU3Y B TOM U TOJIb-
KO B TOM CJIyYae, €CJIH BbIIIOJHEHO

z € X = f(x) = lim inf f(y).

Yy—x

3nech, KaK OOBITHO,

lim inf f(y):= lim f(y):= sup inf f(U)

y—w y—x Uer(x)
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— nuotchul npedea ynryuy f 6 mouke & (no dusvmpy 7(x)).

< =: Ecm ¢ ¢ dom f, 1o (x, t) & epif mast xaxgoro ¢ € R.
3uaunt, umeercsa okpecrHocrb Uy touku z, rae inf f(Uy) > t. Ozcio-
na BolTekaer: limy .. inf f(y) = +o00 = f(z). Ecim xe z € dom f,
ro inf f(V) > —oo musa nopxousgimeil okpecrnocru V' touku x. Boibe-
pem £ > 0 u mua Joboit U € 7(x), nexameit B V, nogplmeM ToYKy
xzy € U u3 yenosus inf f(U) > f(xy) — e. Ilo nocrpoennto zy € dom f
U, KpOMe TOTO, Ty — « (IPU BBEJEHUHN €CTECTBEHHOTO TOPSAIKA B MHO-
JKecTBO OKpecTHocTel Toukn x). Ilosmoxum ty := inf f(U) + e. dcHo,
uro ty — t:= lim,_,inf f(y) + €. Ilockombky (zy, ty) € epif, To
(z, t) € epi f B cuity 3amruyTocTu Hagrpaduka f. OKOHUATENHHO

lim inf f(y) + ¢ > f(z) > lim inf f(y).

Yy—z Yy—T
<: Ecan (z, t) € epi f, To

t < lim inf f(y) =sup inf f(U).
Yy—x Uer(x)
Taxum obpasom, inf f(U) > t s HekoTopoit okpectHOCTH U TOYKY .
Orcrona Beirexaer, uro gononserne (X x R)\ epi f orkpsrro. >

4.3.6. 3AMEYAHUE. CsoiicTBO, yKa3aHHOe B mpejjoxernn 4.3.5,
MOYKHO IPUHSTH 38 OCHOBY OIIPeJIeJIeHNs] TIOJIYHEIIPEPBIBHOCTA CHU3Y B
TOYKE.

4.3.7. Oyuknus f : X — R menmpepoiBHa B TOM H TOJBKO B TOM
ciaydae, ecm f u —f mosyHenpepbIBHBI CHU3Y. <ID>

4.3.8. @yuknus f : X — R’ nosynenpepbiBHa CHU3Y B TOM H TOJIb-
KO B TOM CJIy9ae, e/ Juisi BCIKoro t € R 3aMKHYTO J166€roBO MHOYKECTBO
{r=<t}

< =: Eom z & {f < t}, tot < f(x). Ha ocroBanuu 4.3.5 B
noaxoasiieit okpecraocru U Touku  6yzaer t < inf f(U). Uuage rosops,
pomonuenue X \ {f <t} orkperro.

«: Ilycrs pna xakux-uubynb ¢ € X u t € R BBIIOJIHEHBI COOTHO-
menns lim, . inf f(y) <t < f(x).

Bosbmém € > 0 u3 yesoBust t+e& < f(2) 1, HCIOJIB3ysl PACCY 2K IEHU ST
nokazaresbcrBa 4.3.5, mug U € 7(x) maiigém rouky zy uz U N {f <
inf f(U) + ¢}. Beccnopno, zpy € {f <t +¢e} u xy — z. Ipuxoaum K
IPOTUBOPEYNIO. >
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4.4. KoMIIaKTHOCTDb

4.4.1. OnPEAENEHUE. [lycts C' — muO)ecTBo B X. Muoxecrso C
HA3BIBAIOT KOMNAKMHbLM, €CJIU s Kaxkaoro muoxkecrsa & C Op(7x)
takoro, uro C C U{G : G € &}, cymecrByer KOHEYHOE IIOJMHOKECTBO
&y B &, ynosnersopsiomee coorrommenuio C C U{G : G € &}.

4.4.2. BAMEYAHUE. Oupenenenne 4.4.1 94acTo BBIPaXKaloT CJIOBa-
MH: «MHOYKECTBO KOMIIAKTHO, €CJIM U3 JII0OOr0 €r0 OTKPBITOTO TOKPLITHS
MOYKHO BBIJIEIUTH KOHEIHOE MOAIOKPBITHES.

4.4.3. 3aMKHyTO€ MOJMHOYKECTBO KOMIAKTHOI'O MHOXKECTBA SIBJISI-
ercst KOMIakTHbIM. KoMmmakTHOEe MHOXKECTBO 3aMKHYTO. <I>

4.4.4. SAMEYAHUE. B cBs3u ¢ 4.4.3 uCIONB3YIOT MOHITHE 0OMHO-
CUMEADHO KOMNAKMHO20 MHOHCECMEA, T. €. MHOXKECTBA, 3AMbIKAHIE KO-
TOPOT'0 KOMIIAKTHO.

4.4.5. Teopema Betiepmurpacca. Obpa3 KOMIAKTHOIO MHOXKe-
CTBa MPU HEIIPEPBIBHOM OTOODAYKEHUH KOMITAKTEH.

<1 I[Ipoobpaspl MHOXKECTB M3 OTKPBITOrO MOKPBITUSI 00pa3a coCTaB-
JISIIOT OTKPBITOE TIOKPBITHE MCXOIHOTO MHOYKECTBA. [>

4.4.6. IlosyHenpepblBHasT CHU3Y (DYHKI[HS IPHHAMAET HA HEILYCTOM
KOMIIAKTHOM MHOXKECTBE HauMeHbIIee 3uadenue (T. e. 06pa3 Takoro MHO-
JKeCTBa UMeeT HAUMEHBIIHUI 2JIEMEHT).

< Bynem cunrars, uro f : X — R’ u X xommakrtno. Ilycts tp:=
inf f(X). Ecnu ty = +00, To moKa3pIBaTh Hevdero. Ecam ke to < 400,
ro nmosoxkuMm T := {t € R: ¢ > to}. Muoxecrso U, := {f < t} mna
t € T nenycro u 3amayrTo. Jokaxem, uro N{U; : t € T} uemycro
(Tora 060 JIEMEHT & YKa3aHHOTO IEPeCeueHus] — UCKOMBIi: f(x) =
inf f(X)).

ITpeanosnoxkum nporusuoe. Torma muoxecrBo {Gy = X \ Uy
t € T} obpa3syer OTKpbITOe TOKpbITHE X . BbIjessis n3 Hero KOHEUHOe
nomuokpeitue {Gy : t € Ty}, seiBogum: N{U; : t € Tp} = &. Tocaeanee
COOTHOIIEHUE JIOKHO, OCKOIBKY Uy, N Uy, = Uy ag, Tipu t1, to € T. >

4.4.7. Kpurepuii Bypbaku. IIpocTpaHcTBO SIBJISIETCSI KOMITAKT-
HBIM B TOM U TOJIBKO B TOM CJIydae, €CJH KaXKAbld yIbTpapuaIbTp B HEM
cxomurest (cp. 9.4.4).
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4.4.8. HpOI/ISBe,HeHI/Ie KOMITIaAKTHBIX IIPDOCTPaHCTB KOMIIAKTHO.

< JlocTtaTo4vHo JIBaXKJIbl MPUMEHUTDL KpuTepuit Bypbaku. >

4.4.9. Teopema Kanropa. HemnpepsisHoe oTobpakeHue KOMIIaK-
Ta paBHOMEPHO HENPEPHIBHO. <>

4.5. IToanora

4.5.1. Ilycrs B — 6asuc puaprpa 8 X. Torna {B?: B € B} —
6asnc ¢pumsrpa B* B X2

< (Bl X Bl)ﬁ (BQ X Bg) ) (Bl ﬁBg) X (Bl ﬂBg) >

4.5.2. ONPEAENEHUE. Ilycts % — dbuiastp B X u %x — paBHO-
MepHOCTb B X . Puibrp & HaswBaloT gussmpom Kowu, ecma F* D Ux .
Cerb B X HazwBatoT cemwvito Kowu nnu gyndamenmanvrot cemsvio, ecian
GuiIbTp €é XBoCcTOB ecTh (GuibTp Komm. AHAJOrUIHBIA CMBICS BKJIabI-
BalOT B TEPMUH « PYHIAMEHMAADHAA NOCACIOBAMEALHOCTILDY .

4.5.3. 3AMEYAHUE. Ecmm V' — okpyxenme B X2, a U — mmoxe-
crBo B X, T roopar, uto U wma.no nopadka V, ecma U? C V. B uactrO-
ctu, U maJjio nopsiika Be B TOM U TOJILKO B TOM CJIydae, eciiu JuaMemp
diam U := sup(U?) ne Gosbiie €. B cBsA3u ¢ yKasaHHON TepMUHOIOTHEH
onpejiesienne puibTpa Kol BEIPaykaloT CIOBAMU: «(PUILTP SABJISET-
¢ puabTpoM KoIm B TOM U TOJBKO B TOM CJIyYae, €CJIM OH COJCPIKHT
CKOJIb YTOJHO MaJIble MHOYKECTBAY.

4.5.4. JLisi METpUYecKoro MmpoCTPAHCTBA IKBHBAJEHTHDBI CJIEILYIO-
e yTBEPXKICHUS:
(1) raxkzapriii puaprp Komm cxomurcs;
(2) raxkzgas cerp Komm umeer npesesr;
(3) .mobas pyHmAMEHTATBHAS TOCTEAOBATETBHOCTD CXOAHT-
co.

< Mmmmmkamun (1) = (2) = (3) 0o4eBHHbI, TOITOMY YCTAHOBHM
TOJBKO uMILmKamio (3) = (1).

[yers U, € & — muOMKecTBO, Majioe nopaaka By/,. Ilomoxum
Ve:i=UiN...NU, uBospMéM z,, € V,,. Umeem, ato V43 D Vo D ... 1
diamV,, < 1/n. Crenosarenbho, (x,) — dyHiamMeHTaIbHAS TOCIEI0BA~
TeJLHOCTb. 3HAYNT, €CTh IpeAena: x:= limz,. Ilokaxkem, uro .% — .
st aroro BeibepeM ng € N u3 yenosust: d(Z,, ) < 1/2n upu m > ng.
Torpa s npoussossroro n € N 6yuer d(zp, y) < diamV, < 1/2n u
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d(zp, x) < 1/2n, ecnu TonbKO p:=ng V2n u y € V,. Orciona BbITeKa-
er, uro y € V, = d(x, y) < 1/n, r. e. V, C By/p(z). Oxomdarensno
zakiodaeM: F D 7(z). >

4.5.5. ONPEJAEJ/IEHUE. Merpudeckoe IpOCTPAHCTBO, YIOBJIETBOPSI-
fomee ofHOMY (& HOTOMY U JIIOOGOMY) U3 SKBUBAJIEHTHBIX yTBEDPXKICHUIT
4.5.4 (1)-4.5.4 (3), (kaK XOPOIIIO M3BECTHO) HA3BIBAIOT NOAHBIM.

4.5.6. Kpurepnii Kantopa. Merpudeckoe mpocTpaHCTBO ITOJTHO
B TOM H TOJIBKO B TOM CJIy4ae, eCJId BCSIKOe (PHUIbTPOBAHHOE IO yObIBa-
HHIO HEIIyCTOE CEMEHCTBO €r0 HEIyCThIX 3aMKHYTHIX ITOJIMHOXKECTB, JTHa-
MeTPBI KOTOPBIX CTPEMSITCS K HYJIIO, HMEET OOIIYIO TOYKY.

< =: Eciiu 48 — nonobHoe ceMeiicTBO MHOXKECTB, TO, II0 OIIPeJe-
seanto 1.3.1, 8 — 6asuc dpunprpa. Ilo yciaosuto B — Gazuc duibTpa
Komu, 1. e. cymecrsyer npenen: B — x. Touka x — uckoMasi.

<: Iycrs .F — duabrp Komm. IMonoxkum Z:= {clV : V € F}.
JlmameTpbl MHOXKECTB U3 Z crpemsarcs K Hymo. Ctano 6bITh, HAlIETCst
TouKa x Takas, 9ro x € clV npu xaxaom V € F. dcuo, uro F — . B
caMoM JieJie, IyCTh V' — MHOXKeCTBO u3 F Majioe nopsizka €/2 uy € V.
st mexoroporo y' € V 6yner d(z, y') < &/2 u, snaunt, d(z, y) <
d(z, y') +dy’, y) < e, 1 e, caegoBarenbuo, V C B.(r) u, 3uadnr,
B.(z) e #. >

4.5.7. Merpuveckoe MpoOCTPAHCTBO HOJHO B TOM H TOJBKO B TOM
ciydae, ecuin Jiobasi IoCJIeJ0BATEIbHOCTD BIOXKEHHBIX mapoB Be, (x1) D
...D Be, (xn) D B, ,(Tni1) D ..., pasuycsr (€,) KOTOPBIX CTPEMATCS
K HYJIIO, UMeeT OOIIYIO TOUKY. <I>>

4.5.8. Obpa3s ¢pubrpa Koru ipu paBHOMEPHO HEIIPEPBIBHOM 0TO0-
paxxkeanu — ¢puiaprp Korrm.

< Ilycrs oTobpaxkenune f meficTByer m3 MpOCTPAHCTBA X C PABHO-
MEPHOCTHIO %x B MPOCTPAHCTBO Y ¢ paBHOMEPHOCTHIO %y . IlycTh, na-
nee, .F — dmwbrp Komm B X. Eciu V € %4, 10 f~'oV o f € Ux 1o
onpenenennto 4.2.5 (em. 4.2.4 (2)). Hockoabky # — dbunbrp Komm, To
npu noxxonamenm U € % Gyner U2 C f~! oV o f. OxassBaercs, 4To
f(U) masno nopsaaka V. B camom gede,

FOP = J flw) x flug) =
(u1,u2)€U?

= foU?ofPCfo(ftoVoflof ' =(fof HoVo(foft)cV,

u6o, na ocnosanuu 1.1.6, fo f~1 = L C Iy. >
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4.5.9. IlpowusBesgenue MOJTHBIX MPOCTPAHCTB — IIOJIHO.

< Cnenyer npumennts 4.5.8 u 4.5.4. >

4.5.10. IIycrp X miorao B X (1. e. clXog = X) u fo : Xo —
Y — pasaOMepHO HempeppiBHOe oToOpakenme m3 X B IHOJHOE IIPO-
crparcrBo Y. Torga cymecTByeT,  IPHTOM €IHHCTBEHHOE, DABHOMEPHO
HerpepbeiBHOE oTobpazkenue f : X — Y | nponosnkaromee fy, T. e. Takoe,
qT0o f| Xo — fo.

< sz € X dunbrp Fy = {UNXo: U € 7x ()} aBasercs dbuib-
tpoMm Komu B X. Crasio 6birb, u3 4.5.8 MoxkHO BbiBecTH, 9T0 fo(Fx) —
buapTp Ko B Y. B cuny nosmmorst Y cymecrByer npenen y € Y, T. e.
fo(Z:) — y. Bouee toro, sror npenes exuncrsen (cp. 4.1.18). Iomara-
em f(z):= y. Ocraérca IPOBECTH HECJIOKHYIO IIPOBEPKY PABHOMEPHOIT
HEIIPEPBIBHOCTU OTOOparkenus f. >

4.5.11. OnPEAEJNEHUE. Orobpaxenue f : (X, d) — ()?, c,l\) Ha-
3BIBAIOT udomempuet X 6 X (MM UBOMEMPUHECKUM BAOHCEHUEM), €CIIU
d=do . Orobpaxkenue f Ha3bIBAIOT uzomempuets X Ha X (kopoue,
usomempuet), eciim f — uzomerpust X B X U, KpoMme Toro, im f = X.

4.5.12. Teopema Xaycaopga o nomosaaenun. Ilycrs (X, d) —
MeTpHIeckoe HpocTpaHcTBo. Torja CymecTByIoT MOJHOE METPHYECKOe
npocrparcreo (X, d) n mzomerpusi v : (X, d) — (X, d) ma mirorHoe
IIOATIPOCTPAHCTBO B ()/(\' , d ). IIpocrpancrso ()/(\' , d ) €QMHCTBEHHO C TOY-
HOCTBIO JI0 H30METPHH B TOM CMBICJIE, UTO JIIOOAST THATDAMMA

(X,d) — (,d)

e 1 : (X, d) — ()A(l, 31) — mzoMerpust X Ha MJIOTHOE MOAIPOCTPAH-
CTBO IOJIHOT'O IPOCTPAHCTBA ()? 1, c?l), JIOCTPAUBAETCS J0 KOMMYTATHB-
HOI amarpaMMbl ¢ IOMOIIbIO0 u3oMerpud VU : ()A( , d ) — ()? 1, 31) po-
CTPaHCTBA Xu IIPOCTPAHCTBA Xi.

< EuHCTBEHHOCTH ¢ TOYHOCTBIO JI0 U30METPHUH BhIiTeKaeT us 4.5.10.
B camowm nene, mycts ¥y =uo v~ L. Torma Uy — m3omerpust IJIOTHOI'O
nomupocrpadctsa ¢(X) B X Ha miuorHOe noxnpocrpascTso i1 (X) B X7.
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Bosbmém B kauectse W epmncTBennoe npojoszkenne Vo na X. Cieny-
eT TPOBEpUTh TOJBKO, uTo W jelicrByer Ha Xi. Boibepem T; u3 X;.
DTOT 3TEMEHT €CThb IIPeJIes ocae0BaTeabHOCTH (L1 (2 )), Tae Ty € X.
[Mousirro, uro (z,) dyamamenranbhasg. Craio ObITh, dDyHIAMEHTAILHA
nocaesoBaTensnocts (1(zy,)) B X. Iyers Z:= limu(zy,), T € X. Ipn
stom ¥(Z) = im Wo(u(z,)) = lim ey 0 e = (u(zy)) = lim ey () = 7.
Hamerum Temepb cxeMy J10Ka3aTeIbCTBA CYIIECTBOBAHUS X. Pac-
CMOTPUM MHOXKECTBO 2 BceX (DYHIAMEHTAJIBHBIX TOCJIEI0BATETLHOCTEN
B npoctpanctse X . Onpesemm B 2 OTHOMIEHNE SKBUBAJTEHTHOCTH TaK:
Ty ~ Ty & d(T1(n), T2(n)) — 0. Hycre X:= 2/~ u d(p(T1), ¢(T2)) =

lim d(Z1(n), T2(n)), tme ¢ : 2 — X — KaHOHHYECKOE OTOODa’KeHUe.
Uzomerpus ¢ : (X, d) — (X, d) crpourca rak: t(z) = p(n —
(neN)). >

4.5.13. ONIPEAE/EHUE. IIpocTpancTso ()?, c;f\), ¢urypupyiomee
B 4.5.12, pdBHO Kak " JTI000€ M30METPUIHOE €My MPOCTPAHCTBO, HA3bI-
BAIOT nonoanenuem npocrpancrsa (X, d).

4.5.14. ONPEAENEHNE. MHuoxectBo X B (X, d) Ha3bIBAOT N0A-
HbLM, €CJIU TIOJTHBIM SIBJISIETCST TPOCTpaHcTBO (Xo, d Xg) — IIOJIIPOCTPaH-

crBo (X, d).

4.5.15. 3aMKHYyTOE HOIMHOXKECTBO IIOJTHOI'O IIPOCTPAHCTBA SIBJISIET-
cst mostabiM. TlostHOE MHOXKECTBO 3aMKHYTO. <ID>

4.5.16. Ilyctp Xy — HOAIPOCTPAHCTBO HEKOTOPOI'O MOJHOTO MET-
pudeckoro npocrpanctBa X. Torma momosxenne Xy H30METPHIHO 3a-
MbIKaHHIO Xo B X.

< Hyers X := cl Xg mwt: Xg —» X — TOXICCTBEHHOE BJIOYKEHUE.
dAcHo, ¥TO ¢ — W30METpUA HA IUIOTHOE MOAIpOocTpancTBO. [Ipm stom X
moJtao B cuity 4.5.15. Ocrasiocs cocnarbest na 4.5.12. >

4.6. KoMnakTHOCTH U MOJIHOTA

4.6.1. KommakTHOE NPOCTPAHCTBO IMTOJIHO. <ID>

4.6.2. ONPEAEJEHUE. Ilycte U — muoxkectBo B X u V € Ux.
Muoxecro E B X HasbBator V-cemwio auist U, ecom U C V(E).

4.6.3. ONPEAE/JEHUE. MHOXeCTBO HA3bIBAIOT 8NOAHE 02DAHUYEH-
HbLM, €CJIN JIJIs KarXKJI0r0 V' u3 %x y Hero mMeercst KOHedHast V-CeTb.
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4.6.4. Ecuu mjist iroboro V u3 Ux y maoxkecrBa U B X ecTb BIIOJIHE
orpanndenHasi V-cerb, To U — BrioJiHe orpaHHIeHHOE MHOXKECTBO.

< Hycrs V € Ux u W € %x Ttakoso, uro W o W C V. Bospmém
BroJiHe orpanndennyio W-cers F niua U, . e. U C W(F'). ITockonbky
F' Brnosine orpanmdeno, To cymectByer koneunas W-cers E s F| 1. e.
F C W(E). OroHuaTeIHHO

UcCW(F)CcW(W(E)=WoW(E)CV(E),

T. e. ¥ — komeunasi V-cernp gyis U. >

4.6.5. Muoxecrso U B X sBJIsIeTCS BIOJIHE OTPAHHICHHBIM B TOM
¥ TOJIBKO B TOM CJIy4ae, eCJId JJIsT BCIKOro V u3 Ux Haiiaércss KOHEIHOe
cemeiicto Uy, ..., U, noamuoxkecrs U rtakoe, uro U = U; U...UU, u
Kazkjg0e u3 maoxkects U, ..., U, maJjo nopsiaka V. <>

4.6.6. SAMEYAHUE. QakTt, orMedeHHbII 4.6.5, BbIpazkatT CJI0Ba-
MH: <«MHOYKECTBO BIIOJIHE OIPDAHMYEHO TOIJa M TOJIBKO TOTJa, KOIJua Y
HEro eCThb KOHEYHBbIE MMOKPBITUS CKOJIb YTOMHO MAJIbIMUA MHOYKECTBAMI ».

4.6.7. Kpurepuii Xaycagopga. MHOXKeCTBO sIBJISIETCSI KOMIIAKT-
HBIM TOIJIa H TOJIBKO TOI/Ia, KOIJia OHO IIOJIHO U BIIOJIHE OTPAHHYEHO. <>

4.6.8. Ilycrp C(X, F) — mpocrpaHCTBO HENPEpBIBHBIX (DyHKIHIT
Ha KommakTe X co 3HAYeHHsIMH B OCHOBHOM 11oie F u ¢ mempuxot Ye-
bviwésa

d(f, 9):= sup de(f(z), 9(z)) = sup |f(z) = g(@)|  (f, g € C(X, F)).

st 0 € Up mostoxkum
Up:={(f, 9) € C(X, F)*: gof'Ch}.

Torga Ug = fil{Uy : 6 € p}. <>

4.6.9. IIpocrparcreo C(X, F) moaro. <>

4.6.10. Teopema Ackoau — Apnesa. Muoxecrso & B C(X, F)
OTHOCHTEJILHO KOMIIAKTHO B TOM H TOJIBKO B TOM CJIydae, €CJau & paBHO-

creneHHO HenpepblBHO 1 MHOXkecTBo U{g(X) : ¢g € &} Bnosne orpanu-
4eHo B npocrpaHcTie F.
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< =: To, uro U{g(X) : g € &} — 310 BHOJNHE OrpaHUIEHHOE
MHOKECTBO, He BBIZbIBAET COMHEHuil. Jljist IpoBepKHU paBHOCTEIIEHHON
HEIPEPBIBHOCTH & BO3bMEM 0 € 24 m 070epEéM CHUMMETPUIHOE OKPYKe-
mue 0’ u3 ycnosus 0’ o 0 o 6’ C 6. Ilo kpurepmo Xaycmopda maiigércs
koneunas Ug-cetb &' B &. Paccmorpum okpyxkenue U € %y , 3a0aHHOE
COOTHOIIIEHUEM
U:= ﬂ flobof

fes&’

(cp. 4.2.9). s npoussosibHbX g € & u f € & Takux, uro go f~L C ¢,
BBITIOJTHEHO

0 =0"">(gof )t =(f)og = fogh.

ITomMumo 3TOrO, M3 CBOMCTB KOMIIO3UIIMU COOTBETCTBUI U u3 4.6.8 BbhITe-
KaeT
X —1 —1 / —1
g“(U)=goUog Cgo(f ol of)og C

Clgof Mol o(fog)ycH ot ot Co.

Bwmecre ¢ mpou3BOIBHOCTBIO ¢ TIOCTIEIHEE O3HAYAET, YTO & PABHOCTEIICH-
HO HEIIPEPBIBHO.

<: Ha ocunoBanuu 4.5.15, 4.6.7, 4.6.8 u 4.6.9 ;10cTATOYTHO JIJIsT KAXK-
noro 0 € % nocrpouth Koneunyio Ug-cetsb B &. Iogpimem 0’ € %, nns
koToporo 6’ 00’ 0§’ C 0, m HAlAEM OTKPBITOE CHMMETPHIHOE OKPYKEHHE
U € %x, arobbl ObLIO

Uc ﬂgiloﬁ’og
geSE

(cymecrBoBanne U 06ecrieueHo paBHOCTENIEHHON HENPEPBIBHOCTHIO & ).

Scno, uro cemeiicrso {U(z) : x € X} o6pasyer 0OTKPBITOE HOKPHI-
tue X. Ucnosb3yst KOMIAKTHOCTE X, YKaXKeM KOHEYHOE IIOIIOKPLITHE
{U(x0) : x¢ € Xo}. B uactroctn, ¢ yaérom 1.1.10

Ix € |J Uxo) x Ulwo) =

z0€Xo

= |J U =mo) xUlw) =Uolx,oU.

(zo,0)Elx,
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Mmuoxectso {g|x, : g € &} Bronne orpanmdeno B FX0. Cramo GuIT,
B 9TOM MHOYKECTBE eCTh KoHeuHas §'-ceTb. TouHee roBopsi, UMeeTcs: Ko-
HedHOe MHOXKecTBO &’ B &, 0bJiajalolnee TeM CBOMCTBOM, UTO JJIst KasK-
J0r0 g € & npu noaxoxgmieM f € &' cupapenuBo

golx,oftcé.
HpI/IMeHHH IIOJIYY€HHbIC OII€HKU, I10CJ/IeI0BATE/JIbHO BBIBOJUM
goft=golxof ' Cygo(Uolx,0U)of ' C

Cgo(gtolog)olx,o(f ol of)oft=
=(gog ol o(golx,0f ol o(fofh)=
=Imgof o(golx,of ')ol ol C
CO ol ot Co.
Takum obpasoM, B cuity 4.6.8, & — aro koneunas Ug-cetsb qis &. >

4.6.11. SAMEYAHUE. [losile3HBIM yTBEDKIEHUEM SIBJISETCS Tepe-
BOJI JIOKa3aTeJabCTBa TeopeMbl Ackoanm — Apiera Ha s3bIK «g-0». Bor
HeoOxoMMblIH cioBapb: «f, Ug — 310 £», «8' — 310 /3>, a «§ — 310 U>.
Crob e 110J1e3HO (U MOy IUTENIbHO ) HANTH 060BIIEHNs TeOpeMbl AcKoI
— Apresa 111 oT0OpazkeHuit, JIefiCTBYIOIIIX B IPOU3BOJIbHbBIE IIPOCTPAH-
CTBA.

4.7. B3poBckue MPOCTPAHCTBA

4.7.1. ONPEAEJEHUE. MuoxkectBo U NPUHSATO Ha3BIBATH paspe-
JICENHBIM UITH Hu2de He NAOMHbLM, €CJTH B €ro 3aMbIKAHUKA HET BHYT-
peHHuX To4uek, T. e. intclU = &. MuoxecrBo U Ha3BIBAIOT MOUUM
(mmm mmoorcecmeom nepeots kamezopuw), ecan U cofiepKuTCsi B 00be 1~
Henun (He GoJiee UeM) CUETHOIO YUC/IA PA3PEIKEHHBIX MHOXKECTB, T. €.
U C UpenU,, intclU, = @. Hemouwue MHOXKECTBa, T. €. MHOXKECTBA,
HE SIBJIAIONINECS TOIIAMU, HA3BIBAIOT TAKKE MHOHCECTNEAMY 6MOPOT Ka-
mez20puu.

4.7.2. ONIPEJAEJIEHUE. [IpocTpaHCTBO HA3BIBAIOT 63P0ECKUM, €CJIN
J1I000€ €0 HEIyCTOe OTKPBITOE MHOYKECTBO HETOIIIEE.
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4.7.3. Crexyromue yTBepkKIeHHs SKBUBAJICHTHDIL:

(1) X — 69poBCcKoe IpOCTPAHCTBO;

(2) obbeaureHHE CIETHOTO YHCIA 3aAMKHY THIX PA3PEIKEHHBIX
MHOKECTB HE HMECT BHYTPCHHHX TOYCK;

(3) mepeceuenne cuérHOro umcsa JFOOBIX BCIOJY IJIOTHBIX
(1. e. miroTHBIX B X ) OTKDBITBIX MHOXECTB SIBJISIETCSI
BCIOAY ILTOTHBIM;

(4) ngomosHEHHE JIFOGOTO TOIErO MHOXKECTBA BCIOJLY IJIOTHO.

< (1) = (2): Oycrs U:= Upen Uy, Uy, = clU,, npuuém int U, = .
Torma U — Tomee mHOKecTBO. Tak kaxk int U C U u int U — orkpbITOE
MHOYKeCTBO, TO int U, sIBISACH TOIUM MHOYXKECTBOM, 063aTEJILHO IIyCTO
B cuwity 6aposoctu X .

(2) = (3): Oycre U := Npen Gy, tae Gy, otkpoito 1 clGy, = X.
Torna X\U = X\Nnen G, = Upen (X\Gy). pusrom X\ G,, 3aMKHYTO
u int(X \ Gp,) = @ (ubo clG,, = X). Crano 6o, int(X \ U) = .
[Tocnemnee o3nagaer, uro y U mycras BHEIIHOCTD, T. €. U BCIOAY IJIOTHO.

(3) = (4): Hycrp U Tomee B X, 1. e. U C UpenU, nintclU, = @.
Mozkuo cuurars, uro U, = clU,,. Torna G,,:= X \ U,, OTKPBITO U BCIOILY
wiotHO. Io yemoButo Npeny G, = X \ Upen Uy, Beroay wiotHo. IIpu sTom
yKazaHHoe MHOXKecTBO comepxkurcd B X \ U u, 3uauut, muoxecrso X \ U
BCIOJLy ILJIOTHO.

(4) = (1): Ecm U — menmycToe oTKpbITOE MHOXKECTBO B X, To X \ U
He sBasgerca peoay miotHbiM. Crenosarensno, U neromee. >

4.7.4. 3AMEYAHME. B cBasu ¢ 4.7.3 (4) orMeTHM, 9TO JIOIOJIHE-
HUsI TOIIUX MHOXKECTB (HMHOIZA) HA3BIBAIOT GLLYEMAMYU IIH OCTAMOY-
HOLMU MHOIICECTNEAMU. BBIIeTsl B 63POBCKOM IIPOCTPAHCTBE — HETOIILHE
MHOKECTBA.

4.7.5. Teopema Ocryzaa. Ilycte X — 63poBckoe MpOCTPAHCTBO
u (fe : X — R)egez — ceMeiicTBO HOJyHENPEPHIBHBIX CHH3Y (DYHKLHI,
opuaém sup{ fe(z) 1 € € Z} < 400 mrg kaxznoro « € X. Torxa Bcsakoe
HelrycToe OTKphIToe MHOXKeCTBO G B X COAEPIKUT HEIyCTOE OTKPBITOE
noamHoKecTBO G, Ha KOTOPOM ceMeicTBo (f¢)ecz PABHOMEDHO OrpAHH-
9eHO CBEPXY, T. €. BBIIOJHEHO SUp, g, sup {fe(r) : £ € E} < +o0. <>

4.7.6. Teopema Bapa. IlojHoe MeTpHYeCcKoe IPOCTPAHCTBO — 63-
POBCKOE.

< IIyctb G — HemycToe OTKPBITOE MHOXKECTBO U g € G. Hdomycrum,
gro G romiee, T. €. G C Upen Uy, rie int U, = @ u U,, = clU,. Haiiném
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go > 0 u3 ycmoBust Be,(x0) C G. fcHo, uro U He CONEPKUT IETUKOM
map Be,/2(z0), T. e. mmeerca w1 € B, 2(wo) \ Ur. B ey samxmyTocTn
U1 MOXKHO TOIBICKATH £1 Tak, 4r0 0 < €1 < £0/2 u B, (1) NU; = .
ITposepum, uro Be, (1) C Be,(x0). Heiicrurenso, ecian d(z1, y1) <
€1, 1o d(y1, o) < d(y1, x1) + d(x1, x0) < €1 + €0/2, ubo d(x1, xg) <
€0/2. Hlap B, /5(x1) me nexur nemukom B Us. Ilostomy cymecrsyior
Ty € B jp(x1) \ Uz 1 0 < g2 < £1/2 Takue, uro Be,(x2) NUz = @.
BusiHo, 9o BHOBB B., (z2) C B, (z1). IIpogomnxKas HauaThIil Iporecc mo
MHJLYKIH, TOJIYIUM MIOCJIEI0BATEIBHOCTD MApoB Be, (o) D Be, (1) D
B, (x2) D ..., upnuéM ep 1 < £,/2u B, (2,)NU, = &. Ha ocHoBaHNM
4.5.6 y TIOCTPOEHHBIX MapPOB €CTh 00Ias TouKa & := lim x,. IIpu sTom,
KOHEYHO XKe, T # Upen U, u, crajo 6bith, z € G. C apyroit cropoHsl,
x € Be,(z09) C G. Iomyunnn nporusBopedne. >

4.7.7. BAMEYAHUE. Teopemy Bapa 4acTo MCHONB3YIOT KaK <«4Hd-
CTYIO TEOPEMY CYIIECTBOBAHUSI».

B kagecTBe K1acCHIecKol MILTIOCTPAIIUN PACCMOTPHUM BOIIPOC O CY-
IEeCTBOBAHUN HEMPEPBIBHBIX HUTAE He AuddPepeHnmpyeMbIX QyHKITAHA.
Hns f:]0,1] = Rux € [0,1) nonoxum

e J@Hh) — fz)
Dy f(x):= %?&lnf Y ;
D' f(z):= 1;?8 sup fla+ h})L — f(z)

Snementsr D, f(z) u D f(r) us pacmmpennoi unciosoii npsmoit R
Ha3bIBAIOT HUdtCHEU npasoli 1 COOTBETCTBEHHO 6eprHel: npasoli npousd-
600notl Jlunu dyHKIUn f B TOYKE .

ITycrs D — sT0 MHOXKecTBO Takux dbyukuuii f € C([0, 1], R), uro
st Hekoropoit Toukn x € [0, 1) saementsr D4 f(x) u DT f(x) BXOAAT
B R, 7. e. koneunnl. Torma D — Toimee MHOXKECTBO. 3HAUUT, (DYHKIUH,
He MMeIoIre NPOon3BO/HON Hi B ofHO# Touke u3 (0, 1), BCrOY NUIOTHBI
B C([0, 1], R). B To e BpeMsi KOHKPETHBIE TIPUMEPBI TAKUX (DYHKIH
naJimch He npocto. Bor mambosiee n3BecTHBIE U3 HUX:

oo 4n
Pynryus Ban dep Bapdena — Z %
n=0
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(mech ((x)):= (x — [z]) A (1 + [z] — x) — paccrosnue no GmKaiimero K
& TEJIOTO YHUCIIA),

—+o0
1
dynxyus Pumana — Z o sin (n’7x)
n=0

U, HAKOHEIl, HICTOPUYIECKU HepBast
o0

Pynxyus Betiepwmpacca — E b" cos (a"mx)
n=0

(31€ch @ — HeuéTHOE HOJIOXKHUTeBHOE Hestoe, 0 < b < 1uab > 1+ 32).

4.8. Teopema 2KopaaHa m npocTbie KApTUHBI

4.8.1. 3AMEYAHUE. B TonoJioruu, B 94aCTHOCTH, YCTAHABJIMBAIOT
riay6okue u ToHKme (GaKThl 0 MeTpuueckoM mpocrpancrse RZ. Huke
[IPUBEIEHBI UCIIOJIb3yeMble B JAJIbHEHIeM Te 13 9TUX (PAKTOB, POJIb KO-
TOPBIX M3BECTHA, HAIIPUMED, U3 KOMILIEKCHOTO aHAJIN3A.

4.8.2. ONIPEJAEJIEHUE. ['omeomopdHblii (= B3aMMHO OIHO3HAYHBILI
U B3aMMHO HENPEPBIBHBI) 06pa3 0Tpe3Ka Ha3bIBAIOT (2icopdanosoli) dy-
20t. TomeomopdHblii 06pa3 OKPYKHOCTH HA3BIBAIOT Npocmotl (sicopda-
10601) nemaéli. EcrecTBeHHbI CMBIC/I BKJIJbIBAIOT B IIOHSTHs TUIIA
«IJIaJIKast yray u T. II.

4.8.3. Teopema 2Kopaana. llycts v — npoctast neT/ist B MJIOCKO-
cru R?. CymecTBytoT Herepecekaroniuecss OTKpbIThie MHOXKecTBa G1 1
G2 Takwme, 4TO

GlUGQZRQ\’Y; ’}/:6G1:6G2. <>

4.8.4. SAMEYAHUE. Omuao u3 muOXKecTtB G u G, durypupyio-
mux B 4.8.3, orpanmdeno. [lomumo 3T0r0, KaxKmoe u3 HUX C8A3HO, T. €.
HEIPEJCTABIMO B BUJI€ O0BbEINHEHNUS JBYX HEIIYCTHIX HEIePEeCEeKAIONNX-
Csl OTKPBITBIX MTOJAMHOXKECTB. B 3T0il cBa3m Teopemy 2Kopjana wacTo
BBIPA’KaIOT TaK: <IIPOCTas IeTJIA pa3pe3aeT IUIOCKOCTh Ha JiBe 0bJiacTu
U CJIy2KUT UX OOIIel rpaHureiis.
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4.8.5. ONPEAEJEHUE. Ilycts D, Dy,..., D, — 3aMKHyTble KPyT'H
(= 3aMKHYTBIE MIApbl) Ha IIOCKOCTH, npudéMm Dy, N Dy, = & upu m # k
u D1,...,D, Cint D. MuoxecTBo

D\ U int Dy,
k=1

HA3BIBAIOT Pe3HbiM JuCckom. BesKoe MHOXKECTBO B IUIOCKOCTH, Juddeo-
MopdHOoe (= «IJ1aJIKO roMeoMOpPdHOE» ) HEKOTOPOMY PE3HOMY JIUCKY, Ha-
3BIBAIOT CEA3HDBIM IAEMEHMAPHDbIM Komnarmom. ObbeuHeHne HEIlyCTo-
'O KOHEYHOI'O CEMEMCTBA ITOTIAPHO He IePECEKAIONINXCS CBA3HBIX dJIEMEH-
TapPHBIX KOMIIAKTOB Ha3BIBAIOT IAEMEHMAPHIM KOMNAKITLOM.

4.8.6. SAMEYAHUE. ['panumna OF smemeHTapHOro kommakra F co-
CTOUT W3 KOHEYHOTO UHCJIA HEMEPECEKAIOIMXCS TVIQJIKUX MPOCTBIX IIe-
tesb. Ilpu ToM Biioxkenue F' B (OpHEHTHPOBAHHYIO) MJIOCKOCTh R? mi-
nymupyer B F' crpykTypy (OpHeHTHPOBAHHOTO) MHOT00OOpasusi ¢ (OpueH-
TupoBaHHbIM) Kpaem OF. Ormerum 3zech ke, 9410 B cuiy 4.8.3 umeer
CMBICJI TOBOPUTD O MOJIOXKUTETBHON OPUEHTAIINN TJIAIKOM eTJIH, [0Ipa-
3yMeBasi OPUEHTAINIO Kpasi KOMIIAKTHON YaCTH ILIOCKOCTHU, OTPaHUYEH-
HOI 3TOi MeTNEN.

4.8.7. Ilyctp K — KOMIAKTHOE IOJMHOXKECTBO 1miockoctu 1 G —
HeITycToe OTKPBITOe MHOXKeCTBO, cozepkairiee K. Torza cymiecTByer Jie-
MeHTapHbIH KoMIakT F' Takoii, 4ro

KCcintFCFCG. <>

4.8.8. ONIPEAEJEHUE. MuoxectBo F', Hasim4ane KOTOPOro oTMeve-
HO B 4.8.7, Ha3bIBAIOT Npocmot xapmurot pys napsl (K, G).

Ynpa>kHeHust

4.1. IlpuBecTu nIpuMepbl METPUYECKUX IIPOCTPAHCTB. BBISCHUTH, KAKUMU CIIO-
cobaMy MOKHO TIOJIy4aTh HOBbIE METPUYECKUE IIPOCTPAHCTBA.

4.2. KakuM Jo/KeH 6bITh GUabTp B X 2, COBIAJAIONINI C HEKOTOPOHl MeTpH-
4eCKOi PaBHOMEPHOCTBIO B X 7

4.3. Ilycrs S — npocrpancTBO H3MepuMbIx dyHKmmil Ha [0, 1] ¢ MeTpukoit
1
1f®) — g(®)]
d(f, 9)12/7& (f, 9€9)
L+ [f(t) —g(®)]

0

(mompasyMeBaeTcst HEKOTOpasi eCTeCTBeHHasl (paKTopu3anysi — Kakas UMeHHO?). Ber-
SICHUTb CMBICJI CXOJVUMOCTH B 9TOM IIPOCTPAHCTBE.
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4.4. JIna o, B € NV nomarator
d(o, 8) =1/min {k € N: o # Br.}.

IIposeputhb, uTo d — MeTpHKa U 4UTO mpocTpancTBo NY romMeoMopdHO MHOMKECTBY
MPPAIMOHAJIBHBIX YUCEJ.

4.5. MOKHO 11 METPU30BATH [IOTOYEUHYIO CXOAMMOCTD MOCIIEJOBATEILHOCTEH?
A dbyukumit?

4.6. Kak cieyer BBeCTH pa3dyMHYIO METPUKY B CYETHOE IIPOU3BEIEHHE METPH-
YeCKUX MPOCTPAHCTB? B Npon3BosibHOE MPOM3BEIEHNE METPUUECKUX IIPOCTPAHCTB?

4.7. BblsicHUTB, KaK¥e KJIaCChl (DYHKIHI OMUCHIBAIOTCS ONIMOOYHBIME OIIpeIe-
JIEHUSIMHA HEeIIPEPBIBHOCTH M PaBHOMEPHOI HENPEePBIBHOCTH.

4.8. JIjs HeIyCTBIX KOMIAKTHBHIX moaMmuOkecTB A m B mpocrpascrsa RY mo-
JIOXKUM

d(A, B):= | sup inf |[zx—y| |V |sup inf |z—y|
reA YEB yeB T€EA
YcraHoBuTh, uTo d — MeTpuKa. Eé HasbiBaroT MeTpukoit Xaycaopda. Kakos cMbica
CXOAMMOCTHU B 3TON MeTpuke?

4.9. Jloka3aThb, 9TO HEIYCTHIE BBITYKJbIE KOMIIAKTHBIE TTOAMHOYKECTBA BBITYK-
Jioro kommakTa B R cOCTaB/ISIOT KOMIIAKT OTHOCUTEILHO MeTpukn Xaycaopda. Ka-
KOBa CBsI3b 3TOI0 yTBEPXKJEeHUsi ¢ TeopeMoii Apuena — Ackosu?

4.10. JJokasaTh, 4To KaK[as HOJIyHENpepbiBHas cHu3y dyukims ua RV ecrs
BepxHssd Orubaronias HEKOTOPOro CEMENHCTBA HENPEPBIBHBIX (DYHKIINMN.

4.11. BpIACHATD CBA3M MEXK/y HEIPEPBIBHBIMU M 3aMKHYTHIMA (KaK MHOXKECTBA
B IIPOU3BEJICHNN) OTOOParXKEHUSIMHU METPUIECKHUX NIPOCTPAHCTB.

4.12. BpIsICHUTDB, KOI/la HENPEPBIBHOE OTOOparkKeHUE METPHUYECKOrO IIPOCTPAH-
CTBa B IIOJIHOE€ METPUIECKOE IIPOCTPAHCTBO JOIYCKAET PACIPOCTPAHEHHE Ha IIOIIOJIHEe-
HUE€ HMCXOJIHOTO IIPOCTPAHCTBA.

4.13. Onucarh KOMIIAKTHBIE MHOXKECTBA B IMPOU3BEIEHUN METPUYECKUX IPO-
CTPaHCTB.

4.14. Ilycrs (Y, d) — monmoe Merpudaeckoe npocrparctso. Otobparkenne F :
Y — Y masweBaror pacmmpsirommnmcs, ecau d(F(z), F(y)) > Bd(z, y) ans seKoTopo-
rof>1unz, yeY. Ilycts pacmmpsromnteecst orobpazkenune F':' Y — Y ngeiictByer
Ha Y. /lokasarh, yro F' B3auMHO OJIHO3HAYHO U O0JIAJAET €JUHCTBEHHON HEIOIBUXK-
HOIT TOYKOM.

4.15. Jloka3aTb, 4TO KOMIIAKT HE OTOOparkaeTcsi M30METPUYHO Ha CBOIO COO-
CTBEHHYIO YaCTb.

4.16. YcraHOBUTH HOPMaJIbHOCTbD IIPOU3BOJIBHOI'O METPUYIECKOI'O IIPOCTPaHCTBa.

4.17. HpI/I KaKux YyCJIOBHUAX CUYETHOE IIOAMHOZKECTBO IIOJTHOI'O METPHUYIECKOI'O
IIPOCTPaHCTBa ABJIAETCA HGTOLU\I/IM?

4.18. MOKHO /I OXapaKTePU30BaTh PABHOMEDPHYIO HEIIPEPBIBHOCTb B TEPMHUHAX
CXOJSAIIUXCS [OCTIeI0OBATEIBHOCTEH !

4.19. Ha Kakux METPUUIECKHUX IPOCTPAHCTBAX JII00asi HEIPEPHIBHAS BEIIECTBEH-
Hasi QYHKIUS JOCTUrAET TOUYHBbIE IPAHUIBI MHOXKECTBa CBOUX 3HadeHuit! Orpanmde-
Ha?



T'maBa 5

MyabTUHOPMUPOBAaHHbIE U
OaHaxOBbI IPOCTPAHCTBA

5.1. IlosryHOPMBI U MYJIBTUHOPMBI

5.1.1. Ilyctb X — BekTOpHOE MPOCTPAHCTBO HAJ OCHOBHBIM IIO-
aeMF up: X — R — noayuopma. Torza
(1) domp — mogupocrparcrso B X ;
(2) p(xr) >0 s Beex x € X;
(3) sapo momyrOpMBEI kerp:= {p = 0} — moanpocrpancTBO
mpocTpaucTBa X ;
[e]

(4) mmoxxecrBa By, := {p < 1} u By:= {p < 1} abcosmorHo
BBIITYKJIbIE, IIPUYEM P sIBJSETCS PyHKIHOHAIOM MuH-
KOBCKOT'0 JTIOO0T0 abCOJIIOTHO BBIITYKJIOTO MHOXKecTBa B

[e]
Takoro, 4ro B, C B C By;

[e]
(5) X = domp B TOoM H TOIBEKO B TOM caydae, ecan By —

IIorJioliaroiiee MHO2?KeCTBO.

< Ecma z1, 2 € domp u a1, as € F, To BBUIY 3.7.6 mMeeM
plarxy + agze) < |aa|p(z1) + |az|p(z2) < +oo + (+00) = +o0.

Buauur, (1) Bepro. Jouycrum, uro (2) He BEPHO, T. €. i HEKOTOPOIO
x € X cupasemmuso p(z) < 0. Torma 0 < p(x) + p(—x) < p(—x) =
p(z) < 0. Iomyuaercst mpoTuBopeune. YTBepxKjieHue (3) HEMeIJIEHHO
crenyer u3 (2) u cybamaurusnoct p. Crpaseymsocts (4) n (5) ga-
CTUYHO y2Ke oTMedanack (cp. 3.8.8). Ocrapriasicss HEOTMEYEHHON YaCTh
000CHOBBIBaeTCs TeopeMoit o (yHkimonajge MuHKoBCKOro. >
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5.1.2. Ilyctbp, q: X — R — aBe nosrynopmbl. HepaBerctBop < ¢
(B MHOXkKECTBE (R')X ) EmMeeT MeCTO B TOM H TOJIBKO B TOM CJIy4ae, eCJd
B, D B,.

< = dcno, aro {¢ <1} C {p < 1}.

«: Nmeem, mo 5.1.1 (4), p = pp, u ¢ = pp,. Bosbmém 11, to € R
Takue, 910 t; < ty. Ecmu t; < 0, TO {q < t1} = @ u, crajio ObITh,
{g <t1} C {p <t2}. Ecam xe t; > 0, To t; By C t1 By, C t9By,. 3naumnr,
B cuiy 3.8.3, p < q. >

5.1.3. Ilyctp X, Y — Bekropubie npoctpancrBa, T C X XY —
JiHeitHoe coorBerctBue u p @ Y — R — momyaopma. Ilycrts, ngaJee,
pr(z):= infpoT(x) gz x € X. Torma pr : X — R° — nosyHopma,
mHOKeCTBO Br:= T~Y(B,) abcomoTHO BBIIYK/IO, IPHIEM DT = DBy -

< Hnsg xq, x2 € X n a1, as € F numeem

pr(cizy + asxs) = inf p(T(121 + @2xs)) <
<infp(a1T(z1) + axT(x2)) <
< inf(|on[p(T'(x1)) + [a2|p(T(x2))) =
= |a1lpr(z1) + |az|pr(z2),

T. €. pr — HOJIYHOPMA.

To, uro MHOXKeCTBO Br abCOJIFOTHO BBINYKJIO, ciaeayer u3 5.1.1 (4)
n 3.1.8. Ecu x € By, 10 n1s Hekoroporo y € B, Bemosnneno (z, y) € T.
Orcroma pr(z) < p(y) < 1, . e. Br C Bp,. Ecnu, B cBO10O 0OUepens,
x € By, To pr(z) = inf{p(y) : (z, y) € T} < 1. 3uaunrt, Haiigéres y €

o

T (x) Taxoii, uro p(y) < 1. CraJo 6bith, v € T~Y(B,) C T~Y(B,) = Br.
Urax, By, C Br C Bp,. IIpusnexas 5.1.1 (4), Buoum: pp, = pr. >

5.1.4. OOPEAEJEHUE. Iloxynopmy pr, mocrpoennyio B 5.1.3, Ha-
3BIBAIOT NPOOOPA3OM NOAYHOPMDL P TIPH COOTBETCTBUH 1.

5.1.5. ONIPEJAEJEHUE. Ilycts p : X — R — nosynopma (B cuiy
3.4.3 sTa 3amuck osHauaer, yro domp = X). Ilapy (X, p) HasbBa-
0T NOAYHOPMUPOSAHHLM NPOCTPAHCMEOM. TacTO, JOIMyCKasd OOBLITHYIO
BOJILHOCTB, caM0O X HA3BIBAIOT IOJYyHOPMUPOBAHHBIM IIPOCTPAHCTBOM.

5.1.6. ONIPEAEJEHUE. Hemycroe MHOYXKeCTBO BCIOJLY OIIPE IEIEHHBIX
nosryropMm (B R¥) HaspiBator wmyavmunopmoti n obosnauaor My wim
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npocto 9, ecom sicHO, 0 KakoM mpocTpancTBe X wuieT peub. llapy
(X, Mx), pdBHO Kak u ucxonuoe X, HA3BIBAIOT MYALTMUHOPMUPOGAH-
HOLM NPOCTNPAHCTNEOM.

5.1.7. Muoskecrso nogynopm M B (R)X apmsercs mymapraropmoit
B TOM H TOJIBKO B TOM CJIy4ae, ecin (X, p) siBJIsieTcst Moy HOPMHUPOBaH-
HBIM IIPOCTPAHCTBOM JJIsT BCSIKOro p € M. <>

5.1.8. ONPEAEJEHUE. Mynsrunopmy MMy Ha3BIBAIOT Taycdopdo-
60t (mma omdeaumodi), ecan piag moboro x € X, x # 0, cymecrByer
noayHopma p € Mx rakas, uro p(x) # 0. B srom ciaygae X HaszbBaroT
zaycdophosvim (M 0MIEAUMBIM) MYABTNUHOPMUDOBAHHLM TPOCTNPAH-
cmeoM.

5.1.9. ONIPEJENEHUE. XaycaopdoBy MyJIbTHHOPMY, COCTOSIILYIO
U3 OJIHOTO dJIEMEHTa, HA3BIBAIOT HOPMOU. EJMHCTBEHHBIN SJIeMEHT HOp-
Mbl B X (K&K XOPOIIIO M3BECTHO) TAaKKe Ha3bIBAIOT Hopmol B X u 06o-
3Haqalor || -|| wm (pexe) |- || x, u gaxe ||-| X ||, ecau ectb HEOGXOAUMOCTD
B yKasauuu Ha npocrpanctso X. ITapy (X, || - ||) zassiBator nopmupo-
sarnvm npocmparcmeom. Kax mpasmio, rak e Ha3bBaioT u X .

5.1.10. IIPUMEPHI.

(1) IHomynopmuposannoe npocrpancrso (X, p) paccMarpu-
BaeTCsl KaK MyJIbTUHOpMUpOBaHHOe npoctpancTBo (X, {p}). To xke o1-
HOCHUTCS K HOpDMUPOBAHHOMY IIPOCTPAHCTBY.

(2) IDycrs M — MHOXKECTBO BCeX (BCIOILY ONPEJIETIEHHBIX ) T10-
JiyaopM Ha nipoctpancTBe X . Torma 9T — xaycnopdoBa MyJIbTHHOPMA,
KOTOPYIO HA3BIBAIOT CUAbHETULLT MYALMUHOPMOT B X .

(3) Iycrs (Y, M) — MyJIBTUHOPMUPOBAHHOE IPOCTPAHCTBO
ul C X XY — nuneitnoe coorsercrsue, npudém dom7T = X. B cu-
ay 3.4.10 u 5.1.1(5) ayig p € N nosyHOpMa pr BCIOLY OlpejesIeHa U,
craso 6eith, M := {pr : p € N} — mynprunopMa B X. Mynbrunop-
My I Ha3BIBAIOT NPO06PA3OM MYALMUHOPMY, I 1ipu coorBercTBUM T’
n (unorja) oboznavaor MNp. Ormernm, uro ecim T € L (X, Y), To
M= {poT : p € M}. B cBga3u ¢ 3TUM HUCHOJIB3YIOT €CTECTBEHHOE
oboznagenne o T := M. Ocobo BbLAEIUM CIydaii, Korga X — 3TO MOJ-
mpocTpaHcTBO Yy B Y u T — ToXKIecTBeHHOE BJIoxKeHne T:= 1 : Yy — Y.
B rakoii curyanuu Yj, Kak IpaBujio, pACCMATPUBAIOT KAK MYyJIbTUHOPMIE-
POBaAHHOE IIPOCTPAHCTBO ¢ MyJILTHHOPMOIT Jlor. Bosee Toro, HEKOppEKT-
HO UCHOJIB3YIOT ppasy «I — MyIbTHHOPMA B Y(». DTy HEKOPPEKTHOCTD
HCIIOJIb30BATh OY€Hb YI00HO.
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(4) Ocnosnoe nosie F Hasies1eH0, KaK U3BECTHO, HOPMOI | - |
F — R. Ilycts X — BexTopHOe mpocrpamctso u f € X7. Tak kax
f: X — F, 1o onpeznenén mpoobpa3 HOPMBI B OCHOBHOM IOJIe: Pf(x):=
|f(z)] (x € X). Ecotu Teneps 2~ — HEKOTOPOE MOIPOCTPAHCTBO B X 7,
to MmymsTuHOPMY 0(X, Z):= {ps : f € &} Ha3bBAIOT 1A60U MYADL-
muropmoti B X, HaBeIEHHOU 2 .

(5) Iycrs (X, p) — DOIyHOPMEPOBAHHOE IPOCTPAHCTBO, X
— noxupocrpanctBo B X u ¢ : X — X/X( — Kanouudueckoe oTobpazke-
mne. JluHeiiHoe cooTBeTcTBHE (! OIpesiesIeHo Ha BCeM IIPOCTPAHCTBE
X/Xo. BnaunT, IMeeTCA HOTyHOPMA P,—1, KOTOPYIO HA3BIBAIOT axmop-
noaynopmoti p 1o moAnpocrpancTsy Xo u 0603HaUAOT Py/x,. IIpo-
crpanctso (X/Xo, px/x,) HA3BIBAIOT HaKmMOpP-npoCmMpancmeom IpocT-
pancrea (X, p) no mogmpocrpancTBy Xo. Onpezesnenne dbakTop-1po-
CTPAHCTBA OOIIEro MyJIbTHHOPMUPOBAHHOTO IIPOCTPAHCTBA, CBA3AHO C HE-
KOTOPO¥ TOHKOCTBIO M BBeZleHO B 5.3.11.

(6) ITycts X — Bexroproe mpoctpancTeo u 9 C (R)X —
MHO?KECTEO MOJYHOPM Ha 9TOM IPOCTPAHCTEE. B 9TOil cuTyanuu MOKHO
roeoputh 06 I Kak o0 MyabTHHOpME Ha mpoctpancTBe Xo:= N{domp :
p € M}. DBouee TouHO, moApasymMeBas MyJIbTHHOPMHUPOBAHHOE IIPO-
crpanctBo (Xo, {p. : p € M}), rue ¢ — TOKAECTBEHHOE BJIOXKEeHUE X
B X, ynoTpebidaioT BhlpaykeHust: «) — MyJIbTUHOPMa» UM «PacCMOT-
puM (MyJHLTHHOPMUPOBAHHOE) IIPOCTPAHCTBO, IOpoxKaeHHoe MNM». Bor
TUIAYHBIA 00pa3er; «CeMeicTBO MOJTYHOPM

{pa”@(f):_ sup [z*0°f(z)|: a, B — MyJIbTI/H/IH,aeKCBI}
z€RN

387261 (MyJIbTHHOPMHUPOBAHHOE) IPOCTPAHCTBO OecKoHeuHo aud depen-
UPYEMBIX U OBICTPO yOBIBAIOIINX HA OECKOHETHOCTH (DYHKIIMI HA RY»
(rakue yHKIHMU YACTO HABBIBAIOT ymepertovimu, cp. 10.11.6).

(7) Hyers (X, ||-|) u (Y, ||]|) — HOpMupoBanHbIe IPOCTPAH-
crBa (Hag omauM ocHoBHBIM nosteM F). Tusa T € £(X, Y) pacemorpum
<OMEPAMOPHYIO HOPMY>, T. €. BEJIUIUHY

[ Tz]]

]

(B,D;er uB ﬂaﬂbHeﬁHleM B aHaJIOTUYIHBIX C/IyYadX IPUHATO CIUTATDH, 9TO

0/0:=0.)

ITll:=sup {[T2l| : = € X, flf| < 1} = sup
xTE
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Buguo, uro || - || : £(X, Y) — R — nonynopma. B camom meire,
nonoxkuB Bx = {|| - ||x <1}, ma Ty, Th € L(X, Y)u g, ag € F
uMeeM

oa Ty + axTol| = sup || - llay 7y +aury (Bx) =

=sup || - [[((a1T1 + a2T2)(Bx)) < sup||a1Ti(Bx) + a2Ta(Bx)|| <
< lasg|sup|| - ||z, (Bx) + |ea|sup || - |1, (Bx) =
= || [|T1]] + |z | T2l

IMoxnpoctpancrso B(X, Y), sisasirorneecst 3hbeKTUBHOI 061aCTHIO
OIIpEeJIe/ICHUs BBEIEHHON TOJIyHOPMBI, HA3BIBAIOT NPOCTNPAHCIEOM 02Pa-
HUMEHHBIT ONEPATNOPOG, & €TI0 JJIEMEHTBI — 02PAHUMCHHBIMU ONEPATNOPa-
MU.

$cno, uro BekTopHOe npocrpancTso B(X, Y) mHopMmuposano (ore-
paropuoii nHopmoit). Ormerum, uro oneparop 1T’ € £ (X, Y) orpanuden
B TOM U TOJIbKO B TOM CJIy9ae, €CJIH JJIst HErO CIPABEIJINBO HOPMAMUG-
HOE HEPAGEHCNGO, T. €. €CJIM HAMIETCA CTPOrO IIOJIOKATEIBHOE InCI0 K
TaKoe, 4To

ITally < K llzlx  (z € X).

ITpu srom ||T'|| ecTs TouHas HUKHsIsI TpaHuIa Ynces K, durypupyromux
B HOPMaTUBHOM HepaBeHCTBe. <I>

(8) Iycrs X — BekTopHOE mpocTpaHcTBO Hag F u || - || —
Hopma B X . Ilycrs, nanee, X' := B(X, F) — conpastcénroe npocmpan-
€mM60, T. €. BEKTOPHOE IIPOCTPAHCTBO OIPAHMYEHHBIX (PYHKIMOHAJIOB [ C
«CONPAAHCEHHOT HOPMOT>

1l = sup{l£ (@) o] < 1} — sup L)

vex |l

Pacemorpum npocrpancreo X := (X') := B(X', F) — emopoe
conpasicénnoe Kk X mpocrpancreo. s snementos x € X u f € X/
ITOJTO2KUM

2 =u(z): [ f(a).
Torna i(z) € (X')* = £ (X', F). Iomumo sTorO,

(1 = lle(@)| = sup {[e(=) (] : 1 fllx <1} =
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= sup{|f(z)[ : |f(z)| < |zllx (x € X)} =
=sup{[f(z)| = felO([Ix)} = ll=lx-

Ilociieiee paBeHCTBO ciieyeT, HATPUMEpP, U3 TeopeMbl 3.6.5 u Jiem-
Mol 3.7.9. Takum obpasom, ¢(z) € X" nus kaxmoro & € X. IlonsTHo,
qro omeparop ¢ : X — X nmeiicrByromuit 1o npaBmwiy ¢ : x +— (),
SABJISIETCSA JIMHEHHBIM ¥ OTPAHUIEHHBIM, IIPU 3TOM [ — MOHOMOP(hHU3M 1
lez|| = ||z|| mus Beex 2 € X. Omueparop ¢ HA3BIBAIOT KAHOHUYECKUM
sa0o0icenuem X BO BTOPOE COIPSI?KEHHOE IIPOCTPAHCTBO UM, Gosiee 00-
PasHo, J60THbIM WMPULOBAHUEM. BOJIEE TOTO, KAK IMPABUIIO, SJIEMEHTHI
x u x':= 1z e pazmmyaior, T. €. X PacCMATPUBAIOT KAK IOAIPOCTPAH-
creo X”. HopMuposaHHOe IpoCcTpaHCTBO X HAZLIBAIOT PEPACKCUCHDIM,
ecim X coenagaer ¢ X' (npu ykasaHHOM BiioKeHun). PediiekcusHbie
IPOCTPAHCTBa 00/1a1a10T MHOTMMHU JIocTouHcTBaMu. QUeBUIHO, OjHA-
KO, YTO He BCE€ IPOCTPAHCTBA pedJieKCHBHBI. Tak, K COXKAJEHUIO, He
pedutekcusro upocrpauncrso C([0, 1], F). <>

5.1.11. BAMEYAHUE. I[Tocrpoenus, nposenénnpie B 5.1.10 (8), no-
Ka3bIBAIOT M3BECTHYIO CHMMETPHIO (MM <«IBOHCTBEHHOCTL» ) MKy X
u X'. B aT0it cBA3u 1 0603HAYEHUs JeiicTBUA djeMeHTa T € X Ha
ssmement f € X' (wim neitcrBust f Ha x) ucnosnb3yror 3anucek (z, f):=
(@] f):= f(z). Hua gocrrmxkeHnst HAMOOJIBIIETO €INHOOOPA3UST JIEMEH-
o1 X' obo3Havator cumBosiamu tuna =, 1. e. (x|z') = (z, 2') = 2/(z).

5.2. PaBHOMEPHOCTb U TOMOJIOTHUSI
MYJBTHHOPMHUPOBAHHOI'O ITPOCTPAHCTBA

5.2.1. Ilycrs (X, p) — moJayHOPMHPOBaHHOE HPOCTPAHCTBO. Bo3b-
MEM 1, T2 € X u nomoxuM dy(z1, x2):= p(x1 — x2). Torga
(1) dy(X?) C R, {d< 0} > I
(2) {dp < t} - {dp < t}_lv {d;v < t} - t{d;v < 1}
(t € Ry \0);
(3) {dp <ta}o{dy <ta} C{dy <t1+1a} (t1, t2 €Ry);
(4) {dp <ta}N{dp <t2} D{dp < t1 At} (1, L2 €RL);
(5) p — HOopMa < d, — meTpuKa. <I>

5.2.2. ONPENENEHUE. Qunstp %, = fil{{d, <t}: t e R, \ 0}
HA3BIBAIOT pasHomeprocmvto npocmparemsa (X, p).
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5.2.3. Ilycte %, — paBHOMEDHOCTBH HOJyHOPMHPOBAHHOI'O IIPOCT-
paHcrBa. Torzaa
(1) %, C 6l{Ix};
(2) Ue=U""' e,
3) YUe%) BVet) VoV CU. <>

5.2.4. ONPEJAENEHUE. Ilycrs (X, 9) — MyJbTUHOPMUPOBAHHOE
npocrpanctso. Puibrp % = sup{?%, : p € MM} Ha3BIBAIOT pasHOMED-
Hocmblo pocrpancTBa X (UCHOIB3YIOT Takxke obosHadenus %on, Xx
u T n.). (D10 onpejenenne KOppekTHO B cuiy 5.2.3 (1) u 1.3.13.)

5.2.5. IIycrs (X, M) — MyJIbTHHOPMHPOBAHHOE MPOCTPAHCTBO H
U — cooTBeTCTBYOIAas PABHOMEPHOCTh. Torja

(1) % cil{Ix};
Uew=U"'ew;
(3) WU e%)BVe¥)VoVCU.

< Hposepum (3). Ecam U € %, 1o no 1.2.18 u 1.3.8 maiimyrcs
TOJTYHOPMBI P1, . . ., pp € M Takme, a0 U = Up, . py = Up V.. N Uy, .
ITpusnexasa 1.3.13, nompimem muoxecrsa Uy € %, u3 ycioBua U D
UinN...NU,. Ucnoms3ys 5.2.3 (3), soibepem Vi € %, , I KOTOPLIX
Vi o Vi C Ug. fcuo, ato

Wn...nVpy)oVin...nV,)CcVioVinNn...NV,0V, C

cUin...nU,.
Ilomumo sroro, ViN...NV, € %, V...N U, CU. >

5.2.6. Myaprunopma 9 B X xaycaopgoBa B TOM U TOJIBKO B TOM
ciIydae, ecjm paBHOMEPHOCTb Yy Toxke xaycaopgosa, T. e. MV
Ve %gm} =1Ix.

< =: Iyers (z, y) € Ix, 1. e.  # y. Torpa mia HeKOTOPOIi OJTY-
HOpMEI p € M Oyzer p(z —y) > 0. Buauwmr, (z, y) & {d, <1/2p(z—y)}.
Ho nocrennee MHOXKECTBO BXOIUT B %, a moromy u B Zm. MWraxk,
X2\Ix € X2\n{V : V € %n}. Homumo sroro, Ix C N{V : V € %n}.

<: Ilycrs p(z) = 0 npu Beex p € M. Torga (z, 0) € V mua sroboro
V € %m u, cramno 6bith, (z, 0) € Ix no ycmosuwo. CremoBaresbHO,
z=0.>
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5.2.7. Ilst npocrpancrBa X ¢ paBHOMEDPHOCTBIO x IOJIOXKHM
T(x)={U(x): Ue} (zeX).

Torpa 7(x) — ¢uiabrp s kaxgoro x € X. Ilpu s1oM
(1) r(z) C fil {z};
(2) VUer(x)) 3Ver(x) &V CU) VyeV)Ver(y).
< OueBnzpo (cp. 4.1.8). >

5.2.8. ONPEAENEHUE. OTobpaxkeHue 7 : x +— 7(x) HA3BIBAIOT
monoaoeueti pacCMaTPUBAEMOrO MyJIbTUHOPMUPOBAHHOTO IIPOCTPAHCTBA,
(X, 9M), a suementsl bunbrpa 7(x) — okpecmuocmamu Touku x. st
0003HAYEHN I TOIIOJIOT U UCIIOJIb3YIOT TaKKe 6OJIee JIeTaIbHbIE CUMBOJIBL:
Tx, Tom, T(%m) u T 1.

5.2.9. /[List sr060ro x € X BBIIOJIHEHO
Tx (z) = sup{7p(x) : p e Mx}. <>

5.2.10. IIyctp X — MyJIBTHHOPMHPOBAHHOE IIPOCTPaHCTBO. Torma
st © € X uMeeT MecTo COOTHOUIEHHE

Uer(z) ©U—xe7x(0).

<1 B crty 5.2.9 1 1.3.13 MOXKHO OrPaHHYIUTHCS CJIY A€M ITOJTYHOPMU-
posanHoro npocrpancTsa (X, p). IIpu stom s Besikoro € > 0 cpase-
smBo npencrasirenue {d, < e}(r) = eBp+z, rae By := {p < 1}. B camom
nene, ecn p(y —x) < e, oy =ele Ny —2)) +axuet(y—=x) € B,
B cBoro ouepens, ecm y € B, +x, o p(y —xz) =inf{t >0: y—z €
tBp} <e. >

5.2.11. BAMEYAHUE. U3 nokazarennbersa 5.2.10 BUAHO, CKOJIb BaXK-
HYIO POJIb UI'DAET 1P eJUHUIHOIO PAJIyCa ¢ IEHTPOM B HyJte (110JLy JHOD-
MupoBaHHOrO pocrpancTsa (X, p). B aroii cBa3u 3a HUM 3aKpeIlIeHbI
Ha3BaHUe «edunu4Hoil wap npocmpancmea X » n obosnadenus By, Bx
U T. II.

5.2.12. Mymapruaopma Mx xaycaopgoBa B TOM H TOJHKO B TOM
ciydae, eCJad XaycaopgoBa TOMOJIOTHS Tx, T. €. €CJIH JJIsT JIIOOBIX pas3-
JIHYHBIX 1, T2 U3 X Haiayrcs okpectroctu Uy € Tx (x1) u Us € 7x (z2)
Takue, aro Uy N Uy = @.
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< =: Iyerb 21 # @2 u st p € My BBIIOIHEHO €:= p(T1 — T2) > 0.
Monoxkum Uy := x1 +¢/3 By, Us:= 22 +¢/3 B,. 110 5.2.10, Uy, € 7x (x).
Yo6emumcs, uro Uy N Uz = @. B camom gene, ecmu y € Uy N Us, TO
p(r1 —y) <e/3uplxe —y) <e/3. Orciona p(r; —x2) < 2¢/3 < e =
p(x1 — x2), 9ero GBITH HE MOXKET.

<:Ecmu (21, 22) e {V : V€ Ux}, toxs € {V(xy): V € Ux}.
[Tostomy x1 = x2 u, craso ObITh, HA OcHOBaHUU 5.2.6 MymbTrHOPMA M X
xaycaopdosa. >

5.2.13. 3AMEYAHUE. Hayimune B My/JIbTHHOPMUPOBAHHOM IIPOCT-
PaHCTBE PABHOMEPHOCTH U COOTBETCTBYIOIIEI TOTIOJIOTTH TTIO3BOJISIET, OUe-
BUJTHO, UCITOJIb30BATh TaKUe MOHATHSI, KaK paBHOMEpHas HEITPEPLIBHOCTD,
TOJTHOTa, HEMPEPBIBHOCTh, OTKPBHITOCTh U 3aMKHYTOCTDH U T. TI.

5.2.14. ITycrs (X, p) — mojyHopMupoBaHHOE MPOCTPaHCTBO U X
— noxnpocrpancrso B X . Pakrop-npocrpanctso (X/Xo, px/x,) Xay-
¢10phOBO B TOM H TOJIBKO B TOM CJIydae, ecau Xo — 3aMKHYTOE MHOXKE-
CTBO.

< =: Iycers & & Xo. Torma ¢(x) # 0, rue, Kak 06braHO, @ 1 X —
X/Xo — xaHoHHuUecKoe orobpazkenue. Ilo ycsosuto Gymer 0 # & :=
Px/x,(0(7)) = pp-1(p(x)) = inf{p(x + x0) : 20 € Xo}. Smaumr, map
x + ¢/2 B, ue uepecexaercs ¢ Xo, T. €. & — BHeIIHAA Touka Xo. MrTax,
X 3aMKHYTO.

<: Ilycrb T — HeHyseBasi Touka daxTop-upocrpanctea X /Xo u
T = () s HoAXoAdnIero sjiemMenTa r u3 npocrpancrsa X. Ecuun
Px/x,(T) = 0, To 0 = inf{p(x — xo) : xo € Xo}, T. e. MMeeTCa mOCITC-
JIOBATEJNLHOCTD (L) B Xo, Jyist KOTOpOit &, — x. CienoBaTesibHO, 10
4.1.19, z € Xg u T = 0. IHomxyunnmmu nporuBopedne. >

5.2.15. 3ambikanne I'-muokecrBa — I'-MHOZKECTBO.

< Myers U € (T) u U # & (unaue Beé sicno). B cuiy 4.1.9 nuist
Touek z, y € clU maiigyrca ceru (x.), (yy) smemenros U rTakue, 4ro
Ty — &, Yy — y. Ecnn (o, B) € T, T0 ax + Py, € U. BuoBb mpusiekas
4.1.19, BeiBomum o + By = lim(awy + By,) € clU. >

5.3. CpaBHeHUEe MYJbTUHOPM

5.3.1. ONIPEAENEHUE. Ilycrs 9 u N — nBe MyIBTHHOPMBI B BEK-
TopHOM TIpocTpaHcTBe. [oBopsT, uto M cusvnee N, u numyTt M >~ N,
ecu YUm DO Uy. Ecim ompospemento MM = N u N > M, To roBopsr,
aro M u N axsusasermmv, 1 murryT N ~ N.
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5.3.2. Teopema 0o cpaBHeHUU MYJIbTHUHOPM. /s MyJIbTHHODM
M u N B BeKTOPHOM HPOCTPaHCTBE X SKBUBAJCHTHBI Y TBEPIKICHUS:
(1) =0
(2) mn(z) D ™m(x) st Besroro x € X;
(8) 7an(0) > T (0);
(4) VqeM (3pi,...,pn €M)
(Fer,...,en € RLN\0) By De1Bp, N...NeByp,,;
(5) (VgeM) 3p1,...,pn €M) (It >0)g < t(p1V...Vpn)
(nopstrox B3aT 3 K-npocrpancrsa RY).
< (1) = (2) = (3) = (4): OueBumHO.
(4) = (5): Ucnonbayst reopemy o dbyaknuonase MurkoBckoro (cp.
5.1.2), nmeem
4<PpB,,., V---VDB

pn/en

1 1 1 1
=|\—m]|V..V|—pa | <|(—V...V—|D1V...VDy.
€1 En €1 En

(5) = (1): Hocrarouno nposeputb, uto M = {q} A1s NOJIYHOPMBI
qgeN. EcmV € %, o V D {d, < e} nna mekoroporo ¢ > 0. Ilo
YCIIOBHIIO

{dqge}:){dpl g%}m...m{dmg%}

I TTOAXOASITAX P1,...,Ppn € M uw t > 0. MuoxkecTBO, cTodiee B
IPABOl YACTH [OCJIC/IHErO BKJIOYEHHSI, — dJIeMEHT %p, V ... N Up, =
Uip,,....pny C Um. 3uauut, V' Takxke BXOIUT B %op. >

5.3.3. OPEAEJNEHUE. Ilycte p, ¢ : X — R — mBe mosyHOpMBI
B X. Tosopsit, uto p cuavnee ¢, u mumyTt p = ¢, ecmu {p} = {q}.
AHAJIOTUYHO TPAKTYIOT 9KE6UBAAEHIMHOCTS TIOJIYHOPM P ~ (.

5.34. p>q& (3t>0)q<tp& (3t>0) B, DtBy;
pr~q<= (E'tl, to >0) toap < q<tip& (E'tl, to >0) tprCBq CtQBp.

<1 Cnenyer u3 5.3.2u 5.1.2. >

5.3.5. Teopema Pucca. Ilycrs p, q : FN — R — mosyropmsr ma
KoredHoMepHOM 1pocrparcTse FN . Torga p = q < kerp C ker q. <>

5.3.6. CuexncrBue. Jliobble aBe HOPMbI Ha KOHEYHOMEDHOM IIPO-
CTpaHCTBE 3KBUBaJICHTHbBI. <[>
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5.3.7. Ilycrs (X, M) u (Y, M) — MyspTHHOPMUPOBAHHBIE IIPO-
crparcreanT € £ (X, Y) — smneitnpiit oneparop. Ciexyrorye yTBep-
JKJICHHST 9KBHBAJCHTHDI:

(1) NoT <My

(2) TX(%X) D Uy, Tx_l(%y) C Ux;

3) ze X =T(rx(x)) D v(Tx);

(4) T(7x(0)) D 7v(0), 7x(0) O T~ (1v(0));

(5) (VgeN) Fp1,spn €M) qo T <p1 V...V p,. <>

5.3.8. Ilycro (X, || ||x) u (Y, ||-||y) — HOpMUpOBaHHBIE IPOCTPAH-
creaunT € (X, Y) — smneiinsiii oneparop. Cirexyromiue yTBep:K ie-
HHUsI 9KBUBAJICHTHBI:

(1) T orpaunuen (1. e. T € B(X, Y));
@) x> |- Iy o T

(3) T paBHOMEPHO HENIPEDBIBEH;

(4) T wmeupepsriBen;

(5) T weupepeiBen B Hy.e.

<1 Bcé ckazanHOe — wacTHBIHN caydait 5.3.7. >

5.3.9. SAMEYAHUE. Ilpemioxkenue 5.3.7 mOKa3bIBaET, YTO OBIBAET
V/I06HO paccMaTpUBaTh BMECTO UCXOHON MyJIbTHHOPMBI I KaKyto-1100
9KBUBAJICHTHYIO eii (bUIbTPOBAHHYIO IO BO3PACTAHUIO (OTHOCUTEIBHO OT-
HOINEHUS > WJIM >) MyJbTHHOPMY. B KadecTBe TAKOil MOXKHO B3SATh
myspTHEOPMY O := {sup Mo : My — HemycToe KOHEHHOE TI0IMHOKECTBO
M}. B 10 ke BpeMs [IpH PACCMOTPEHUN HEDUIBTPOBAHHBIX MYJIbTHHOPM
HEeOOXOIMMA, U3BECTHAST OCTOPOYXKHOCTD.

5.3.10. KoHTPIIPUMEP. Ilycrs X := F= u X, cocrour us mocro-
stHHBIX oToOpaxkennit Xo := F1, rme 1 : £ — 1 (£ € E). Tomoxum
M= {pe : £ €}, tme pe(x) := |z(&)| (x € FE). dceno, aro M —
mysnbruopma B X. Ilycrs reneps ¢ : X — X/Xo — kaHoHumueckoe
orobpazkenue. Hecomnenno, uro IM,-1 cocTOUT TOIbKO U3 Hylad. B To
2Ke BpeMsl MYJIbTHHOPMA ﬁwq xaycaopdosa.

5.3.11. ONIPEAEJEHHUE. Ilycts (X, 91) — MyJbTUHOPMUPOBAHHOE
mpocTpancTBo u Xy — moampocTpancTBo B X. MynbruHOpMY ﬁ¢71,
rie ¢ : X — X/X( — KaHOHHUEeCKoe 0TOGpazkeHNe, HA3bIBAIOT Pakmop-
myavmuropmoti u obosnagaor My x, . Ipocrpancrso (X/Xo, Mx/x,)
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HA3BIBAIOT PAKMOP-NPOCMPaHCME0M IPOCTPAHCTBA X 110 IOAIIPOCTPAH-
ctBy Xp.

5.3.12. @akrop-npocrpancrso X /Xy xaycaopgdoBo B TOM H TOJIBKO
B TOM cJiy4ae, ecad Xo 3aMKHYTO. <I>

5.4. MeTtpusyemble 1 HOPMUPYEMbIE
IIpPOCTPaHCTBa

5.4.1. ONPEJAENEHUE. Ilycrs (X, 9) — MyJbTUHOPMUPOBAHHOE
npocrpancrso. Hazosém (X, M) mempusyemoim, eCam CyImecTByeT Ta-
kasi Merpuka d wna X, uro %y = %y. Ecim wa X cymectByer HOpMA,
SKBUBAJIEHTHAasI UCXOMHON MysnbTuHOpME N, To X HA3BIBAIOT HOpMUpYe-
moim. Ecmm ke Ha X cymecTByer cYETHAST MYJIbTHHOPMA, SKBUBAJIEHT-
Has MCXOIHOM, TO X Ha3BIBAIOT CHEMHOHOPMUDYEMDBIM.

5.4.2. Kpwurepuii MmerpuszyemMoctu. MyabTHHOPMHPOBAHHOE
IIPOCTPAHCTBO METPU3YEMO TOIJIa H TOJILKO TOIJIA, KOIJIa OHO CIETHOHOP-
MHpPYeMO H XayCI0pP@OBO.

< =: [ycrs %m = %4. llepexops, eciu Hy*KHO, K MYyJIbTHHOPME
M, GyeM CIATATH, 9TO JIJIsE BCIKOrO 7 € N MOKHO yKa3aTh TaKIe HOTy-
HOPMY Py, € 9 1 uncio t, > 0, mas xkoropsix {d < 1/n} D {d,, < t,}.
IMonoxkum N := {p, : n € N}. Torga M > N. Ecom V € %y, 1O
V O {d < 1/n} nns mexoroporo n € N 110 onpe/e/ieHHIO METPHYECKOI
PaBHOMEDPHOCTH. 3HAUUT, IO mOCTpoeruto V € %, C %y, 1. e. M < MN.
CirenoBaresibao, 9 ~ N. XaycnopdoBocts %, ormeuena B 4.1.7. Ilpu-
ByieKas 5.2.6, BUguM, 910 %n u Uy XaycaopdOBbI.

<: Ilepexond, eciu Hy>KHO, K SKBUBAJIEHTHONH MyJIbTUHOPME, Oy1eM
CYUTATH, YTO MPOCTPAHCTBO CIETHOHOPMUPOBAHO U Xaycaopdoso: M :=
{pn : n € N} u M — xaycuopdoBa MybTHHOPMA.

Bzas x1, x9 € X, momoxum

— 1 pk(ml - 362)
d = _— =
(-’1517 IQ) kz:;?k]-“‘rpk(zl*lé)

(psa B paBoii gacTu 910l GOPMYJIbI MAXKOPUPYETCsl CXOMUSIIUMCS PSAIIOM
> e, 1/2F, rak uro onpesesenne d KOPPEKTHO).

IIposepum, uto d — 310 Merpuka. JlocraTodsHo ybenuTbCs JIAIID
B CIIPABEJJIMBOCTH HEPABEHCTBA TPEYTOJIbHUKA. lIpexje Bcero, ImoJio-
xuM at) == t(1 +¢)~ (t € Ry). Seno, uro o/(t) = (1 +¢)72 > 0.
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Crajio 6bITh, GyHKIUsT @ Bo3pacraer. Ilpu 3ToM o cyba i iuTuBHA:
oty +to) = (t +ta)(1 +ty +to)~ =
=t (Lt +ta) ™t bl by Ft) P <t (1 + )7 fta(l + )7t =
= a(t1) + a(te).

3uaquT, i T, Yy, 2 € X BBIIOJHEHO

1 =1
srpk(z —y) ZZ_k a(pr(® — 2) + pr(z —y)) <
1 k=1

NE

d(z, y) =

(alpr(x — 2) + alpr(z — y))) = d(z, 2) +d(z, y).

M8
A*|" il

<
- 2
1

>
Il

OcraJjioch ycraHOBUTH coBUajieHue %y u Uon-

ITposepum cuauana, uro %y C Zm. Bospmém mumaap {d < e},
u nycrs (x, y) € {dp, <t}N...N{d,, <t}. Torma ¢ yuérom MOHOTOH-
HOCTH (¢ TIOJTy9aeM

n

d(xv y) -

Tak kak t(1 + ¢t)~! + 27" crpemurcs K Hymo, Korga n — oo u t — 0,
Jutst ogxozsinux t u n 6yzaer (z, y) € {d < e}. Buauur, {d < e} € %n,
YTO M HY?KHO.

Veranosum renepb, uro %y C Ug. Jjis 3T0TO CIIeyer npu JaHHbIX
Prn € M u t > 0 mogsickars € > 0 Tax, arobsr {d,, <t} D {d < e}.
O4eBuIHO, MOYKHO B3ATh

TOCKOJIBKY M3 COOTHOIIICHUN

1 pu(z—1y) 1 ¢t
— = < d(z, <g—= ———
2" 1+ pu(x—y) — (@, y) <

JUIs JIFOOBIX @, Y BBITEKAET, 9To pp(z — y) < t. >
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5.4.3. OIPEJIEJIEHUE. MHOoxKecTBO V' B MYJBTHHOPMHUPOBAHHOM
npocrpancrse (X, 9M) HazbBaAOT 02paruueHtvim, ecam sup p(V) < +oo
upu Bcex p € M, 1. e. ecam unciaoBoe MHOKecTBO P(V) orpaHmueHo
cBepxy B R mrst kaxkmoit mosrynopmet p u3 9.

5.4.4. [list mHoxkecrBa V' B (X, 9N) 9KBHBAJEHTHDI Yy TBEPXKICHHUSL:

(1) V — orpannyeno;

(2) s sroboii nocaenoBareabHOCTH (T )neny B V 1 mocite-
goBareabHocTd (Ap)neny B F rakoii, uro A\, — 0, BbI-
nosieHo A\px, — 0 (v e. p(Ayz,) — 0 mus Beskoid
rostyHOpMBL p € IN);

(3) V morsomaercst kKaxk108 OKPECTHOCTHIO HYJISI.

< (1) :> (2): p(ATLxTL) S |A7L|p(x7b) S |A'n/| Supp(v) - 0'

(2) = (3): IIycrb U € 7x(0) u He BeprO, uro U normommaer V. Ilo
onpesesennto 3.4.9 sro snaunt, uro (Vn € N) 3z, € V) z,, € nU. Ta-
KUM obpasoM, 1/nx, ¢ U nis Bcex n € N, 1. e. (1/nx,) He crpemurcst
K HYJTIO.

(3) = (1): IIycrs p € M. Haiinérea n € N, gy koroporo V C nB,.
SAcuo, uro supp(V) <supp(nB,) =n < +oo. >

5.4.5. Kpurepuii KosimoropoBa. MyibrugopMupoBaHHOE IPO-
CTPaAHCTBO HOPMHUPYEMO B TOM W TOJBKO B TOM CJIy9ae, €CJH OHO Xay-
¢Z0ppoBO U HMeeT OrpaHHYEHHYI0 OKPECTHOCTD HYJIS.

< =: OueBnHO.

<: Ilyctp V — orpanuvennasi OKpecTHOCTb HyJss. He napyrmas
OOIITHOCTH, MOYKHO CUUTATL, 9T0 V = B, JId HEKOTOPO IIOJIyHOPMBI D
u3 ucxoaHo# myabruHopMbl M. Hecomuenno, uro p < 9. Ecnu Tenepn
U € mn(0), o nU D V nua mexoroporo n € N. 3maunur, U € 7,(0).
[Tpusnekast Teopemy 5.3.2, Bugum, aro p > M. Takwum obpazom, p ~ I
U, crajio ObITh, B cuity 5.2.12, p Takxke xaycpopdosa mojyHopma. [lo-
cJeHee O3HAYAeT, YTO p — HOpMa. [>

5.4.6. SAMEYAHUE. [lomyTtHO B 5.4.5 yCTAHOBJIEHO, YTO HAJUIHE
OTPAHUYEHHONW OKPECTHOCTHU HYJS B MYJbTHHOPMHUPOBAHHOM IIPOCTPAH-
CTB€ PABHOCUJILHO €TI0 TIOJIYHOPMHUPYEMOCTH.

5.5. BamaxoBbI IpoCcTpaHCTBa

5.5.1. ONPEAEJEHUE. [ToHOE HOPMUPOBAHHOE TPOCTPAHCTBO Ha-
3BIBAIOT OAHATOBHIM.
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5.5.2. BAMEYAHUE. HenocpenacTBeHHBIM paciiupeHneM KJacca ba-
HAXOBBIX IIPOCTPAHCTB CJIYKAT IOJHBIE METPU3YEMbIE MYIbTHHOPMEIPO-
BaHHBIE IIPOCTPAHCTBA — mpocmparcmea Ppewe. MoKHO cKa3aTb, 4TO
mpocrparcTBa Pperre coCTABIAIOT HANMEHBIITHHA KJTACC, COIEPKAIITNiL 6a-
HAXOBBI MIPOCTPAHCTBA M BBIAEPKUBAIONINA 00pa30BaHMe CIETHBIX MTPO-
u3BejieHnt. <>

5.5.3. HopMHPOBAHHOE MPOCTPAHCTBO SIBJISAETCS GAHAXOBBIM B TOM
H TOJIBKO B TOM CJIydae, €CJIH JII060H abcoM0THO (= HOPMAJILHO) CXOJs-
muiicst psy; B HEM CXOQHUTCS.

< =: Hyers ) ° | |lzn|] < +00 ous mHeKOTOPOI CUéTHOMN MOCTERO-
BaTesbHOCTH (). Torja mocie oBaTeIbHOCTD YACTHIHBIX CYMM Sp 1=
1+ ...+ x, dbynsamenranbha, u60 npu m > k CIpaBeIIUBBL COOTHO-
ICHAS

m m
lsm = skl = || D @l < D laall—0.
n=k+1 n=k+1

<: Iycrs (z,) — caérHas GyHIAMEHTATBHAS TTOCIETOBATETHHOCTD.
BriGepeM BO3pacTaIONIyo MOCJEI0BATEILHOCTD (k) kN TAKYIO, 9TOOBI
“k
ObuI0 ||Ty, — Ty ||< 27° wpu n, m > ng. Torma pax z,, + (Tn, —
Tny) + (Tng — Tny) + ... aBCONIOTHO CXOAUTCS K HEKOTOPOl CymMMe Z,
T. €. Ty, — T. BUIHO, 9TO OJIHOBPEMEHHO C 3TUM Ty, — T. [>

5.5.4. Ilyctp X — 6aHaxoBo mpocTpaHcTBO U X g — 3aMKHYTOE IO
npocrparcrso B X . Torga cpaxrop-npocrparcrso X /Xy 6aHaxoBo.

< Iyers ¢ + X — 27 := X/Xo — COOTBETCTBYIOIEE KAHOHMUE-
ckoe orobpaykerne. HecOMHEHHO, 9TO JJIsi KaxKJOro 3jieMeHTa T € 2
cymiecTByer sjieMenT ¥ € ¢~ (T) Takoit, uro 2||Z| > |lz| > ||Z||. 3ua-
ST, IS PSR Y | Ty, AOCOOTHO CXOASIIErocs B 2, MOXKHO BBIOPAThH
T, € ¢ 1(Tp), obecneuns cxoqumocTs psaga HOpM » - ||z, ||. Ha ocho-
BaHuu 5.5.3 UMeeTcs cymMa T:= »_ - Zy,. Ilycrs T:= ¢(z). Toraa

n
T T

k=1

n

< I—Z$k — 0.

k=1

BuoBb amnesuupyst ¥ 5.5.3, BeiBoguM, 4T0 4 OGaHAXOBO. [>

5.5.5. SAMEYAHUE. [lousaTHo, uTo 5.5.3 MOYKHO TIEpEHECTH HA TI0-
JIYHOPMUPOBaHHBIE IPOCTPaHCTBa. B uactHOCTH, ecan (X, p) — moJHOoe
[I0JIyHODMHPOBAHHOE IIPOCTPAHCTBO, TO pakTop-ripocrpancTBo X/ ker p
banaxoBo. <>
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5.5.6. Teopema. Ilycts X,Y — HOpMHpOBaHHbBIE IPOCTPAHCTBA U
X # 0. IIpocrpancrso orpanndentbix oneparopoB B(X, Y) sapisercs
6aHaXOBBIM B TOM U TOJIBKO B TOM CJIy4ae, ecju Y OaHaxoBO.

< <«<: Hycrs (T;,) — mocaenosarensrocts Ko 8 B(X, Y). Ilo
HOPMaTHBHOMY HepaBeHCTBY jist BeeX © € X BoimosHeHo || Tz — Tzl <
T — Tkl llz|]| — 0, = e. (Thz) — dyunameHTaIbHAS OCIELOBATEIb
HocThb B Y. Takum obpazom, ectsb npenen Tz := lim T,,x. Beccopuo, aTo
Bo3HMKaroIee orobparkenune T — juHENHbIN onepaTop. B cuity onenku
Tl = || Tklll < || Tm — Tk|| nocaenosarensuocts (||T5|]) dyamamen-
tajbHa B R, moTOMy M orpaHudena, T. e. sup, [|[Tn|| < +oo. Orcrona,
nepexozsi K upezeny B HepaseHncrse ||Tnz|| < sup, | T, ||z, moxyqa-
eMm: |T|| < +oo. Ocranocs nposepurb, uro |1, — T|| — 0. Bosbpmém
JUIsi 3aaHHOrO € > 0 HOMep ng Tak, 4Tobbl 66110 || T, — Tyl < &/2
upu m, n > ng. Ilommmo sToro, mis x € Bx mombepém m > ng, A4
koroporo [Tz — Tz| < ¢/2. Torma |Thx — Tx|| < | Thx — Tzl +
Tz — Tx|| < [T — Tl + [|[ T — Tx|| < € upu n > ng. 3naunr,
T — T|| = sup{||Tnwx — Tz|| : = € Bx} < € npu JocTaT0IHO GOJIb-
HINX 7.

=: Ilycre (y,) — nocaepoBaresnsnocrs Komm B Y. Ilo yciosuio

cymecTByer ajeMenT ¢ € X ¢ Hopmoii ||z|| = 1. IIpusnekas 3.5.6 u 3.5.2
(1), nompimenm saement x' € |0|(]| - ||), anst koroporo (z, z') = ||z| = 1.
OueBuziHo, 4TO OJHOMEpPHBI oneparop T, := ' @y, : & — (x, ')y,
sxogut B B(X, Y), ubo || Tn|| = ||2'|| |yn|l. Buauwr, |T,, — Tk| = ||z’ ®
=) 1= 2 g~ ]| = 1gm — gl . €. (T) — chymmamenTambmas
nocaenoarenbaoctb B B(X, V). O6oznauum T':= lim 7T,,. Torma || Tx —
Tox|| = [Tz — ynll < ||T — Ty ||z|| — 0. Nnaue rosops, T — npenen
(yn) BY. >

5.5.7. CiuencrBue. CoupszkEHHOE IPOCTPAHCTBO (€ CONPSIzKEHHOIT
HOpMOH) 6aHaxoBo. <I>

5.5.8. CiuencrBue. Ilycte X — HOpMHPOBaHHOE IIPOCTPAHCTBO,
t: X — X" — gBoiiHoe mITpEXOBaHHWE, OCYyHIECTBJISIONICE KAHOHHIE-
ckoe Baoxkenme X BO BTOpoe conpsikxénnoe npocrpancrso X', Torma
sambikanne cl (X)) — nonosnenne X.

< B cuiy 5.5.7, X — 6anaxoso npocrpancrso. ITo 5.1.10 (8) oTo6-
pazkenue ¢ — 310 m3omerpusa X B X”'. Ocranock cocnarbes Ha 4.5.16. >

5.5.9. IIPUMEPHI.

(1) «AGcTpakTHBIE» NPUMEDPBL: OCHOBHOE MOJIE, 3aMKHYTOE
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IIO/IIIPOCTPAHCTBO OaHAXOBa IPOCTPAHCTBA, IIPOU3BEICHNE OAHAXOBBIX
IIPOCTPAHCTB, 5.5.4-5.5.8.

(2) Mycrs & — memycroe muoxectso. Bass z € F, no-
J0KUM ||Z||e 1= sup|xz(&)|. IIpocrpanctBo loo(&) = (&, F) :=
dom || - ||eo HABBIBAIOT NPOCMPAHCNEOM 02PAHUNEHHHBT PYHKUUT Ha & .
Ucnonbaytor u takue obosnavenus: B(&) wim B(&, F). Ilpn & := N
HOJTArAIOT M= log := [oo (&).

(3) Iycrs # — dbunbrp B &. Ilo onpesieseHNIO CIUTAIOT
re€c(&, F)o (v €lx(f) nx(F) — bunbrp Komu B F).

B cayuaae, korna & := N u % — GuiabTp J0MOJTHEHI KOHEIHBIX MHO-
skecTB B N, mumyT ¢:= ¢(&, .F) 1 roBOPSIT O NPOCTMPAHCNEE CLOOAULULCA
nocaedosameavnocmeti. B ¢(&, F) paccMarpuBaioT IOJIIPOCTPAHCTBO
co(&, F)={zec&, F): z(F)—0}.

Ecin .% — buibTp A0n0IHEeHTE KOHEIHBIX MHOXKECTB B OECKOHed-
HOM &, TO TIPUMEHSIIOT COKPANEHHYI 3amuch ¢o(&) := co(&, F) n
TOBOPSIT O MPOCMPAHCMNEE PYHKUUT, UCHEZAIOUWUT HA OECKOHEUWHOCTNAU.
IIpu & := N numyT npocro ¢y := ¢o(&). IIpocTpaHCTBO ¢y HA3BIBAIOT
NPOCMPAHCMEOM CTOOAUULCA K HYA10 nocaedosamenvrocmedi. Cremyer
HOMHHUTB, 9TO BCE 3TH IIPOCTPAHCTBA 6€3 0COGLIX OrOBOPOK HAJIENIAIOT
HOPMOI, B3ITON M3 COOTBETCTBYIOIIETO IPOCTPAHCTBA oo (&, F).

(4) Ilycrs S:= (&, X, [) — cucmema ¢ unmezpuposaruem.
Takum o6pasom, X — BekTOpHas pemréTka B R | mpmaém perméTodnsie
omepammu B X u R¢ cosmamaior, a J: X = R — (nped)unmeepan, . e.
J € Xf u [z, | 0, kKak TonbkO T, € X 1 xy(e) | 0 gz e € &. Ilycrs,
nanee, f € F¥ — usmepumoe (orHocHTebHO S) 0TOGparKenne (MOKHO,
KaK 9TO OOBIYHO U IPUHSITO, TOBOPUTH O MOYTHU Be3Jle KOHEYHBIX [TOYTH
BE3/IE OIPEJIEIEHHBIX U3MEPUMBIX (DYHKIIUIX).

Hosoxum Ay (f) := ([ |f|P)Y/? st p > 1, tie [ — coorsercrsy-
1o1ee  4e0e2060 PacUUPerue NCXOLHOTO nHTerpata [ (HCIOIb30BaHME
€JIMHOTO CUMBOJIA — TPAJUIIUOHHAS BOJBHOCTD ).

DuteMeHTHl dom 4] HA3BIBAIOT UHMELPUPYEMBLMU WA CYMMUPYe-
MoLMYU DYHKITHSMA.

WNurerpupyemocts f € Fé PaBHOCIJIbHA HHTEIPUPYEMOCTH €€ BelTe-
crBennoit n MmEuMoit acteit Re f, Im f € R?. [l st HOTHOTHI HATIOMHIM,

aro A1 (f) = N(f), tae
N(g):=
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= inf{sup/xn d(zn) C X, 2 < zpy1, (Ve € &) |gle)] = lim $n(€)}

N &
st ipousBosibHOl g € F¢ . Ilpu F = R sicro, yro dom 4] nipejcrapisier
3ambikanue X B 110JiyHOpMUpOBaHHOM 1pocTpancTse (dom N, N).
Hwmeer mecto HepaBenctso I'érbepa

Hi(Fa) < M) N () G+%LP>O-

< DTO HEPABEHCTBO €CTh CJIEACTBUE Hepasencmea FOwea:

npuMeHEHHOTO K | f|/ A5 (f) 1 |g|/ Ay (g) B cayaae, korma A, (f) u Ay (g)
He PaBHBLI Hymo omHoBpeMenno. Ilpu A,(f) Ay (g) = 0 mepasencrso
I'énpaepa mecomuenno. >

MuoxecrBo £, := dom A}, sB/IsI€TCS BEKTOPHBIM IPOCTPAHCTBOM.

< f+gl? < (f1+lgh)” < 2°(fIvIgh? = 28 ([f[PVIgl?) < 2°(1f1P+1gl”) =

Dynkmus S, — I0JIyHOpMA, HOO [JId Heé CIPABEI/IIBO HEPABEHCTBO
MunakoBckoro

Mp(f +9) < Mp(f) + Ap(9)-

< IIpu p = 1 mepaBenctBo MunkoBckoro necomuenno. Ilpu p > 1
HEPaBEHCTBO MHUHKOBCKOTO CJIEIYET U3 [IPECTABICHUS

Mp(f) = sup{A1(f9)/ N (9) : 0 < Ap(g) < too} (f € L),

B IIPABO YaCTU KOTOPOTO CTOUT BEpPXHss Orubaromas ceMeicTBa moJry-
HOPM.

Jljist toKa3aTe/beTBa Hy KHOTO MIPEJICTABJICHUS B CUTy HEPABEHCTBA
I'énpnepa mocrarouno 3aMeTutsb, uTo npu A,(f) > 0 mua g == |f |/ v
BBIIIOJIHEHO ¢ € %)y U, KpoMe 1oro, A, (f) = M (fg)/ Ny (g)-

B camom mene, A1(fg) f|f|p/1’ 1= f/iq,(f) , ubo p/p’ +1 =

p(1—1/p) +1 = p. Ilommmo sroro, A ( = [lgl”" = [Iflr =
Np(f)P, Tak aro Ay (g) = %(f)p/p. OKOHtIaTeJIbHo [0JIy 9aeM

NF9) | N (g) = Ap(f)P [ N (F)P/P" =
= M (PP = Ay (F)POTHD = (),
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YTO U 3aBEPINAET JOKA3aTEIbCTBO. [>

DuteMeHTHI dom 4] HA3BIBAIOT UHMEZPUPYEMBLMU U CYMMUPYe-
Mmoemy yHKIIIMA. VHTerpupyeMocts [ € F¥ PaBHOCHJIbHA UHTETPH-
PYEMOCTH BelrecTBeHHOH n MuEMOH 4acteit Re f, Im f € R®. Pamu
[IOJIHOTBI, HAIIOMHUAM, 9TO

N(g):=

= inf{sup/zn s () CX, xy <apy1, Vee &) |gle)] < limzn(e)}

n

&
s mpousBoJibHoro g € F¢. Ecim F := R, to dom .41, oueBuHO,
npeacraBisger coboil 3ambikanue X B HOPMUPOBAHHOM IIPOCTPAHCTBE
(dom N, N).

®akrop-npocrpancTBo 75,/ ker A}, HanenéHIOEe COOTBETCTBYIOMIENT
daxTop-HOpMOii |||, HASBIBAIOT NPoOCMPANCMEOM GYHKUUT, CYMMUPYe-
Mol (8Mmecme) ¢ p-moti cmenervto, NN TPOCTPAHCTBOM P-CYMMUPYEMbIX
dynknnmit n oboznagaior L,. Komedano, ncnonssyror u 6oee passépHy-
Thie cuMBoubl Tuna Ly, (S), Ly(&, X, [)unr o

Haxkonern, ecjiu cucteMa ¢ HHTETPEPYEMOCTHIO S BO3HUKAET U3 Pac-
CMOTPEHHsI CTYIIeHIATHIX U3MEPUMBIX (DYHKIHUI Ha Npocmpancmee ¢ me-
pot (0, o, p), ro mumyt Ly(Q, o, p), Lp(Q, p) m mazxe Lp(p), tae
OCTAJIbHBIE TAPAMETPBI PACCMATPUBAEMOI CUTYAIINH SCHBI U3 KOHTEKCTA.

Teopema Pucca — ®uinepa. Ilpocrpancrso L, apisgercs bana-
XOBBIM.

< Hamerum nokazarenbcrso. BozbMéM Kakoil-11b0 abCOIOTHO CXO-
asmmitcst pag t:= >0 Ap(fr), rae fi € L. Honoxnm oy = > fr
U Sp = Y op_y |fk]. Bummo, 4ro mocienoBaTesbHOCTH (S;,) COCTOMT U3
HOJIOXKUTEILHLIX (DYHKIMI U SIBJIeTCs Bo3pacTamomieil. JTo Ke Bep-
HO 11 mocaeoBarensaoctr (sb). Bomee Toro, [s? < P < +o0. Ilo
TeopeMe JIEBH O MOHOTOHHOH CXOJMMOCTH IIOYTH I KazKIOro € € &
upegnes g(e):= lim sP (e) KOHEUeH U MOXKHO CUUTATH, UTO BO3HUKAIOIIASI
bynxmus g nexxur B 7. Honaras h(e):= g/P(e), Bumum, uro h € %), n
sp(e) — h(e) mourn npu Beex e € &. 113 HepaBeHCTB |0y, | < s, < h BBITE-
KAET, 1ITO MOUTH 1Ist 106010 € € & cxonures pag y - fr(e). duas cym-
Mol fo(e) 6yaer |fo(e)| < h(e), u, crano 6bITH, MOXKHO CIHTATH, 9TO fo €
Z,. Ilpumenssa reopemy Jlebera 06 orpaHuYeHHO CXOLUMOCTH (= O IIpe-

JIeJTbHOM nepexoae), 3aKJII0YaEM: /l{,(an —fo) = (f |0n _ f0|p) 1/p — 0.
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Nrak, abCcoMOTHO CXONAMIMIACA Pl B MOJYHOPMUPOBAHHOM IIPOCTPaH-
cree (£, Ap) cxomures. Ocraéres cocaarbes Ha 5.5.3-5.5.5. >

Ecnu cucrema S — 310 «00BIMHOE CyMMUpOBaHue» Ha &, T. €. B CJIy-
qae, korja X := Y R — mpamas cymMmma ocHOBHBIX moseit R n Jx=
Y ece x(€), mpocTpancTBo L;, COCTOUT U3 CeMEUCmSs, CYMMUPYEMBIT C
p-motl cmenenvio. ITO MPOCTPAHCTBO 0003HAIAOT [,(&). Ilpm srom

1/p

. p .
|zllp = (C.ce |z(e)|P) ", pu & := N mumyr npocro l, 1 rosopsr o
NPOCMPAHCMEE NOCAEAOSAMENLHOCTNET, CYMMUPYEMBLT ¢ P-MOTi cmene-
HBI0.

(5) IIpocrpancTBo Lo OLpENEsIOT HA OCHOBE CJleiyroleit
koHCTpYyKImHu. Ilycts X — yropsgodeHHOE BEKTOPHOE ITPOCTPAHCTBO U
e € X| — HOoJOXKUTEIbHBIN 3steMeHT. [loaynopmoti pe, accoyuuposarnoti
¢ e, Ha3bIBalOT (DYHKIMOHAT MUHKOBCKOTO IIPOMEKYTKA [—€, €], T. e.

Pe(x):=1inf{t > 0: —te <z < te}.

IIpocrpancrBo X, coBmajatoriee ¢ 3pHeKTUBHON 00IaCTHIO OIIpe/Iesie-
Hust dom P, HABBIBAIOT NPOCMPAHCINEOM 02PAHUNEHHDLT N0 OMHOULEHUIO
K € JINEMEHMOB, & CaM DJIEMEHT € — CuAbHoU edunuyetd B Xe. DIIEMEHTBI
sanpa ker p. Ha3bIBAIOT HeapTumedosvimu (110 OTHOIIEHUIO K €).

®akrop-nipoctpancTBo X,/ ker p. HanesroT (haKTOP-1I0Ty HOPMOH
U HA3BIBAIOT HOPMUPOBAHHBIM NPOCTNPAHCTNEOM 02PAHUYEHHBIT INCMEH-
mos, nopoostcoérnum e (8 X). Tak, npocrpancreo C(Q, R) Henpepsis-
HBIX BEIECTBEHHBIX (DYHKIINI HA HEIyCTOM KOMITAKTE () €CTh HOPMHUPO-
BaHHOE IIPOCTPAHCTBO OTPAHUYEHHBIX 3JIEMEHTOB, ITOPOXKIEHHOE (DYHK-
mueit 1:= 1g : ¢ — 1 (¢ € Q) (B cebe). B mpocrpancree R Ta e
dyukuus 1 10poKAAET IPOCTPAHCTBO oo (&).

g cucTeMbl ¢ MHTErpupoOBaHueM S :— (é" , X, [ ) B IIPE/IIIOJIOMXKE-
HUU U3MEpUMOCTH 1 paccMaTpUBAIOT MPOCTPAHCTBO TAKUX M3MEPUMBIX
dbyuarnwmit u3z & B F, uaro

Noo(f)i=inf{t > 0: |f| <1} < +o0,

rae < o3HavYaeT «MeHbIIe HOYTH Be3je». ITO IPOCTPAHCTBO Ha3bIBa-
IOT IPOCTPAHCTBOM CYULECTNGEHHO 02PAHUMEHHOLT PynKyuti 1 0603HATA-
10T Lro.

DakTOpP-IIPOCTPAHCTBO %o,/ ker A5, 0b03HAUAIOT Loy, & HOPMY B
HEM — || - ||oo. Diementbl Lo, JOIyCKasi BOJBHOCTb PeYM, HA3BIBA-
10T (KaK U 3JIEMEHTBI L) CYULLCTNBEHHO 02PAHUNENHMY HYHKUUAMU.
IIpocrpancrBo Lo, siBaAsieTcss 6aHAXOBBIM. <|>
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ITpocrpancrBy Lo, Tak xe, Kak u npocrpancrsaM C(Q, F),1,(&),
co(&), ¢ lp, L, (p > 1), npucBoeHo Ha3BAHUE «KJIACCHIECKOE HGAaHaXO-
BO IIPOCTPAHCTBO». B mocsenee BpeMs K 9YHUCIY KJIACCHYECKHX OTHO-
cAT TaKkkKe npocmpancmsa Jundenuwmpaycca, T. €. IPOCTPAHCTBA, CO-
IPSPKEHHBIE K KOTOPBIM M30METPUIHBL L1 (OTHOCHTENbHO KaKOH-HUGY1b
CHCTEMbI C MHTerpupoBanueM). MOoXKHO NOKa3aTh, 4TO 6AHAXOBO IIPO-
crpancTBO X OyJer KJIaCCHYeCKUM B TOM M TOJBKO B TOM CJIYy4ae, €CJIH
COTIPSZKEHHOE MPOCTPAHCTBO X' M30METPUYHO OJHOMY U3 IIPOCTPAHCTE
Ly, npu p > 1.

(6) Iycrs S:= (é", X, f) — CHCTEeMAa C UHTETPUPOBAHUEM U
p > 1. JTomycrum, 910 Jijig KaxkJI0ro € € & umeeTcst GaHax0BO IPOCTPAH-
crBo (Ye, |- |ly.). Bosbmém smoboit snement f € [[.cp Ye n momorum
UL e 1@y, . Tyers, aanee, Ny(f)i— inf{Ap(g) : g€ L, g >
£} fcno, uro dom N,y — BEKTOPHOE IPOCTPAHCTBO C IOLYHOPMOit N,
®axrop-npocrpancrso dom N,/ ker N, ¢ coorsercrByomeii HopMoii |||,
HA3BIBAIOT cymmoli cemeticmea (Ye)ecs no muny p (Tounee, no Tuny L,
B CHCTeMe C HHTerpupoBaHueM S).

Cymma 1o THIIy p ceMecTBa IMPOCTPAHCTB — OGAHAXOBO HMPOCTPAH-
CTBO.

< Iyers Y07 Np(fk) < +o00. Toraa nocienoBaTebHOCTD 9aCTHY-
HBIX CyMM (S := >, || fx]]) cxomures k meroTOpPOIt HOUTH Be3ne KOHET-
HOU mostoxkuTenbHON dynkmun g u Ny(g) < +oo. Orcioma BEIHO, ITO
HOYTH JIJIst KaXKJOTO € € & CXOJUTCs HOCIe0BATEIBHOCT (Sy(€)), T. €.
psan > ooy || fe(e)]]y,. U3-3a mommorst Y, nomyaaem, ato pag Y, fr(e)
cxomures K HekoTopoit cymme fo(e) B Y. mouru upu jobom e € &. Ilo-
ckoubKy | fo(e)]ly, < g(e) mouru npu Bcex € € &, MOKHO CUUTATD, UTO
fo € dom N,,. Hakomer, N, (32101 fr — fo) < >0, 1 Np(fi) = 0. >

B cayuae &:= N u «00BIMHOTO CyMMUPOBaHUsI> CYMMYy %) mocJie1o-
BATEJILHOCTU GaHAXOBBIX IPOCTPAHCTB (Y, )neN 9acTO 0003HAUAIOT

@Z: (Yl@YQ@...)p,

rje p — THUI CyMMHUPOBAHUS. DJIEMEHT 7j IPOCTPAHCTBa ) — 9TO0 mocie-
JIOBATEJILHOCTD (Y )neN TaKast, 9To Yy, € Yy, 1

% 1/p
gl = { D llyally, | < +oo.
k=1
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B cayuae, xorma Y, := X upm Jiobom e € &, rime X — HEKOTO-
poe GanaxoBo upocrpancrso naz F, nmosaraior %, := dom N, u F, :=
Fp/ ker Np. DiteMeHTHI HOIyIeHHLIX IPOCTPAHCTB HA3LIBAIOT 6EKMOP-
HOLMU NOAAMU I X -3HA¥HbMU PyHKyusmy HA & (C HODMaMU, CyMMU-
PYEMBIMHE C p-TOH cTereHbio). HecoMHeHHO, 9T0 IpocTpancTso F), ABiis-
ercsi DaHaXOBBIM. B TO 2Ke BpeMsi eCJIM B KCXO/HOM CHCTEME C HHTErPUPO-
BaHHUEM €CTh HEM3MEPHMOEe MHOXKECTBO, TO IPOCTPaHCTBO F), comepkur
yepecyyp MHOTO 3JIEMEHTOB (TaK, Jijis OObIYHOI JIe6EeroBoii CUCTEMbI C MH-
rerpuposanueM Fy, # L,). B 370l cBA31 B IpocTpaHcTBe ), BLIICIIAIOT
GYHKIMKA ¢ KOHEYHBIMU MHOXKECTBAMU 3HAYEHWIA, KayKJ0e U3 KOTOPBIX
[IPUHUMAETCS Ha U3MEPUMOM MHOYXKecTBe. Takue 3JieMeHThI, PABHO KakK
1 OTBEYAIOLINe UM KJIACChl B Fj,, HA3BIBAIOT NPOCTMOIMU, KOHEYHO3HAY-
HOLMU, CMYNEHYATNBMY TITA PASMEUEHHBMU GYHKUUAMY. 3aMBIKAHUE
MHO2KeCTBa IIPOCThIX dyukImil B F), o6o3nauaior L, (6osee pa3sépHyTO:
L,(%), L,(S, X), L,(Q, &, ), Lp(, p) 1 T 1.) U HA3LIBAIOT Npo-
cmpancmeom X-3naunoir GyHKyul, CYMMUPYEMDBLT ¢ P-Mot CMeEnenvlo,
WIN XK€ NPOCMPAHCMEOM P-CYMMUpyemoir X-anaunur Gynryud. fcHo,
1o L,(X) — 6aHaxoBO IPOCTPAHCTBO.

[IpowutocTpupyeM OJHO U3 JOCTOWHCTB ITUX MPOCTPAHCTB B CJIy-
qae p = 1. 3amerum mpexkie BCEro, 9To mpocTyo MYHKIUIO f MOYXKHO
3alACATH B BUJIE «KOHEYHON KOMOWHAIMN XapAKTEPUCTUICCKUX (DyHK-

[= Z Xf-1(z)T,

z€imf

A :

e MuoxkecTBo f1(z) m3mepumo npu x € im f. Bosee Toro,

Jin= [ ¥ el -

z€imf
~ [ 2 xowlel = Xl [ <.
z€imf z€imf

Kaxxmoit mpocroit dyukiun f comocraBum 3jeMeHT B X [0 IPABUIIY:

/fiz Z /Xf*l(x)x-

z€imf
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IIpoBepKa MOKA3BIBAET, YTO BO3HUKAMOIIMIL HHTErpas [, OlpeIe/SHHbLHA
Ha TOAMPOCTPAHCTBE MPOCTHIX PYHKIWMIA, JuHeeH. Bojee Toro, on orpa-
HUYEeH, 10O

H/fH > [rrws< ¥ [xwled -

z€imf zeimf

= [ 3 bl = [0

z€imf

B cuny 4.5.10 u 5.3.8 onepatop f JOIIyCKaeT e€IMHCTBEHHOE ITPOJIOJIZKe-
HEe 710 d7eMenTa npocrpancrBa B(L1(X), X). Dror anement obo3Ha-
4aloT TeM Ke CUMBOJIOM [ (WM [, M T. IL) U HA3BIBAIOT UHMEZPAAOM
Boxnepa.

(7) B ciyuae «OOBIMHOTO CYyMMWPOBAHUST> TPWHSITHL TE KE
COTJIAIICHNUSI, UTO U B CKaJIsApHO# Teopun. VIMEHHO, BMECTO MHTErPaJioB
CYMMUDPYEMBIX (DYHKIHUI FOBOPAT O CYMMAT CYMMUPYEMBIT cemelicmne u
UCIOJIB3YIOT COOTBETCTBYIOIINE CTAHJAPTHBIC 3HAKHA. 1Ipnm 3TOM GecKo-
HEYHOMEPHOCTD MTOPOXKIAET CBOM MIPODJIEMBIL.

IMycre (,) — cemelicTBO JeMeHTOB GaHAaXOBa HpOCTPaHCTBA. Ero
CYMMHUPYEMOCTH O3HAYAET CyMMHPYEMOCTDL (B CMBICIe mHTerpasia Box-
Hepa) 9ucsIoBoro cemeitcrsa (||, ||), T. . aGCOMIOTHYIO CXOMMOCTD DsiJia
(xn). Tem cambiM cpeau () JUNIb CIETHOE UHUCJIO HEHYJIEBBIX 3JI€-
MEHTOB U (Z,,) MOXKHO cUATaTh (CY4ETHOI) mOCIem0BaTEIbHOCTHIO. [Ipn

srom » o |lzn|| < +oo (= pax @1 + x2 + ... abeomorHO cxomures). C
yI€TOM 5.5.3 IJIsT CYMMBI psijia & = 220:1 Ty, BBINOJIHEHO: T = limyg S,

rae sg i= »,,c9Tn — (CoOTBercTByIOmAs ) WacTHuHas cymma, a
mpoberaeT HaIpaBjeHHe KOHEYHBIX noamuoxkectB N. B mocrenneir cu-
TYAIMN & U3PeKa HA3BIBAIOT HEYNOPAJOUEHHOT cymmol psana (Tn), a
HOCJIEJI0OBATENBHOCTD (L) — HeYynopadowerno cymmupyemot x x (mu-
OIyT: & = ), .yTp). B 3THX TepMHEHAX 3aKTOIaEM: CYMMHDYEMOCTh
BJIEYET HEyNOPsJIOUEHHYI0 CYMMUDPYeMOCTh (K Toii ke cymme). Ilpm
dim X < +o0o BepHO u obparHoe yTBepkKieHue (= Teopema Pumana o
pagax). O6uwmil cirydaii pa3bacHAET cyeyomuil ry6okuil akt.

Teopema /IBoperikoro — Pom>kepca. B kaxkjgom 6eCKOHETHO-
MepHOM 6aHaxOBOM mpocTpaHcTBe X [JIsT JII0OOH MOCIET0BATE/IHHOCTH
< o0
nosoxurebHbIx nces (t,) rakoi, 4ro Y .o t2 < +00, cymecTByer
HEYHOPSIJI0YCHHO CyMMHUDPYEMasl II0CJAE[0BATEIbHOCTD 3JI€MEHTOB (Iy,), ¥
KOTODOI ||y || = t, pu Bcex n € N.
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B sToit cBaA3M Ay cemelicTBa 3JIEMEHTOB MPOU3BOJILHOIO MYJIbTH-
HOPMHPOBAHHOTO pocTpancTBa (X, ) UPUHUMAIOT CJIEIYIONIYIO Tep-
MUHOJIOTHIO. [OBODAT, 9TO cemeticmeo (Te)ecs CYMMUPyeMmo uad 6es-
YCA06HO cymmupyemo (K CyMMe T) U MUIIYT T:= ) . » T IPU yCIOBUM,
910 X gBJgercd upeneaoMm B (X, ) cOOTBETCTBYIONIEH ceTU YacTHY-
HBIX CyMM (Sg), T1e 6 — KOHeYHOe MOIMHOXKECTBO &, T. e. Sy — &
B (X, M). Ecmm qyia Kazkaoro p CymecTByeT cyMMa » . p(Te), TO
FOBODSIT, ITO CEMENCTBO (Z¢)ccs abCOAOMHO cymmupyemo (Wi, 9To 60-
Jiee TIPABUIBHO, PYHIGMERMAALHO CYMMUPYEMO, WA JIAKE AOCOAOMHO
Pyrdamenmanvho).

IIycts B 3aksmodenue ) — emé ogHO OAHAXOBO IPOCTPAHCTBO H
T € B(%, 2). Oneparop T eCTeCTBEHHBIM CIIOCOOOM PACIPOCTPAHSI-
10T J1o omeparopa n3 Li(X) B L1(9)), monaras mias mpocroit X-3HadHOlM
dbysxyn f, aro Tf : e — Tf(e) npu e € &. Torma gy f € Li(X)
Oyner Tf € L1() u fg Tf = ng f. Tociemnuuii dpaxT BbIpazKaioT
cJI0BaMu: <«WHTErpaj BoxHepa KOMMyTHPYeT ¢ OrpAaHWYEHHBIMH OIepa-
TopamMm». <>

5.6. Anrebpa orpaHWMYEHHBIX ONIEPATOPOB

5.6.1. Ilyctp X, Y, Z — HOpMHpOBaAHHBIE IIPOCTPaHCTBa, a 1 €
Z(X,Y)u S € LY, Z) — muneiiapie oneparopnl. Torga || ST| <
1SN IT||, . e. oneparopras HOpMa siBJIsIeTCST CYyOMYIbTHIIHKATHBHOI.

<! B cuy HOpMATHBHBIX HEPABEHCTB I T € X BBIIOJIHEHO
[STxl| < [[S| | T2 < ISI T =]l >

5.6.2. 3AMEYAHME. B anrebpe, B 4acTHOCTH, U3y4alOT (accorua-
TuBHBIE) aazebpor Ha F. Tak HA3BIBAIOT BEKTOPHOE MPOCTPaHCTBO A
Haj F, B KOTOpOM MMeeTcst (ACCOIMATHBHOE) YMHOYKEHHUE JIEMEHTOB O :
(a, b) — ab (a, b € A). Ilpenuonaraercs, 4T0 YMHOKEHHE O AUCTPUOY-
THBHO OTHOCHUTEJIBHO cyioxkenus (1. e. (A, +, o) — a0 (accormmarusnoe)
K0AbY0) U, KPOME TOT'O, YTO OIIEPAIUSL O COZAACOBANHA C YMHONCEHUEM HE
ckaasp B TOM cMbicie, 4ro A(ab) = (Aa)b = a(Ab) upu Beex a, b € A
u A € F. Nubivu ciioBamu, B 60jiee pa3BEPHYTOM BHjie ajrebpa — 3TO
natbop (A4, F, +, -, o). B 10 ke Bpems, Kak U B APYTUX aHAJOTUIHBIX
CUTYaIUsIX, TOBOPST MIPOCTO 00 ajredbpe A.
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5.6.3. ONPEAENEHUE. Hopmuposarhas anszebpa (Haja OCHOBHBIM
[0JIEM) — 9TO accoluaTHBHas ajrebpa (Haj 9THM I[0JIEM), HaJeI¢HHAsT
CyOMyJIBTUIINKATUBHOI HOpMO#t. Banaxrosa anzebpa — 3TO OTHAST HOP-
MUpPOBaHHas ajaredpa.

5.6.4. IIycrp B(X):= B(X, X) — mpocrpancTBo OrpaHuYeHHbIX
SHI0MOP(H3MOB HOpMHPOBaHHOTO npocrpancTsa X. C onepamnmeri cy-
[IePIIO3HIMH OIIEPATOPOB B KAUeCTBE YMHOXKCHHUS U C OIIePaTOPHOH HOp-
moii ipocrpancrso B(X) npescrasiisier coboit HODMHPOBAHHYO aJirebpy.
IIpu X # 0 B B(X) ecrb equauynblii snement Ix u ||Ix|| = 1. Aarebpa
B(X) sBisiercst 6aHaxoBoii B TOM H TOJBKO B TOM cjydae, ecad X —
6aHaXOBO MPOCTPAHCTBO.

< Ecmm X = 0, to Bcé oueBmmno. Ecim xxe X # 0, To HyKHO
BOCIIOJIB30BAThCA 5.5.6. >

5.6.5. BAMEYAHUE. B cBsi3u ¢ 5.6.4 3a astemenToM A\ x, riie A € F,
yI06HO 3aKPENuTh TOT 2Ke caMblil cumBoit A. (B gacraocru, 1 = Iy = 0!)
ITpu X # 0 onucaHHYIO POIELYPY MOXKHO MBICJIUTh KAK OTOXKIECTBJIE-
HUEe OCHOBHOTO 110JisA [F 1 ofyHOMEpHOTO To/iITpocTpancTsa Flx .

5.6.6. OPEAEJEHUE. [lycts X — HOpMUPOBaHHOE POCTPAHCTBO
uT € B(X). Yncio r(T):= inf {|T"||'/" : n € N} nassisator cnex-
mpaavrom paduycom T. (EcrecTBEHHOCTH 9TOr0 TEPMUHA CTAHET SICHOI
HECKOJIbKO 103Ke (cp. 8.1.12).)

5.6.7. 7(T) < |IT|l
< HeticreurensHo, B cuny 5.6.1, |17 < [|T]|".

5.6.8. CupasemnBa ¢opmyia lenbgania
r(T) = lim /|| T"|.

< Iyere € > 0 u s € N rakossl, uro |1 < (r(T) + ). Hua
kaxkjoron € N B ciryuae n > s umeercs ipejicrasienne n = k(n)s—+1(n),
e k(n), I(n) e Nu 0 <li(n) <s— 1. 3uaynr,

HTnH _ HTk(n)sTl(n)H < HTsHk(n) HTl(n)H <
S (VT VAT )T = b7 H).
CienoBaresbHO,

r(T) < | TH|M™ < M| TR/ <
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< Ml/n(’l“(T) +E)k(n)s/n _ Ml/n(’l“(T) +€)(n—l(n))/n-

Tak xkaxk MY" — 1 u (n—1(n))/n — 1, o #(T) < limsup|/T"||*/" <
r(T) + e. Coornomrenue liminf |77||*/" > r(T) ouesummo. B cuy
UPOU3BOJILHOCTHU € NOJIydaeM Tpebyemoe. >

5.6.9. Teopema o cxogumoctu psaa Heitimana. Ilycto X —
6anaxoBo npocrparcto u T € B(X). DKBUBAJIEHTHBI Yy TBEDIKICHHSL:
(1) psg Heiimama 1 +T +T? + ... cxoauress B onepaTopHOLt
HOpMe npocrpancTsa B(X);
(2) |IT*|| < 1 g mexoroporo k uz N;
3) (7)< 1.

IIpu Bbuosnennn oxuoro uz ycaosuii (1)—(3) 6yzer Y o (T
(1-T)"1.

< (1) = (2): Ecm pay Heiimana cxoaurest, To obmmit wien (T)
CTPEMUTCS K HYJTIO.

(2) = (3): OueBnzno.

(3) = (1): Ha ocnoBaruu 5.6.8 npu noaxojdamemM € > 0 s Beex
nocrarouno Gompmux k € N 6ymer r(T) < ||T*|VF < »(T) +¢ < 1.
UnbIME cIOBAMHI, XBOCT pajga Y p ||T%|| Maxopuposan cxoagmumcs
psiztoM. YuurbiBas nossory B(X) u kpurepuit 5.5.3, 3akiodaem, 9To
psn Yoo o T* cxonures B npocrpancree B(X).

[Iycrs Teneps S:= ZZO:O TF u S, = Z:O T*. Torna

k:

SA-T)=limS,(1~T) =lim(1+T +...+ T")(1-T) =

= lim(1 — 7" = 1;
(1-T)S = lim(1 — T)S, = im(1 — T)(1 + T + ...+ T") =
=lim (1-7""") =1,
6o T" — 0. Urax, B cuny 2.2.7, S = (1 - T)" L. >

5.6.10. CaegcrBue. Eciu ||T|| < 1, To omeparop (1 —T) (menpe-
DbIBHO) obparuMm (= mMeeT orpaHHYeHHbIH oOparTHbIH), T. €. obpar-
HOE€ COOTBETCTBHE — OrPaHUYEHHBIH JUHEHHBIH omeparop. Ilpm sTom

[(L-D) Y <@—|TH~*
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< Pan Heitmana cxoaurcs, mpuaém
o0 o0
Q=D)<Y TR <Y N7 = A =T~ >
k=0 k=0

5.6.11. CuaegcrBue. Ecm |1 —T| < 1, ro T obparum u

1-T|
1-T71Y < ”7.
S
<1 ITo Teopeme 5.6.9,
14y Q-1 =>(1-T)F=1-Q-1)"' =177".
k=1 k=0

Orciona BLIBOIMM:

D A-DF| <Y Ia-DF <Y =TI >
k=1 k=1 k=1

5.6.12. Teopema Banaxa 06 obparuMmbix omeparopax. llycrs
X 'Y — 6anaxossr npocrpancrsa. Muoxectso (menpepbiBHO) obpaTu-
MBIX OIIEPATOPOB OTKPBITO. IIpn 9TOM onepariust 0OpaleHust oepaTopa
T +— T~ apisercs HepepbIBHBIM 0TOBPAsKEHHEM.

< Iycrs onepatopst S, T € B(X, Y) taxosw, uto T € B(Y, X)
u, kpome Toro, [T ||S — T| < 1/2. Pacemorpum oneparop T 1S €
B(X). Umeem

17~ =1 =

1
=778 =TT =TS < THIT -S| < 5 < 1.

B cuy 5.6.11, (T~18)~! — 310 3;mement B(X).
osnowum R:= (T~1S)~1T~1. Scno, uro R € B(Y, X) u, xpome
TOTO,

R=sYrH'r-t=-5"
ITomumo 3TorO,

ISTH =T < 187 =17l =
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_ _ _ _ Lo
= 1S7HT = )T < ISTHHT = ST < 5157
Orciona ||S™Y| < 2||T7Y||. Okonuarensro
IS~ =T~ < ISTHIT = SIHIT=HE < 20T~ HPIT = S &

5.6.13. ONIPEAENEHUE. Ilycre X — 6anaxoBo mpocTpancTBo Ha F
uT € B(X). Crangp A € F Ha3bIBAIOT pe2yasphoim UL PE3ONLEEHM -
nowm anavenuem T, ecm (A — T)~! € B(X). Ilpu stom mnojaraior
R(T, \):= (A —T)~! u nmaspiBator oneparop R(T, \) pesoaveenmoti
(oneparopa T' B Touke A). MHOXKeCTBO Pe30JIbBEHTHBIX 3HAUEHUH 060-
suagaior res(T). Orobpaxkenne A — R(T, \) u3 res(T') B B(X) rakxe
HA3BIBAIOT pe3oaveenmoti oneparopa 1. Muoxecrso F \ res(T') nasbl-
Bator cnekmpom T n oboznagaior Sp(T) mwmm o(T'). DyreMeHTHI CIEKTpa
HA3BIBAIOT CNEKMPAALHOMU SHANEHUAMU.

5.6.14. BAMEYAHUE. Eciim X = 0, To crieKTp €JMHCTBEHHOIO OIte-
paropa T = 0 € B(X) paBeH 1rycroMy MHOXKeCTBY. B 9T0ii cB#A3U B CIIeK-
TPaJbLHOM aHAJM3Ee MOJYAJNBO Ipeanosaraior, aro X # 0. B cayuae
X # 0 upu F:= R cuekrp takxke GbiBaer mycrbiM, a npu F:= C — ne
GbiBaer (cp. 8.1.11). <>

5.6.15. Muoxecrso res(T') orkpsiro, npuaém ecau Ao € res(T'), To
B HEKOTOPOIT OKPECTHOCTH g BBIITOJTHEHO

R(T, \) = i(*l)’“(k —X0)*R(T, Xo)F.
k=0

Ecmu || > ||T||, To A € res(T') u umeer MecTo paszioxKeHHe

0k
>
k=0

R(T, \) =

> =

npuuéM ||R(T, )| — 0 opu |A| — +oo.

< HMockombky ||[(A —T) — (Ao — T)|| = |A — Ao|, TO oTKpBITOCTB
muoxkecrsa res(T) caenyer u3z 5.6.12. Kpome Toro,

A=T = ()\—)\Q)+()\0—T) = (Ao—T)R(T, )\0)()\—)\0)+()\0—T):
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= Mo—T)(A=X)R(T, Ao)+1) = Mo—T)(1—((=1) A=) R(T} Xo))).

SHaYNUT, B HOIXOISAINEN OKPECTHOCTH TOYKU \g B cmity 5.6.9 Oymer
R(T, \)=(A=T)""=
= (1= ((=DA = )R(T, X)) (Ao —T)"" =

72 FON=X0)FR(T, X\o)F'L.

Ha ocuosanmu 5.6.9 upu |A| > ||T'|| umeercs oneparop (1 —T/A) ™",
IIpeJICTaBJISAIONINI coboit cymmy psia Heiimana, T. e.

1 ™' 1 Tk
R(T,)\)X(l—x) iy
k=0

O4eBuHO

1 1 .
AL T=TN/IN

5.6.16. CuekTp Jir060ro OrpaHHYeHHOro oneparopa 1 KOMIIAKTEH.

[B(T, N <

5.6.17. SAMEYAHUE. Ilosie3HO NOMHUTH, YTO HEPABEHCTBO |A| >
r(T) mpencrasmsier coboit HEOGXOUMOE B JOCTATOTHOE YCJIOBUE CXOJIA-
mocru paja Jlopana R(T, N)= Y 7o T*/A*1 naomero pasnoxenue
PE30JILBEHTHl B OKPECTHOCTH GECKOHETHO YIANEHHON TOUKH (CM. Tak-
xe 8.1.12).

5.6.18. Omeparop S kommyTupyer ¢ oneparopom T B TOM u TOJBKO
B TOM cJIy4ae, ecau S KOMMYyTHDPYET ¢ pe30JbBeHTOH T .

Q= ST=TS=8A-T)=AS—-ST=XS-TS=\-T)S =
R(T, )S(A—T) =8 = R(T, \)S = SR(T, \) (\ € res(T)).

<: SR(T, Xo) = R(T, X)S =S =R(T, \0)S(ho—-T) = (Mo —
TS =SSN —-T)=TS=5T.>

5.6.19. Ecim A\, p € res(T'), 70 uMeeT MecTo HepBoe Pe30JIbBEHTHOE
ypasrerune (= Toxnectso I mibbepra)

R(T, X) = R(T, p) = (u = NR(T, p)R(T, A).

< «YMHOKast ToxACTBO it — A = (u —T) — (A = T) cHavasa Ha
R(T, X\) cupasa, a 3arem Ha R(T, u) cieBa», II0CJI€I0BATEIBHO IIPAXO-
UM K TpebyeMomy. >
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5.6.20. Eciim A\, p € res(T), ro R(T, NR(T, p) = R(T, p) o
R(T, \). <>

5.6.21. st A € res(T') BBImosIHEHO

dk
——R(T, \) = (=1)*E! R(T, \)F*.
d}\k ( ? ) ( ) ( ? ) <>
5.6.22. Teopema o criekrpe npouspegenus. Crexrpsr Sp(ST)
u Sp(T'S) MoryT orim4aTsCst JHIIb HYJIEM.

< Jocrarogno ycranosutb, uro 1 & Sp(ST) = 1 & Sp(T'S). B ca-
MoM jiegte, Torga npu A € Sp(ST) u A # 0 6yzer

1¢ %Sp(ST) = 1¢Sp GM’) = 1¢Sp GTS) = A & Sp(TS).

Nrax, pacemorpum ciay4dait 1 € Sp(ST). PopmasibHble Pa3IoKeHUs
Tuma psaga Helimana —

(1—-8T)" ' ~ 1+ 8T+ (ST)(ST) + (ST)(ST)(ST) + ...,
T(1—ST) 'S ~TS+TSTS+TSTSTS+...~(1-T8) ' ~-1
— HaBOJAAT Ha MBICJ/Ib, YTO CIIPpABEIJINBO IIPDEACTABJICHUEC
(1-TS) ' =1+T(1-ST)"'S
(koropoe obecrieunt coorHomenne 1 ¢ Sp(T'S)). Cuenyronme npsivble
BBIKJIQ KN
(1+T(1—-ST)*S)(1-T95) =
=1+T(1-8ST)'S—-TS+T(1-ST) -ST)S =
=1+TA-8ST)*'S—-TS+T(1—-ST)*(1—-ST—-1)S =
=1+T(1-8ST)*'S—-TS+TS—-T(1—-ST)*S = 1;

(1-TS)(1+T(1—-ST)™'S) =
=1-TS+T(1—-ST) 'S +T(-ST)(1—ST) 'S =
=1-TS+T(1—-ST) 'S +T(1—-ST—-1)(1-ST)"*S =
=1-TS+T(1-ST) 'S+TS—-T(1-ST)'S=1

JIOKa3bIBalOT UCKOMOE IIpeJiCTaBJIeHue, a BMeCTe ¢ TeM U TeopeMy. >
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Yopa>kHeHust

5.1. Jloka3aTb, ITO HOPMUPOBAHHOE IIPOCTPAHCTBO KOHEYHOMEPHO B TOM H TOJIb-
KO B TOM CJIydae, eCju JIIo00# JIMHEHHbIN (PyHKIMOHAT Ha HEM OrDaHUIECH.

5.2. IIpoBepuTk, 4TO B Ka’KJIOM BEKTOPHOM IIPOCTPAHCTBE MOYKHO OIIPEIETIUTH
HOPMY.

5.3. YCTaHOBUTH, YTO BEKTOPHOE IIPOCTPAHCTBO KOHEYHOMEPHO B TOM M TOJIBKO
B TOM CJIydae, €CJIX BCEe HOPMBI B HEM SKBHBAJIEHTHBL.

5.4. ILOKaBaTb, Y9TO OTAE/JIHUMBbIE MYJIBTUMETPUKHN 3aJal0T OAHY U Ty 2Ke TOIIO-
JIOTUKO KOHEYHOMEPHOI'O IIPpOCTpaHCTBa.

5.5. Kasxayro st nopmy B RN MOXKHO HCIIONIB30BATH /Il HOPMHPOBKHU [TPOM3-
BeneHnst N HODMUPOBAHHBIX IIPOCTPAHCTB?

5.6. BbIsICHUTD yCJIOBUS HEIIPEPBIBHOCTYA KOHEYHOMEPHOTI'O OIIEPATOpa, J1eUCTBY-
IOIIET0 B MYJIBTHHOPMHPOBAHHBIX IPOCTPAHCTBAX.

5.7. Onucarh onepaTopHbIe HOPMBI B IIPOCTPAHCTBE KBaApAaTHBIX MaTpuil. Ko-
Ija TaKue HOPMBI CDABHUMBI?

5.8. HaiiTu paccrosgHne Meka1y T'HUIEPINIOCKOCTSIMH B HOPMUPOBAHHOM IIPOCT-
paHCTBe.

5.9. BoisicHUTH 00IIMIT BUJ, HEIIPEPHIBHBIX JIMHENHBIX (DYHKIIMOHAJIOB B KJIaCCH-
YeCKHX IIPOCTPAHCTBAX.

5.10. M3yuyurs BOoIpoC O PedIIEKCUBHOCTU KJIACCHYECKUX OaHaXOBBIX IIPOCT-
PaHCTB.

5.11. BpICHUTH B3aMMOPACIIOJIOKEHNE NPOCTPAHCTB lp u lg, Ly u Lg. Korma
JIOTIOJTHEHHE OJHOTO M3 3JIEMEHTOB KaXKJIOU Iapbl IJIOTHO B OCTABIIEMCs?

5.12. HaiiTu ciekTp u pe30JbBEHTyY omepaTropa Bosbreppa, mpoekTopa, OIgHO-
MEPHOT'0 OIlepaTopa.

5.13. IlocTtpouts omepaTop, CIEKTP KOTOPOTO — HAIepEs 3aJaHHbIN HEIyCTOH
kommakT B C.

5.14. [lokasaTb, 9TO TOXKJECTBEHHBIN oneparop (B HEHYJIEBOM IIPOCTPAHCTEE)
He MOXKeT OBITh KOMMYTATOPOM JIBYX dHIOMOPMOU3MOB.

5.15. Kak onpe/ieJuTh CIeKTp OllepaTopa B MyJIbTUHOPMUPOBAHHOM ITPOCTPAH-
crBe?

5.16. Kaxxoe sm 6aHaxoBO NIPOCTPAHCTBO HaJj F [10myckaeT M30MeTpuUdecKoe
Bstoxxenne B npocrparctso C(Q, F), rae Q — KOMIAKTHOE IIPOCTPAHCTBO?

5.17. Bousicauts, B Kaknx ciay4asx Lp(X)' = Ly (X'), tne X — Ganaxoso
MIPOCTPAHCTEO.
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5.18. Ilycrs (X, ) — HOCIE€NOBATENBHOCTS HOPMUPOBAHHBIX [IPOCTPAHCTE U

Xo:=< x¢€ HXn tlznllx,, — 0
neN

— ux cymMa 1o Tuiy ¢o (¢ nHopmoii ||z||:= sup{ ||z || : » € N}, B3saToit u3 cymmer 1o
Tuny los). Jokasarb, uto X cenapabGesbHO B TOM U TOJNBKO B TOM CJlydae, KOTJa
cenapabesibHO KasK/10e U3 IPOCTPAHCTE Xp.

5.19. Jlokasars, uto mpocrpascTso C(P) [0, 1] npeacraBaser coboit cymMMy Ko-
HEYHOMEDHOTO IOJIIPOCTPAHCTBA M IIPOCTPaHCTBa, nsomopduoro C[0, 1].



T'maBa 6

I'mab6epTOBBI MTpOCTPAaHCTBA

6.1. DpMuToBbl (POPMBI U CKAJIAPHBIE
npou3BeaeHUs

6.1.1. ONPEAEJEHUE. Ilyctb H — BEKTOPHOE IIPOCTPAHCTBO HAI
ocrosEEIM Tosiem F. Otobpazkenue f : H? — F Ha3BIBAIOT 2pMumosot
Popmoti, ecim

(1) orobpaxenue f(-, y) : x — f(x, y) nexur 8 H? nua
Bcex y € Y;

(2) f(z, y) = f(y, )* upn mobex x, y € H, tne A — \*
— ecrecTBeHHasi wHBOMONUs B F, T. €. mepexoj K KOMILIEKCHO CO-
[PSIKEHHOMY YHCJIY.

6.1.2. BAMEYAHUE. Kak BugHo, jjist spMuToBoit hopmbl f 1pu
KaxkjioM x € H orobpaxkenue f(z, ) :y— (z, y) aexxur B H , e H,
— nyasbHoe K H BekTOpHOE mpocTpaHcTso (eM. 2.1.4 (2)).

Takum obpasom, pu F := R spmuroBa dopma Ousunetiva, T. €.
JmHeHHA 10 KaxkJIoMy aprymenty, a npu F:= C — noaymopasunetina,
T. €. JMHEHHA TI0 IEPBOMY apryMeHTy U *-JUHEHHA 10 BTOPOMY.

6.1.3. /ly1st kaxk10i 5pMUTOBOI (popMbI [ BBITOJIHEHO IIOJISIPU3AIH-
OHHOE TOXKJIeCTBO:

fleaty, e +y)—flx—y, x—y) =4Ref(x, y) (2, y € H).

< flaty zty) = flo, o)+ flz, y) + fly, ©) + fly, v)
fl@a—y, z—y)=flz, ) = fl=, y) = fly, ) + fy, y)
2(f(x, y) + fly, 2)) >
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6.1.4. ONPEAEJEHUE. DpMuToBy GopMy [ HA3BIBAIOT N0A0MHCU-
meavhol, WA CKAAAPHbIM Npouseedenuem, ecan f(x, x) > 0 s Jro-
Goro x € H. Ilpu srom mumyr: (z, y):= (z|y):= f(z, y) (z, y € H).
CkaJisipHOE TIPOU3BEJICHHUE HA3BIBAIOT HeBbPOdCcIenHbiMm, eciau (T, T) =

0=2=0(zeH).

6.1.5. meer mecro HepaBencTso Kormm — ByHSIKOBCKOTO

(@, Y < (2, 2)(y, y) (2, y€H).

< Eemm (z, ) = (y, y) =0, 10 0 < (x + ty, « + ty) = t(z, y)* +
t*(x, y). Boibupas t:= —(x, y), nomyuaem —2|(x, y)|*> >0, . e. B 3TOM
cJlydae Hy>KHOE yCTAHOBJICHO.

Ecin, k upumepy, (y, y) # 0, To BBULY OIEHKU

0< (z+ty, o +ty)=(z, x) +2tRe(z, y) +(y, y) (tER)

sakmouaem: Re(z, y)? < (x, z)(y, y).
Ecmu (z, y) = 0, To nokaszeiBarh Hevyero. Ecim xe (z, y) # 0, To
nostoxkum 0:= |(z, y)| (z, y)~! u Z:= x. Toraa || = 1 u, Kpome ToOrO,

(T, T) = (Oz, Oz) = 00" (z, x) = |0]*(z, 2) = (z, x);

Iz, y)| = 0(z, y) = (0z, y) = (T, y) = Re(Z, y).
Takum obpaszom, |(z, y)|? = Re(T, y)? < (z, z)(y, y). >

6.1.6. Eciu (-, -) — crajusproe npousseienue Ha H, o orobpa-
sxerme || - || 2 @ — (x, £)Y/? — nomynopma na H.

<1 Caenyer mpoBEPUTH TOJIHFKO HEPABEHCTBO TPEyrobHUKA. [Ipume-
s HepaBeHcTBO Kommu — ByHsSIKOBCKOTO, nMeem

lz+ylI> = (z, ) + (y, y) +2Re(z, y) <

< (@, 2) + (g, y) + 20l Iyl = Al + llyl)?. &

6.1.7. ONPEAENEHUE. [IpoctpancTtBo H €O CKAJSIPHBIM MPOU3BE-
JieHueM (-, ) ¥ COOTBETCTBYOIEH NOIyHOPMOii || - || HasbBatOT npedzuns-
6epmosvim. TIpearnibbeproBo mpocrpancTBo H Ha3BIBAIOT 2uAbOEPMO-
6bLM, €CJI TIOJlyHOpMUpOBaHHOe npoctpancTso (H, || - ||) 6anaxoso.
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6.1.8. B npearumirbeproBoMm mnpocrpaHcTBe H crpaBenB 3aKOH
rnapaJijieJiorpaMmmMa

lz+ I + lle = ylI* = 2(lll* + lyl*) (2, y € H)

— CyMMa KBa/IpaTOB IJINH ,Z[I/IaFOHaﬂeﬁ IapaJijiejiorpamMmMa paBHa CyMMe
KBaJpaTOB AJIUH BCE€X €ro CTOPOH.

e +yl* = (@ +y, 2 +y) = |zl® +2Re(z, y) + lyl*
lz = yl* = (z =y, @ —y) = |2[* = 2Re(z, y) + [ly|* >

6.1.9. Teopema ¢por Heiimana — I7Iop,ana. Ecsn B nojtysop-
mupoBanHoM 1nipoctpaHcrse (H, || - ||) cupasemins 3akon mapaJsureso-
rpamma, 10 H — npearujibbeproBo MpOCTPAHCTBO, T. €. HalAETcs, u
[IPUTOM €JJHHCTBEHHOe, CKaJsipHoe mpoussejerue (-, -) B H Takoe, 4ro
||| = (=, ©)*/? mrs Beex x € H.

< Paccmorpum BermecTBeHHyIo ocHoBY Hpi mpoctpancTtBa H u jjs
x, y € Hr moJyioxxum

(e +9l? = llz = y11?) -

] =

(l‘, y)]R::

ITpumeHsist 3aKOH TAPAJLIEIIOIPAMMA, JIJI OTOOpaykeHus (-, y)g mOCJIe-
JIOBATEJHHO BBIBOJIAM

(w1, Y)r + (72, Y)r =

1
= 7 Ul +9l?) = (Jor = yl1” + llwa + yl1* = oo = yll?) =
1
= 7 (Ul +9l? + N2+ y1%) = (lex =yl + 22 = wll*)) =
1/1 9 9
i 1 2 1 — L2 -
1 L gl +y) + (22 + 9)II7 + llar — 22

*% (I@1 —y) + (2 = II* + 21 — 22|*)) =

= ey w20 = L s —2)?) =
—4 23?1 o y 2.171 ZTo Yy =
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= 2 (@ + /24yl ~ (o1 —2)/2 - yl) =

=2((z1 +22)/2, Y)g -

B wacrhocru, upu o := 0 6yger (z2, y)r = 0, 7. e. 1/2(x1, y)r =
(1/2z1, y)g. CooTBeTcTBEHHO IpU X1 := 2x1 U T2 := 2Ty IMeeM

(1 + 22, Y)r = (1, Y& + (22, Y)R.

B cuity oueBuHOIN HEPEPBIBHOCTH OTOOpaykeHus (-, y)r MOXKHO CJie-
JaTh BBBO, 4TO (-, y)r € (Hgr)". Ilomommm

($, y) = Reil((' ’ y)R)(l‘)’
rie Re~! — xommiekcudukarop (em. 3.7.5).

B cayuae F:= R scuo, uro (z, y) = (z, y)r = (y, z) u (z, x) =
|lz||?, T. e. nokaspiars Hevero. Eciu ke F:= C, To

($, y) - (Ia y)R - ’L(’L.ﬁ, y)]R
Orcrosia BBITEKAET, YTO
(ya ‘T) - (ya x)]R - Z(Zya x)]R - (1'; y)]R - Z(II?, Zy)]R —

- (IIZ’, y)]R +Z(Zx7 y)]R - (II?, y)*a
HOCKOJIBKY

; 1 . ;
(@, iy)e = 7 (o +iyl* = o —iyl) =

1. . A ;
= 7 (il ly—iz* = =il liz +y[*) = = (iz, Y)m.

ITomumo 3ToTO,
(z, z) = (z, 2)r —i(iz, T)r =
= a2l = 5 (i + 2l = iz — 2]%) =

ol (1= § (14 - =) = Ja?

YTBepxkaeHue 00 eTUHCTBEHHOCTH caeyeT u3 6.1.3. >
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6.1.10. IIPUMEPHI.

(1) Tpumepom rubGepTOBa IMPOCTPAHCTBA CIYKUT IIPOCT-
pauctBo Lo (0THOCHTENIBHO KAKOW-HUOY/b CUCTEMbI C WHTEIPUPOBAHU-
em). Ilpu srom ckasspuoe npousseienue Beogar tak: (f, g):= [ fg*
ans f, g € L. B uacrnocru, jst lo(&) nomydaem (z, )= > cp Teli
upu z, y € l5(&).

(2) Oycrs H — npearuinbeproBo HpocTpaHcTso u (-, +)
H? — F — cranaproe npousseenne B H. SIcHo, 9TO BemmecTBeHHAS OC-
HoBa Hpy co ckassipHbIM TpoussenenueM (-, <)r : (x, y) — Re(x, y) saB-
JIsleTcsl IPeIrnIbOepTOBBIM IPOCTPAHCTBOM, IIPUYEM HOPMa 3JIEMEeHTa B
H ue 3aBucut ot Toro, Berancisior eé B H wim B Hr. Ilpearnasbeproso
npocrpancto (Hg, (-, )r) HA3BIBAIOT 06ew ecMB.AeHUEM IPOCTPAHCTBA
(H, (-,-)). B cBowo ouepeip, eciam BeleCTBEHHAs] OCHOBA HEKOTOPOTO
HOJIy HOpPMUPOBAHHOT'O TPOCTPAHCTBA, ABJISIETCS PEIILOEPTOBBIM IIPO-
CTPAHCTBOM, TO MPOIECC KOMILTEKCU(DUKAIIUH TIPUBOIAT K €CTECTBEHHOM
IPeAruIbOepTOBOil CTPYKTYPE B UCXOTHOM ITPOCTPAHCTEE.

(3) Mycrs H — upenruiab0epToBO MPOCTPAHCTBO U H, —
nyanbHoe K H BekTopnoe mpoctpanctso. g x, y € H, moyioxum
(z, y)«:= (x, y)*. dcno, uro (-, -)« — ckaggpHoe npousseienue B H,.
[Tonygermoe mpearmibO6epTOBO MPOCTPAHCTBO HA3BIBAIOT dyaavHbim K H
U COXPAaHSIOT 33 HUM 0003HaueHue H,.

(4) Tycrs H — npearmisbeproso mpocrpaHcTso u Hy =
ker || - || — stnpo mostyHopM™B! || - || 8 H. Ilpusiekas nepasencrso Komm
— Bynskosckoro, Teopemy 2.3.8 u 6.1.10 (3), Bumum, uro B daxTop-
upocrpancrse H/Hy ecrecTBeHHbIM 06pa30M BOSHUKAET CKAJISIPHOE IIPO-
u3BeJieHne: eci T1:= ©(T1) U To:= p(x2), THe 1, T2 € Hu p : H —
H/H, — xaHoHWuecKoe orobpaxkenue, To (T1, Ta) := (x1, x2). Ipnm
9TOM IpeArmibbepToBo npocrpanctso H /Hy MOXKHO paccMaTpuBaTh KaK
bakTop-pPOCTPAHCTBO 110JIyHOPMUPOBAHHOIO TpocTpancTsa (H, || - ||)
1o sapy noayHopwmsl || - ||. Takum obpazom, H/Hy — xaycaopdoso mpo-
CTPaHCTBO, KOTOPOE HA3BIBAIOT XayCI0PMOBBIM IIPeIrnIbOEPTOBBIM IIPO-
CTPAHCTBOM, accoyuuposanmsim ¢ H. Tlomommsst HopMupoBaHHOE MPO-
crpancrso H/Hy, nosydaeM rusibGepToBO IIPOCTPAHCTBO (HAIIPUMED, B
cuty TeopeMbl (poH Heitmana — I7Iop,aaHa). TTocTpoenmoe ruiL6epTOBO
[IPOCTPAHCTBO HA3BIBAIOT ACCOUUUPOSAHHM C UCXOIHBIM MPEATrmIboep-
TOBBIM ITPOCTPAHCTBOM.

(5) Iycrb (He)ecsy — HEKOTOPOE CEMEHCTBO THIIBOEPTOBBIX
npocrpadceTs 1 H — cymma sToro cemeiicrsa 1o tuiy 2, 1. e. h € H B
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TOM U TOJIBKO B TOM ciydae, ecin h:= (he)ecs, TA€ he € H, 1y1s1 € € &,
U IIPU 3TOM

1/2
[[]|:= <Z IIhell2> < +o00.
ecé

B cuiy 5.5.9 (6), H — 6anaxoso npocrpancrso. s ssementos f, g € H,
IPUMEHSIS [TOC/IEA0BATE/ILHO 3aKOH NapaJLIIOrPAMMA, UMEEM

(IIf + gl +1f—gll?) =

(Z ||fe+ge||2+z ||fe_ge||2> =
ecs

ecé

|~

DN | =

1
Z 5 (”fe Jr98”2 + ”fe 796”2) -
e€s

=D (fell? + lgell®) = IFIP + llgll?,

e€d

Tak uTo, 1o Teopeme don Heiimana — Hoprana, H — 510 ruib6epToBO
npoctparcTBo. IIpocTpancTso H HA3BIBAIOT 2uAb6epmosolt cymmots ce-
MelicTBa TriIb6epTOBbIX HPOCTPAHCTB (He)ecs U 0003HAUAIOT Becs He.
IIpu &:= N mumyr rakxke H:= Hy @ Ho & .. ..

(6) Ilycts H — ruibpbeproBo HpoCTPaHCTBO U S — HEKO-
Topasi cucrema ¢ unrerpupopanueM. IIpocrpancrso Lo(S, H), cocras-
serroe 3 H-3HaqHbIX PyHKIMIT, CyMMUDYEMBIX C KBaJPATOM, SIBJISETCS
ruI606epTOBBIM. <ID>

6.2. OpTonpoeKTopkI

6.2.1. Ilycte U — BbIITyKJIO0€ MOJIMHOXKECTBO HEKOTOPOTO IMMAapPOBOT'0
cios (r+¢e)By \rBy, rae 0 < € < r, B ruiibbeproBoM npocrparcrse H.
Hwmeer mecto caenyromas ornenka quamerpa: diam U < 1/12re.

< Mna xz, y € U, yanrsiBas, uyro 1/2(x + y) € U, u upusiekas
3aKOH MapaJsIIeJOrPaAMMa, BHIBOIAM

2
lz = yl* = 2 (Il=1* + llyll*) — 4ll(z +5)/2]” <
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<A4(r+e)? —4r? = 8re +4e? < 12re. >

6.2.2. Teopema JleBu o mpoeknuu. Ilycrs U — Hemycroe BbI-
IYKJI0€ 3aMKHYTOe MHOXKECTBO B I'HJILOEpPTOBOM rpoctpancTee H u x €
H\ U. Torza cymectByer, u IPATOM €JUHCTBEHHbIH, JeMeHT ug € U
TaKOH, 4TO

|z — wol|| = inf{||z — ul| : weU}.

< Monoxkum U, := {u € U : ||z —u| < inf|U — z|| +e}. B cuny
6.2.1 cemeiicto (U).>0 06pasyer 6azuc durbrpa Komu B U. >

6.2.3. OIPEJAEJIEHUE. DJeMeHT ug, durypupyiomnmii B 6.2.2, na-
3BIBAIOT HAUAYHWUM Npubsudiceruem ¥ B MHOKecTBe U Wi npoexyu-
eti x Ha MHOXKecTBO U.

6.2.4. IIycte Hy — 3aMKHYyTOE HOIIPOCTPAHCTBO B I'HJIbOEPTOBOM
npocrparcree H wx € H\ Hy. Daement xg € Hy siBisieTcst IPOEKLHEH &

#a Ho B TOM H TOJIBKO B TOM ciy4dae, ecau (T — xo, ho) = 0 mius kaxqoro
ho € Hy.

< Hocratouno paccmorpers osemectsienne (Hp)r mpocrpancTBa
Hy. Ha (Hy)r onpezenena soinyKias dbyukuus f(ho):= (ho—x, ho—1).
ITpu stom ¢ € Hy ciyxkut npoeknueit * Ha Hy TOrma u TOJBKO TOT/A,
korya 0 € Oy, (f). B cBsasu ¢ 3.5.2 (4) nocie/iHee BXOXKICHHE 03HAYAECT,
aro (x — zg, ho) = 0 npu ar06om hg € Hy, ubo f'(xg) = 2(xg — x, -). >

6.2.5. ONPEJEJIEHUE. DJeMeHThl &, y € H Ha3bBaoT opmozo-
naavhowmy i amyT Loy, ecmm (z, y) = 0. Cuvsomom UL obosmada-
IOT COBOKYITHOCTB 3JIEMEHTOB, OPTOIOHAJIBHBIX KO BCEM TOUYKAM JAHHOI'O
muoxkectsa U, 1. e. Ut:={y€ H: v € U = x L y}. Muoxecrso Ut
Ha3BIBAIOT 0PMO20HANHBIM donoaneruem MHOXKeCTBa U.

6.2.6. IIycte Hy — 3aMKHYyTO€ HOJIPOCTPAHCTBO B I'HJIbOEPTOBOM
npocrpanctse H. Torma ero oproronamsroe gormorrenne Hy — zaMKHy-
Toe nomipocrpancTso, npraém H = Hy & Hy.

<1 3aMKHYTOCTb HOl B H oueBuana. fcHo Ttakxke, uro Hy A HOl =
Ho N Hg- = 0. Ocranock nposeputs, uto HoV Hi- = Hy + Hy = H.
Bosbmém asement h € H \ Hy. Ha ocroBanuu 6.2.2 cyimecrByer mpoek-
st hg € Ho, a, B cuty 6.2.4, h — hg € Hg-. Urak, h = ho + (h — ho) €
Hy + I’IOL >
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6.2.7. ONIPEAEJEHUE. IIpoekTop Ha 3aMKHYTOE IIOIIIPOCTPAHCTBO
Hy mapaJjuieabHo HOL Ha3bIBAIOT opmonpoexmopom Ha Hy m obo3zHaua-
0T PHU-

6.2.8. Jlemma IMucparopa. = L y = ||z +y||*> = ||=||* + ||ly|> <>

6.2.9. CreacrBue. Hopma opTolpoekTopa HE MPEBOCXOIUT €IH-
guner: H #0, Hy # 0 = || Py, || = 1. <>

6.2.10. Teopema 06 opronpoekTope. Lis KaXKa0ro ormeparopa

P € £ (H) raxoro, uro P? = P, 5KBUBaJICHTHDBI yTBEPK ICHHUSI:
(1) P — opronpoekrtop Ha Hy:= im P;
(2) [[hll £1=|Ph| <1;
(3) (Pz, Ply)=0,rme P*:= Iy —Puz, yc H;
(4) (Pz, y)= (z, Py) npux, y € H.

< (1) = (2): Ormeueno B 6.2.9.

(2) = (3): Ilyerb @ € H, Hy:= ker P = im PY u hy € H;. Torna
|Pell = [Pz — 0] - IIP(Pz) — Phull = [IP(Pe — k)| < | Po — byl
SHauuT, HyJIb CIyKuT npoeknueit Pr #a Hy. B cuny 6.2.4 Pr | x— Px.
BosbMmeM Tenepnb y € H u npuMenuM jioKasannoe K r :— Px + Ply.

(3) = (4): (Pz, y) = (Pz, Py -+ Ply) = (Pz, Py) = (Pz, Py) +
(P?z, Py) = (z, Py).

(4) = (1): IIposepum cHauama, 9r0 H)y — 3aMKHYTO€ IIO/IIPOCTPAH-
creo. Ilycre hg:= limh, u h, € Hy, . e. Ph, = h,. Ilpu aobom
x € H w3 nenpepwiBHocTH dyHKINOHANOB (-, =) u (-, Px) nocienosa-
TEJHLHO BBITEKAET

(ho, x) = lim (hy, ) = lim (Phy,, =) = lim (h,, Pz) = (Phy, x).

Orcrona (hg — Pho, ho — Pho) =0, 7. e. hg € im P.

Tenepn s npousBosbHbix & € H u hg € Hy BoiBomum (r —
Pz, ho) = (x — Pz, Phgy) = (P(x — Px), hg) = (Px — P?z, hg) =
(Px — Pz, ho) = 0. Takum obpazom, npusiekas 6.2.4, mosydaem
Px = Py,x. >

6.2.11. Ilycrs P,, P, — opronpoekropsr, npuiém Py P, = 0. Torza
PP =0.

Q4 PP, =0=imP, Cker P, = im P, = (ker P;)* C (im P)* =
kerP2:>P2P1 =0 >
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6.2.12. ONPEAEJEHUE. OpronpoekTopsbl P u P, Ha3bBalOT 0p-
mozonasvrvimu (1 amyTt Py L Py wiamn Py L Py), ecim Py Py = 0.

6.2.13. Teopema. Ilycrs Pi,..., P, — oprompoekropbr. Omepa-
top P:= Py + ...+ P, siBJIsIeTCSsT OPTOIPOEKTOPOM B TOM H TOJIBKO B TOM
cay4dae, ecoia Py 1 Py, npu l # m.

< =: 3aMeTUM IpeXKJe BCEro, 9TO I KayKJIOr0 OPTOIPOEKTOpa
Py 1o reopeme 6.2.10 somosneno || Poz||? = (Pox, Poz) = (Pix, x) =
(Pox, x). CrenoBarenvho, upu & € H u l # m cupasemmso

1P| + || Pmal® <

<D Pl =) (Puz, @) = (Pe, 2) = | Pz|? < |,
k=1 k=1

B wacrtrocTHn, monaras x:= Pz, momydaem
|Pl|* + || P Prz]|* < | Piz]|* = || PPyl = 0.

< [Ipsimoit moicuéT mokas3eIBaeT, YT0 P — MaeMIoTeHTHBIH onepa-
top. B camom nese,

2

P2 = Zn: P :i zn: Ple:i P:—P.
k=1 k=1

=1 m=1

ITomumo storo, B cuiy 6.2.10 (4), (Prx, y) = (z, Pry) u, crajio GbITh,
(Pz, y) = (z, Py). Ocranocs BHOBL cocaarbes Ha 6.2.10 (4). >

6.2.14. BAMEYAHUE. Teopemy 6.2.13 Ha3bIBAIOT Kpumepuem op-
MO20HAALHOCTNY KOHEWHO20 MHONACECTNEG OPTONDPOEKMOPOS.

6.3. T'uapbepToB Gasuc

6.3.1. ONPEJAENEHUE. CeMelCTBO (Z¢)ecs IJIEMEHTOB HEKOTOPOTO
rub0epToBa MpocTpaHcTBa, H Ha3BIBAIOT 0PMOZOHAADHDLM, €CIH €] 7
€2 = Te, L Te,. COOTBETCTBEHHO MHOMKECTBO & B I'MJILOEPTOBOM IIPO-
crpancTBe H Ha3LIBAIOT 0OPMO20HAALHDIM, €CJIH OPTOTOHAJILHO CeMeii-

CTBO (€)ece-
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6.3.2. Teopema ITucparopa. OproroHaabHOE CeMEHCTBO (I¢)ecs
9JIEMEHTOB I'HJIbOEPTOBA IIPOCTPAHCTBA, (6€3YCIOBHO) CYyMMHPYEMO TOIIA
U TOJBKO TOIjia, Korja cyMMHpyeMo 4duciaoBoe cemeiicTBo (||ze||?)ees-

IIpu sTOoM
2

S| =3 ™

ecé ecs

< Ilycrpb sg := Zeeé" Te, THE 6 — KOHEUYHOE IOAMHOXKeCTBO & . Ha
ocuosanmu 6.2.8, [|sgl|* = 3,4 [|@e]|?. Bmaunr, gs Konewsoro MuoxKe-
cTBa 6/, comepxkamero 6, BBITOJIHEHO

lsor = sall* = llsonoll* = D Nl

ech’\o

Nubivu cioBaMu, QyHIAMEHTAIBHOCTD ceTH (Sg) paBHOCUIIBbHA byHIa~
MEHTAJILHOCTH CeTH YaCTUUHBIX cymMM cemeictBa (||Tel|?)ecs. [Ipubiie-
Kasd 5.5.3, mosygaeMm Tpebyemoe. >

6.3.3. Teopema 0 cyMMHUPOBAaHHUH OPTONPOEKTOPOB. llycth
(P.)ecs — ceMelicTBO MoNapHO OPTOrOHAIBHBIX OPTOIPOEKTOPOB B I'UJIb-
6eprosom npocrparcrse H. Torma mis kaxknoro x € H (6esycioBHo)
cymmupyemo ceMeiicTBO (Pex)ece . Ilpu sToMm oneparop Pr:= P.x
SIBJISIETCS OPTOIIPOEKTOPOM Ha, HOJIPOCTPAHCTBO

ecé

= Z ZTe: Te € He:=1m P, Z [[ze]|* < +o0

ecé e€s

< Jljisi KOHEYHOro MOAMHOXKECTBA 6 B & HOJIOXKUM Sg := e Pe-
ITo Teopeme 6.2.13, sy — aT0 oprompoekrop. Ilostomy, ¢ yaérom 6.2.8,
[soz]|> = Y.co |Pex|®< [|#]|* npu xaxnom 2 € H. Cuenosarens-
"o, cemeiicTBo (|| Pox||?)ece cymMmMmpyeMmo (ceTh 9acTHIHBIX CYMM BO3-
pacraer u orpanudena). 1o reopeme ITudaropa umeercs cymma Px:=
Y ece Pex, 1. e. Pxr = limg spx.

Orcioma P?x = limg sp Pz = limg s limy: sg:x = limy limy: sgsgrx =
limg limgs sgng-z= limg spx = Px. Oxonuaresnsuo | Pz|| = || limg sgz|| =
limg ||sgx|| < ||z|| u, kpome Toro, P? = P. Anemmpys x 6.2.10, zaxio-
qaeM, 910 P — opTompoekTop Ha im P.

Ecm z € imP, v e. Pr = x, to x = ) . P.x u mo rteopeme
Mudaropa Y- o [|Pex|® = ||lz]|* = || Pz||* < +oc0. Tockonsky Pex € He
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(e € &), 102 € H. Eum xe xc € He m Y @] < 400, 10
IS 2= Y . Te (CYMECTBOBAHHE CIIEJyeT U3 BCE TOIl 2Ke TeOpeMbI
[udaropa) Oymer © = Y coTe = D ocp Pete = Pr, T. 6. x € im P.
Urak, im P = 7. >

6.3.4. BAMEYAHUE. [IpuBeagHHy0 TeopeMy MOXKHO TPaKTOBaTh
KaK yTBep:eHne 06 m3oMopdusme 7 ¢ ruibbEPTOBOI CyMMOU cemeii-
crBa (He)ece. HyKHOE 0TOXKIECTBIIEHHE [IPU 9TOM OCYIIECTBIIAET, KAK
BUIHO, nHTErpas Boxuepa, IpeACcTaBIsIONnii B JAHHOM CJIy9dae IIPOIEect
CYyMMHUPOBaHUSI.

6.3.5. BAMEYAHUE. Ilycrs h € H — HOPMUDOBAHHbIN IJIEMEHT:
2|l = 1. IIycrs, nanee, Hy:= Fh — onnomepHoe ioanpocTpascTso B H,
narsayToe na hg. [as xaxmgoro ssementa x € H u mpomsBOJIBHOTO
ckassipa A € F cupaseiinBo

(x — (z, h)h, Ah) = N((z, h) — (z, h))(h, h) = 0.

Buauut, o npemioxenuto 6.2.4, Py, = (-, h) ® h. na obo3nadenus
9TOr0 OPTOLPOEKTOPA YI00HO HMCIO/b30Barh cumBoi (h). Uraxk, (h)
x v+ (z, h)h (x € H).

6.3.6. ONPEAEJEHUE. CeMeiicTBO 3J€MEHTOB T'MILOEPTOBa IIPO-
CTPAHCTBA HA3BIBAIOT OPMOHOPMAALHbM (WX OPIMOHOPMUPOSAHHVIM),
€CJIN, BO-IIEPBLIX, 9TO CEMENCTBO OPTOrOHAILHO, 8 BO-BTOPBIX, €CJIA HOP-
MBI BXOJAINIMX B HENO BEKTOPOB PABHBI €AUHUIIE. AHAJOIMYHO OIIPEIe-
JISTIOT OPTOHOPMAJIbHBIE MHOXKECTBA.

6.3.7. /lis1 1106010 OpTOHOPMAJIBLHOIO MHOXKeCTBa & B H m npowns-
BOJILHOTO djieMenTa ¥ € H cemerictBo ((€)x)cce (6€3yC0BHO) CyMMHDY-
emo. IIpu sTom umeer mecto HepaeHCcTBO Beccesist:

lzl® =) Iz, e)f.

e€d

< JocTaTovHO COCIATHCS HA TEOPEMY O CYyMMHUPOBAHUN OPTOIIPOEK-
TOpPOB, 16O

2 2

2l > 1> (e)e|| =|>_ (& ee| =D Iz, eel®. >

ecé ec& ec&
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6.3.8. ONNPEAEJ/IEHUE. OproHOpMaJIbHOE MHOYXKECTBO & B Imjibbep-
TOBOM TIpocTpaHcTBe H HasbIBAOT 2uavbbepmosuim basucom (B H), ecan
Ayt Besikoro @ € H oswimosnmeno x = Y- - o(e)x. Opronopmasnbmoe ce-
MeCTBO 3JIEMEHTOB T'MJILOEPTOBA IIPOCTPAHCTBA HA3BIBAIOT I'HJIbOEPTO-
BBIM 6a3UCOM, ecyi 06JIACTb 3HAYEHUI ITOTO CeMeNCTBa SBJISIETCS THJIb-
OepTOBBIM OA3UCOM.

6.3.9. OproHOpMATIHHOE MHOXKECTBO & SIBJISIETCSI THJILOEPTOBBIM ba-
3ucoM B H B TOM H TOJIBKO B TOM CJIydae, eCiId JHHedHass 060109ka L (&)
mwaotHa B H. <>

6.3.10. OIPEJEJIEHUE. ['oBOpSIT, YTO MHOXKECTBO & yIOBJIETBOPSI-
er yeaosuro Cmexnosa, ecmn &+ = 0.

6.3.11. Teopema CreksoBa. OpTOHOPMAJIEHOE MHOXKECTBO SIBJISI-
ercsi ruJibOePTOBBIM OA3MCOM B TOM H TOJIBKO B TOM CJIyd9ae, €CJH OHO
yaoBsrerBopsieT ycaoBuio CTeKIoBa.

< =: Iyers h € &+ Torma h = Y co(e)h = 3 cp(h, €)e =

Y ece 0=0.
<z e H, Bemny 6331624, 20— . le)zedt >

6.3.12. Teopema. B kaxkigoM ruabbepTOBOM MPOCTPAHCTBE €CTh
rue6epToB 6a3muc.

< Ilo nemme Kyparosckoro — Ilopra B ruib0epTOBOM MPOCTPAH-
crBe H nMeeTcsi MAKCUMAJIBHOE 110 BKJIIOUEHHIO OPTOHOPMAJIbLHOE MHO-
xkectBo &. Ecmm ects h € H \ Hy, tune Hy := cl.Z(&), 10 snement
hy := h — Pg,h oproronajeH Jr000My JIEMEHTY U3 & W, 3HAUWUT, [IPH
H +# 06yner &U {||h1||"*h1} = &. Homyunau nporusopeune. B ciyuae
H = 0 mokaswiBaTh HEYero. >

6.3.13. SAMEYAHUE. MOXKHO [TOKa3aTh, 9TO ¥ JABYX I'MJILOEPTOBBIX
6a31COB OJIHOTO U TOI'O Ke THJIhbepTOBa pocTpancTBa H ojHa U Ta XKe
MOIIIHOCTh. DTy MOIIHOCTb HA3BIBAIOT 2uAb0epmM060U pasmeprocmuvio H.

6.3.14. BAMEYAHUE. Ilycth (Zy,)nen — CUETHASI OCJEIOBATENb-
HOCTDH JIMHEHHO HE3aBACUMBIX 3JIEMEHTOB THILOEPTOBA IpOcTpancTsa H.
[Tomoxxum emg xg:= 0, ep:= 0, u mycTh

n—1

Yn 1= Tp — Z(ek>xn, en = Yn_ (n € N).
=0 1yl
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Buno, aro (yn, ex) =0 qys 0 < k < n — 1 (manpumep, u3 6.2.13).
CroJib e HECOMHEHHO, 9TO Y, # 0, BBUY Geckoneunomepuoctu H. IIpo
OPTOHOPMAJILHYO [IOCIIE0BATEIBHOCTD (€5, )neN TOBODST, YTO OHA MOJTY-
YeHA NPOUECCOM OPMOLOHAAUGUUY, I npoyeccom I 'pama — IImuo-
ma, U3 NOCJIEN0BATEILHOCTH (Zy )peN. 1IPUBIIEKAsl MPOIECC OPTOrOHA-
JIM3aIMN, HEeTPY/IHO 10Ka3aTh, YTO B TMILOEPTOBOM IPOCTPAHCTBE €CTh
CIETHBIH ruIb6epTOB 6a3UC B TOM M TOJBKO B TOM CJIy4ae, €CJM B HEM
UMEETCSl CUETHOE BCIOAY ILJIOTHOE MHOXKECTBO, T. €. €CJIU TO MPOCTPAH-
CTBO cenapabenvro. <I>

6.3.15. ONPEAEJEHUE. Ilycrh & — ruibbepToB 6a3uc B IpoCTpaH-
cree H nu x € H. Yuciosoe ceMeficTBO T := (Te)ece B F?, sanannoe
COOTHOILEHUEM T, := (x, €), HA3BIBAIOT npeobpasosaruem Dypve 3iie-
MeHTa ¥ (OTHOCHTEILHO ruibbeprosa 6asuca &).

6.3.16. Teopema Pucca — @uirtepa 06 nzomopgusme. Ilycrp
& — ruibbepros b6asuc B H. Ilpeobpazosanne Pypoe F : x — T (or1-
HOCHTEJIBHO 6a3uca &) ects nzomerpuieckuit mzomoppusm H wa lo(8).
O6parHoe nipeobpaszopanne — cymmuposanue Oyppe F 1 1 15(&) — H
— setctByer o npasuity F 1 (x) = Y ece Tee WAL= (Te)ecs € l2(E).
Ilpwu srom myst smr06bIx x, y € H mmeer mecro pasernctBo IlapceBasist

(xa y) - Z lx\ege*'
ecs

< ITo reopeme ITudaropa npeobpazosanue Pypoe geiicteyer B lo(8).
ITo Teopeme 6.3.3, = — 3r0 snmmopdusm. ITo Teopeme Creknosa, ~ —
monomopdusm. To, uro F 717 = x na x € H u F-(z) = x nia
x € l3(&), mecomuernno. Pasencrso

2> =D 12 = 1215 (=€ H)
ecé
caexyer u3 teopembl [ludaropa. IIpu srom
(@, 9) =D Fee, D Tee | = Y. EBebile, €)= Fel. >
ecé& ec& ee'c& ecé&

6.3.17. BAMEYAHME. Pasencrsa ITapceBaJisi HoKa3LIBAIOT, 9TO IIpe-
obpazoBanne Pypbe coxpaHseT CKaJIsSpPHble TPOU3BEeHUsA. TakuMm 00-
pa3oM, 3TO peoOpa3oBaAHUE — YHUMAPHBIT ONEPAMOP WIH 2UALOEPMOS



6.4. DpMHTOBO COIPSI>KEHHBIH OIIEPATOD 119

U3OMOPPU3M, T. €. U30MOPPU3M, COXPAHSIONINI CKAJSPHBIE TPOU3BE-
nenusi. B aroit cBsisu Teopemy Pucca — @uinepa MHOra HA3BIBAIOT
TEOPeMOii O «TWIBOEPTOBOM M30MOP(dU3ME THIBOEPTOBBIX TPOCTPAHCTB
(omHOlt rUIILOEPTOBOI PA3MEPHOCTH)>.

6.4. DPpMUTOBO CONPsI>KEHHBIN OepaTop

6.4.1. Teopema Pucca o mrpuxoBauuu. Ilycrs H — ruinbep-
ToBO npoctpaHcTBo. s ¢ € H nmonoxum ©' = (-, x). Torga orobpa-
JKeHUe IITPHUXOBAHUS X — X' OCYIIECTBJISAET H30METPHYCCKHI H30MOP-

¢pusm H, ma H'.

< Sceno, yro z = 0 = 2/ = 0. Ecim xe = # 0, To

[l = sup |(y, z)| < sup ||yl [|l]| < [l

llyll<1 llyll<1
l2'llmr = sup [(y, @) > [(z/|z]l, z)| = [
llyll<1
Takum obpaszom, = — ' — uzomerpuss H, 8 H'. IIposepum, 4ro 3TO

oToOparkKeHNe SBJISETCS SMUMOPMOUIMOM.

IMycrs | € H' u Hy:= kerl # H (ecsiu Takux | Her, TO JI0KA3bIBATD
Hedero). Bribepem siement |le|| = 1 Taxoit, uto e € Hy , u TOM0KEM
gradl:=I(e)*e. Ecau x € Hy, To

(gradl)(z) = (x, gradl) = (z, l(e)*e) = l(e)**(z, e) = 0.

CrenoBaresbHo, 1y HeKoTOoporo o € F u Bcex x € H B cuny 2.3.12
seosaeHo (gradl)’(z) = al(x). B wactHOCTH, IPH 2 := e mOJIyYaeM

(gradl)'(e) = (e, gradl) =lI(e)(e, e) = al(e),
T.e.a=10D>

6.4.2. 3SAMEYAHUE. U3 Teopembr Pucca ciegyer, aro conpszk€HHOE
npocrpanctso H' ob1agaer ecrecTBEeHHOM CTPYKTY POl THIb6epTOBa po-
CTpaHCTBa U OTOGpasKeHUe MITPUXOBAHUS T +— T’ OCYIIECTBJISICT I'UJlb-
6epros m3omopdusm H, ma H'. Ob6paTHBIM 0TOOpasKeHUEM IIPH STOM
CJIy2KUT IIOCTPOEHHOE B JIOKA3ATEIbCTBE 2paduenmmoe omobpastcerue [ —
gradl. B sroii cBsizu 6.4.1 Ha3bIBaIOT TEOPEMOIT «00 00IIEM BHjIE JIMHEl-
HOTO (DYHKITMOHAJIA B THJIEOEPTOBOM IIPOCTPAHCTBES.
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6.4.3. I'mibbepToBO MPOCTPAHCTBO PePJIEKCUBHO.

< Ilycrsb ¢ : H — H" — npoiinoe mrpuxoBaHue, T. €. KAHOHUYECKOE
Byoskeane H BO BTOpoe conpsizkénHoe npoctpanctso H' | onpenenéanoe
cootrorrerneM z” (1) = v(x)(l) = l(z), tnex € Hul € H' (em. 5.1.10
(8)). Ilposepum, uro ¢ — suumopdusm. Ilycrs f € H”. Paccmorpum
orobpaxenue y — f(y') qus y € H. ZcHo, uTo 310 0TOOpaXKEHUe
— JHeltHbI yHKIMOHAJ HaJl H, u, crajo ObITh, 110 TeopeMe Pucca
naiinéres snement ¢ € H = H,, takoii, uro (y, z). = (z, y) = f(y’)
i kaxgporo y € H. Mmeem o(z)(y') = y'(z) = (z, y) = f(y’) upu
Beex y € H. Tak xak mo Teopeme Pucca y — 3y’ — orobpazkenune na H',
nosnyuaeM (z) = f. >

6.4.4. Ilycrp Hy, Hs — npowussojibHBbIE I'HJIbOEPTOBBI MPOCTPAH-
crBa uT € B(Hy, Hy). Torua cymecrByer, 0 IPHTOM €IHHCTBEHHOE,
orobpazkeane T* : Hy — Hy takoe, uro jjs jo6bix © € Hy, y € Ho
BBITIOJTHEHO

Tz, y) = (z, T"y).
ITpu srom T* € B(Hg, Hy) u | T*]| = ||T|.

< Ilyers y € Ho. Orobpaxenue z — (Tx, y) eCTh KOMIIO3UIHSI
y' oT, T. e. mpeacrapasier coOOil HENPEPBIBHBIN JTUHEAHBIA DyHKIH-
onas Ha H;. Ilo teopeme Pucca mmeercss B TOYHOCTH OJUH SJIEMEHT
x € Hy, gna koroporo ' = y’ o T. Ilomaraem T*y := z. fcno, 4ro
T € ¥(Hy, Hy). Tomumo sroro, npusiekas nepasencrso Komwm —
ByHSIKOBCKOr0 1 HOPMATUBHOE HEPABEHCTBO, BHIBOIUM

[Ty, Tyl = [(TT"y, »)| < NTTy llyl < ITINTyll [lyll-

Buauwr, |[T*y|| < || T|| ly|| mast Bcex y € Ha, . e. [|T*|| < |T]]. B 1o xe
Bpemss T = T**:= (T*)*, v. e. ||T|| = || T < || T*]]. >
6.4.5. ONPEAENEHUE. Oneparop T* € B(Hz, Hi), nocTpoeHHbIi
B 6.4.4, Ha3BIBAIOT 9pMmumoso conpasrcénnvm K T € B(Hy, Hs).
6.4.6. ITycts H;, Hy — rumpbepToBBI IPOCTPAHCTBA U, KPOME TOI0,
S, T € B(Hy1, Hz) u A € F. Torza
(1) T =T;
(2) (S+T)* =5*+T%;
(3) (AT)* = \*T™*;
(4) 77| = ||I7]]>.



6.4. DpMHTOBO COIPSI>KEHHBIH OIIEPATOD 121

< (1)—(3) — oueBmunble croiicTBa. Ecim ke ||z]] < 1, To
|ITz||* = (Tw, Tx) = |(Tz, Tz)| = [(T"Tz, z)| <

< T*T| (|l < [|1TT-

Kpowme Toro, B cuity cyOMyJIbTUINIAKATHBHOCTH OIIEPATOPHON HOPMBI U
npemyozkenus 6.4.4, | T*T|| < ||T*|| ||T|| = ||T||?, aro nokazwisaer (4). >

6.4.7. Ilycrs Hy, Hy, Hs — Tpu rujibbepTOBBIX IPOCTPAHCTBA, U
sagaasl T € B(Hy, Hy) u S € B(Hg, Hs). Torga (ST)* = T*S*.

< (STx, z) = (Tx, S*z) = (x, T*S*z) (x € Hy1, z € H3) >

6.4.8. ONPEIEJEHUE. PaccMoTpuM MpOCTERIy0 — 3JieMeHTap-

T T

nyo — muarpamvmy Hy — Hs. Hwumarpammy Hy; «— Hs Ha3bIBaioT 2p-
MUMOB0 CONPAHCENHOT K mexoauoit. Eciin B mpon3Bo/IbHOIM quarpamMme,
COCTaBJIEHHOW M3 OIpaHWYEeHHBIX JIMHEHHBIX OTOOpaXKeHUil rujiboepTo-
BBIX [IPOCTPAHCTB, KaXK/asl dJIEMEHTapHAs MMOIIAarpaMMa 3aMeHeHa Ha,
SPMUTOBO COIPSI?)KEHHYIO, TO BO3HUKIINYIO JUAIPAMMY HA3BIBAIOT IPMU-
M0oB0 CONPANCENHOT K UCXOTHOI.

6.4.9. IlpuHIMI 3pMHUTOBA COIPSI>KEeHUsT guarpaMm. /luar-
paMMa KOMMYTATHBH& B TOM H TOJBKO B TOM CJIyYae, €CJH KOMMYTa-
THBHA SPMHUTOBO COIPS’KEHHAS K HEH JHarpamMMa.

< Crenyer u3 6.4.7 u 6.4.6 (1). >
6.4.10. CuencrBue. Ilycre T € B(Hy, Hy) u T* € B(Ha, Hy).

Ormeparop T' 0obpaTumM B TOM W TOJIBKO B TOM CJIy4ae, ecau obparum T*.
Ipu sTom T*~1 =T, ap

6.4.11. CaexncrBue. Tuas T € B(H) Bepro A € Sp(T) & \* €
Sp(T™). <>

6.4.12. IIpuHIIUI 3PMUTOBA CONPSI>K€HUSI MOCJIEI0OBATEb-
HOCcTek (cp. 7.6.13). IlocsieioBaTeIbHOCTD

y T
— Hy 1 =5 Hy =5 Hyyy — ...

TOYHa B TOM U TOJIBKO B TOM CJIydae, €CJIM TOYHa 9PMUTOBO COHpH}KéHHaH
rmocJjie 10BaTeJIbHOCTH

Ty Ty
.<—Hk_1<—ka<—+lHk+1<—.... >
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6.4.13. ONPEIAEJEHUE. HHheoa0mueHotl areebpoti Wan x-an2ebpoti
(nag ocnoBHbIM moJieM ) HasbiBaioT anrebpy A ¢ unsoaoyued *, T. e.
¢ orobpazkenuneM a — a* B A TakuM, 94TO

(1) a** =a (a € A);

(2) (a+b)*=a*+b* (a, be A);

(3) (M\a)* =A*a* (A€F, ac€ A

(4) (ab)* =b*a* (a, be A).
BanaxoBy anrebpy A ¢ musosmonueit *, g1 Kotopoit ||a*al| = ||al|? npn
Bcex a € A, HasbiBator C™*-an2e6poii.

6.4.14. IIpocrpancrso B(H) sH10MOP)H3MOB rHIbOEPTOBA IIPOCT-
parcrea H npesncrasisier coboit C*-anrebpy (OTHOCHTEIBHO onepanuii
IIPOHU3BECHHS OIIEPATOPOB U MEPEX01a K IPMHUTOBO COIPSIKEHHOMY OITe-
paropy B KadecTBe I/IHBOJHOI_U/H/I). <>

6.5. DpMUTOBBI OIIEPATOPHI

6.5.1. ONPEAEJIEHUE. Ilycrs H — ruyib6epTOBO IIPOCTPAHCTBO HA/T
noseM F u T € B(H). Oueparop T Ha3bIBAIOT 9pMumosoim (WM camo-
conpasrcénmvim), ecin T = T*.

6.5.2. Teopema Pajiest. s spmuroBa orreparopa 1 umeer mecto
PABEHCTBO

1T = sup [(Tz, )|
lzf| <1

< Hyers ¢ := sup{|(Tz, z)| : |z|| < 1}. Hcuo, uro |(Tx, z)| <
Tzl ||z|| < ||T|, xax TombKoO ||| < 1. Cramno 6bits, t < ||T.

Tak kak T = T*, vo (Tz, y) = (z, Ty) = (Ty, z)* = (y, Tx)*,
r.e. (z, y) — (Tx, y) — spmurosa dopma. 3HauuT, B cuury 6.1.3 u 6.1.8
< t(llz +yl* + llz — ylI*) = 2t(ll2)* + [lyl*).

Eciu Tz = 0, o sBro ||Tx| < t. Iyers Ta # 0. Torma upu ||z < 1
s y:= || Tx|| "1 Tx 6yner

Tx Tx
I T2 = | Ta] ( , —) -
7=l TTal

2
5 ¢ (llall? + 17w/ |Ta] I7) <1,
T e ||T] =sup{||Tx|: ||| <1} <t >

—_

= (Tz, y) = Re(Tx, y) <
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6.5.3. BAMEYAHUE. Kak ormeueHo B jokasaresberse 6.5.2, Kax-
JIbIi 3pMuTOB onepaTop T’ B rusbepToBoM pocTpancTse H mopoxpaer
spmutoBy bopmy fr(x, y):= (Tz, y). Iycrs, B cBoo ouepenp, f —
spmuToBa dopma, nmpuduéM Jyuist Kaxkjaoro y € H dyskimonan f(-, y)
HenpepbiBeH. Torga B cuity Teopembl Pucca naiimérca smement Ty us
H rakoit, uro f(-, y) = (Ty)’. Ouesunwo, T € Z(H) u (x, Ty) =
flz, y) = fly, 2)* = (y, Tx)* = (Tz, y). Moxuo ybenurnbcsi, 910
B oroM caydae T € B(H) u T = T*. Kpowme rtoro, f = fr. Takum
obpasoMm, B onpejesnernn 6.5.1 yciaosue T € B(H) MOXHO 3aMeHHTH
yeaouem T € £ (H) (reopema Xesumarepa — Témmana, cM. 7.4.7).

6.5.4. Kpurepuii Betirsa. Hucjio \ JIeXKUT B CIIEKTPE 3PMUTOBA
omepaTopa 1" B TOM W TOJBKO B TOM CJIyIae, €CJII

inf |[A\x —Tz| = 0.
lzll=1

< =:Iycrs t:= inf{||Ae—Tz| : « € H, ||z| =1} > 0. Ycranosum,
qro A ¢ Sp(T). Hns kaxmoro z € H semoneno | Az — Tz|| > ¢z
Crajo 6piThb, Bo-nepBbIX, (A — 1) — MoHOMOPdU3M, BO-BTOpBIX, Hy :=
im(A—T) — zamxayTOE MOATPOCTPAHCTBO (H60 ||(A—T )T — (AT )2k || >
t||zm — k||, T. e. «upoobpas nocaenosareabrocTn Komu dyHmamenTa-
Jien» ) u, Hakouer, B-tpetbux, (A — T)~! € B(H), xax Tombko H = Hy
(B Takoit curyanun |[R(T, N\)| < t7!). Homyctum, BOmpeku aoKasbl-
Baemomy, uto H # Hy. Torma cymectsyer y € Hg, mis KoToporo
llyl| = 1. IIpu Bcex « € H 6yner 0 = Az — Tz, y) = (x, Ny —Ty), . e.
Xy = Ty. Hanee, \* = (Ty, y)/(y, y) u u3 spmuroBoctu T BBIBOIUM
A* € R. Orcroma \* = A u y € ker(A — T'). Toayumiau nporusopeune:
1 Jlyll = flo] = 0.

<: Eciim A ¢ Sp(T'), To umeerca pesonbsenta R(T, \) € B(H).
Hostomy inf{||Ax — Tz||: ||z| =1} > |R(T, N)||7*. >

6.5.5. Teopema o rpanurnax crnekrpa. Ilycrts T — spMuToB orre-
parop B ruibbepToBoM mpoctpaHcTBe. Tloroxmm

mp = ”irlllf (Tz, ), Mp:= sup (Tz, x).
z||=1 llzll=1

Torga Sp(T) C [mp, Mr| u my, My € Sp(T).



124 I'n. 6. I'mtp6epTOBBI IPOCTPAHCTBA

<1 YuurbsiBasi 3pMUTOBOCTB ortieparopa 1 —Re A\ B paccmarpuBaemMomM
npocTpancTse H, u3 ToxKaecTBa

[[Ax — T$||2 = |Im )\|2||:):||2 + ||ITz — Re )\:c||2

na ocuoBauuu 6.5.4 noaygaem Brsodenue Sp(7) C R. Eciu A < mrp,
TO JyIs sjeMeHTa ¥ € H ¢ eauHu4HON HOpMOi ||z|| = 1 mo HepaseHCTBY
Kormmmu — Bymnsikosckoro 6.1.5

Az = Tz|| = ||Az — Ta|| [[z]| > [(Ae — Tz, z)| =
=|A— Tz, z)]= Tz, ) = A >mpr—X>0.

Anensinus k 6.5.4 pagr: A € res(T). Ecom xxe A > Myp, 10 aHajornd-
HBIM 00pa3oM

e—Tz|| > |(Az—Tx, z)| = A= (Tz, )| = A\—(Tx, ) > A\—Mr > 0.

BuoBb A € res(T"). Okonvarensro Sp(T') C [mr, Mr].
IMockonbky (Tx, ) € R upu z € H, To B cuiy 6.5.2

1T = sup{|(Tz, ) : |zl <1} =
=sup{(Tz, =)V (—(Tz, z)): ||z|| < 1} = My V (—m7).
Homycrum cragama, aro A\:= ||T|| = Mp. Eciu ||z|| = 1, To
Az —Tz|* = A = 2X(Tx, x) + | Tx||* < 2|T|* - 2|T|(Tz, ).
Nuadge roBops, CipaBe/iInBa, OIIEHKA

int [xe = TP <217 int (7] - (Ta, 2)) = o.
ITpusnexast 6.5.4, sakimouaem: A € Sp(7T).

Paccmorpum Temeps omeparop S = T — myp. Hcwo, uyro Mg =
Mr —mrp > 0umg = mr —mgy = 0. Takum obpasowm, ||S|| = Mg u
o yxe gokazannomy Mg € Sp(S). Orciona caenyer, uro My Bxoaur B
Sp(T), ubo T = S + mr, a My = Mg + my. Ocranoch 3aMeTUTh, ITO
mp =—M_p u Sp(T) = —Sp(-T). >

6.5.6. CiaeacrBue. Hopma spmuToBa omeparopa paBHA DPagHyCy
€ero crekTpa (H CHeKTPaJIbHOMY PaJHyCy). <>

6.5.7. CreagcrBue. DpMHUTOB ONEPATOP SIBJSIETCS HYJIEBBIM B TOM
U TOJIBKO B TOM CJIydae, €CJIH y Hero HyJeBOi CIeKTp. <>
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6.6. KoMnakTHbBIE S3pMUTOBBI OIIEPATOPHI

6.6.1. ONPEAENEHUE. [lycts X u Y — GaHaXoBBI IPOCTPAHCTBA.
Ouneparop T € Z(X, Y) naspiBaior xomnaxmnoiwm (IIPA ITOM IHIILYT
Te X (X,Y)), eciu 06paz T(Bx) equanasoro mapa Bx B X orHOCH-
TeJbLHO KOMIIAKTEH B Y.

6.6.2. 3BAMEYAHUE. IlogpoGHoe mcciiemoBanne KOMIIAKTHBIX OIIE-
paTopoB B 6AHAXOBBIX MPOCTPAHCTBAX COCTABJISAET COJEPIKAHUE TEOPUH
Pucca — [laynepa. DTa Teopust pacCMOTpEHa B TUL. 8.

6.6.3. ITycrs T — kommakTHBIH 5pMuToB onepaTop. Ecan 0 £ X\ €
Sp(T), To A — cobereernoe uncao T, 1. e. ker(A —T') # 0.

< ITo kpurepuio Beiiig 1jisi HEKOTODOIH 110Cs€0BaTEIBHOCTH (X1,
takoil, 4ro ||x,|| = 1, BeImonHeHO Az, — T, — 0. He napymas
obrmHoCcTH, Oy/eM CYMTATh, UTO HOCHen0BaTebHOCTh (T2,) cxomurcs
K y:= limTz,. Torma us roxnecrea Ar, = (Ax, — Tx,) + Tz, nomy-
yaeM, 4ro cyiecrsyer upeaen (Az,) n y = lim Az,. CrenoBaresbho,
Ty = T(lim Azy,) = AMimTx, = Ay. Tak gax ||y|| = |)A|, 3akmogaem,
4TO 3y — cOOCTBEeHHBIN BekTOp 1. [>

6.6.4. ITyctp A\, Ay — pasimvHble COOCTBEHHBIE IHCJIA IPMUTOBA
omeparopa T, a x1, Ta — oTBedaromme A1 H Ay COOTBETCTBEHHO COO-
cTBeHHBIe BEKTODHI (T. e. X € ker(As —T), s:= 1, 2). Torga x1 u x4
OPTOTrOHAJIBHBL.

1 1 A2
(w1, 22) = —(T1, 22) = — (21, Tw2) = (21, 72) >
A A At
6.6.5. [T Besikoro € > 0 BHE IPOMEXKYTKa [—€, €] MOXKeT JiexKaTh
JIMIIb KOHETHOE IHCJI0 COOCTBEHHBIX YHCEJ KOMIAKTHOIO SPMHTOBA OI€-
paropa.

< Iyetb (An )nen — MOC/IEI0BATETHHOCTD TIOTNIAPHO PA3JIMIHBIX COO-
crBennbix unces T', mpuaém |\,| > e. Ilycrs, nauee, T, — cobCTBEHHBIf
BEKTOp, OTBeYaloluii A, u Takoii, 410 ||z,| = 1. B cumy 6.6.4 nmeem
(g, Tm) =0 upu m # k. 3nauur,

[T — Tagl|* = |Twm|* + [Taxl|* = X7, + A% > 2%,

T. e. TOC/enoBATeNbHOCTD (T4 )peN HE SIBJISIETCST OTHOCHTEIBHO KOM-
nakTHO. [loydniaun mpoTuBopedne ¢ KOMIAKTHOCTBIO 1. >



126 I'n. 6. I'mtp6epTOBBI IPOCTPAHCTBA

6.6.6. Jlemma o pazbuenuu cruekrpa. Ilycrs T — KOMITAKTHBII
9PMHUTOB onepaTop B ruipbepropom npocrparcrse H u 0 # A € Sp(T).
Homoxum Hy := ker(A — T). Torma H) KOHEYHOMEDHO H Da3JIOKEHHE
H=Hy9®H f npusogur T'. Ilpu 5TOM HMeeT MeCTO MaTPHUIHOE IIPEJT-

cTaBJIeHHE
A0
(6 5)

e omeparop Ty — wacts T B Hy — 3pMHTOB H KOMIIAKTEH, IIPHYSM
Sp(Tx) = Sp(T) \ {A}.

< HoxmpocrparcrBo Hy KOHEYHOMEPHO BBHY KOMIAKTHOCTH 1.
I[Tomumo storo, Hy WHBaApHAHTHO OTHOCUTEIBHO 1. 3HAYUT, OPTOTO-
HaJIbHOE Jlonosenne Hy mojanpocrpanctsa Hy — MHBADHAHTHOE IOJI-
upocrpanctso T*(= T'), u6o eemosaeno (Vo € Hy)(z, h) =0= (Vz €
H))(T*h, z) = (h, Tx) =0.

Yactn oneparopa T' 8 Hy — 910 ssBHO A. KOMIIaKTHOCTH M 9PMHUTO-
BocTh dactu 1y oneparopa I’ 8 H j‘ mecomueHHbl. CTOJIb 7K€ OYEBUIHO,
9TO MPH [t # A onepaTop

7N“7)‘ 0
net (0 M—TA)

obpaTuM B TOM W TOJBKO B TOM cJiy4ae, ecau oopatum i — Ty. cuo
TaK>Ke, YTO A He SIBJIAETCS COOCTBEHHBIM YMCJIOM 1. [>

6.6.7. Teopema I'minpbepra — IlIMmuara. Ilycte H — ruisbep-
TOBO IpocTpaHcTBO u'T — KOMIOAKTHBIH 3pMuToB onepatop B H. Ilycrs,
Jagsee, P\ — opronpoekrop Ha ker(A — T') mus A € Sp(T). Torzaa BbI-

ITOJTHEHO
T = Z APy,
AESP(T)

< Ilpusnekas nyxkuoe ducso pa3 6.5.6 u 6.6.6, /st J1I000T0 KOHEU-
Horo nojMHOKecTBa 6 B Sp(T') nosydaem

HT — ZAPA

A€b

=sup{|A\|: A€ (Sp(T)U0)\ 6}.

Ocraérea cocnarbea Ha 6.6.5. >
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6.6.8. SAMEYAHUE. Teopema I'minbepra — IlIMmura, npocreiimast
CNEKMPANLHAA MEOPEME, COITEPIKUT HOBYIO HH(MOPMAIHIO 110 CPABHEHIIO
€ KOHEYHOMEPHBIM CJIy9aeM 110 CYTH JIeJIa JIUIIb TOrJa, KOora orneparop T’
«BECKOHETHOMEPEH», T. €. UMeeT OeCKOHETHOMEPHBI 00pa3 Wn, ITO TO
e camoe, ecin Hy- — 6eckoneanomepnoe npocrpanctso (Hg:= ker T)).
HeiicTBUTEBHO, €cau orepaTop 1 KOHEIHOMEDPEH, T. €. MMeeT KOHETHO-
MEpHBI 00pa3, TO MOJIIPOCTPAHCTBO HOL n30MOpGHO dTOMYy 00pa3y u,
€TaJI0 OBITD,

T = Z)\k<€k> = z:)\1€(3;C & ek,
k=1 k=1

rjae Ai, ... , Ay — HEHYJIEBbIE TOYKH cIIeKTpa 1, «B34ThIE C yIETOM KpaT-
HOCTU», & {e1,...,e,} — OpTOHOpMAbHLIH Gasuc B Hy, BHIGpAHHBIH
JIOJIZKHBIM 00pa30M.

Teopema 'mmpbepra — IMuaTa MOKA3BIBAET, YTO C TOYHOCTHIO 10
3aMEHBbI CYMMBI PSJIOM OECKOHEYHOMEPHBIE KOMITAKTHBIE SPMUTOBBI OIle-
pPATOPbI YCTPOEHBI TAK K€, KAK M KOHEYHOMEpHBbIE. B camMom jiesie, pu
A # W, TIHe A, | — HeHyJeBble TOYKU cuekTpa 1', coOCTBEHHbBIE TIOIIPO-
crpancrsa Hy u H,, KOHEUHOMEDHBI U OPTOTOHAJIBHEL IIpn sTOM rityb-
GepToBa cymma ©xesp(r)\oHA paBHa Hi = clim T, u6o Hy = (imT)> .
Crpost «110 IOPsIIKY» 6a3UChl B KOHEUHOMEPHBIX IpocTpaHcTBax H)y (1e-
PEHyMepOBBIBask COOCTBEHHBIE YUC/IA «B MOPSAJIKE YOBIBAHUS MOJIyJIeH 1
C yI€TOM KPaTHOCTH», T. €. HoJarasg A1:= A2 = ...:= MdimH,, ‘= A1}
Adim Hy g = -eoi= Adim Hy, +dim Hy, i= A2 M T. J1.), HOJYdYaeM Pa3jioxe-
Hue H = Hy ® Hy, ® Hy, ® ... u upeicraBjeHue

T = Z)\k<€k> = Z)\ke;c & ek,
k=1 k=1

rJie psJi CyMMUPYeTCd B OIlepaTOPHOIT HOpMe. <I[>

6.6.9. Teopema 06 obiiteM BHe KOMIIAKTHOT'O OIlepaTopa.
Iycrs T € # (Hy, Hy) — 6eCKOHEUHOMEDHBIIT KOMITAKTHBI OIIEPATOD,
JedcTByromuil u3 ruapbeproBa mpocrpancTBa Hi B ruapbepToBo mpo-
crpanctBo Hy. CymectByor oproHOpMaJbHble cemericrsa (ex)ken B Hi,
(fx)ken B Ha u cemeticro guces (pg)gen B R+ \0, pug | 0, m1st KoTopbix
CIIPABEJJIUBO IIPEJCTABICHUE

o0
T = Z,Ltke;c ® fr.
k=1
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< Tomnoxum S:= T*T. Tloustro, uro S € B(H;) u S KOMIIaKTeH.
[Tomumo 3toro, (Sx, z) = (I*Tx, x) = (Tz, Tz) = ||Tz||*>. 3nauur,
B cuity 6.4.6, S spmuroB u Hy:= ker S = kerT. Ormerum TakxKe, 4TO
Sp(S) C R mo Teopeme 6.5.5.

[yctb (ex)ken — OpTOHOPMAMBbHBIH Gasuc B Hg- W3 cOBCTBEHHBIX
BeKTOPOB S 1 (Ak)keN — COOTBETCTBYIOIIAs YOBIBAIOIIAS IIOCJIEI0BA~
TeJIbHOCTD IIOJIOXKUTEJbHBIX COOCTBEHHbIX 3HadeHuit Ay, > 0, k € N (cp.
6.6.8). Torna sumement x € Hy MOXKHO pa3ioxkuTh B psii Pyphe

o0
x — Py,x = E (z, ek)ek.
k=1
Takum obpazoM, yuurbiBag, 4ro 1 Py, = 0, u mosaras py = VAp 1
fo:= ungek, IOJTy IaeM
o0 o0
Ty = g (z, ex)Teg E x, eg) Tekf E ez, er)fr.
k=1 k=1 k=1

CewmeiicTBO (fk)keN OPTOHOPMAIIBLHO, NGO

Te, Tep 1
(fn7 f’m) - (—7 —) - (Ten; Tenb) -

Hn Hm, Hon o,
1 N 1
= (T*Ten, en) = (Sen, em) =
Mo o, Hom
1 Hn
— 7()\nen7 e’m) - - (en; e’m)
Hns Hm Hm

[Tpusiekast Temeps mocjenoBaTe/ibHO TeopeMy [ludaropa u HepaBeHCTBO
Beccesnst, BeiBOIMM:

2 2

H(T‘Zﬂk@%@f’“)x = 22 mle efi] =
k=1 k=n-+1

oo o0

Z $ ek S )\n+1 Z |(Ia ek)|2 < )\n+1||l‘||2-

k=n k=n-+1
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OKoHYATE/IbHO, YUYUTBIBasE COOTHOIIeHnE A | 0, nmeem

n
T*che?c@fk < ppy1 — 0. >
E—1

6.6.10. BAMEYAHUE. Teopema 6.6.9 o3nagaer, B YaCTHOCTH, UTO
KOMIIAKTHBIE ONEePaToOpbl (M TOJBKO OHU) CYTh TOYKH IIPUKOCHOBEHUSI
MHOXKECTBA KOHEYHOMEDHBIX OIEPaTOPOB. IDTOT (aKT BBIPAXKAIOT eIlé
U TakK: «IMJIBOEPTOBO MPOCTPAHCTBO 00JIAIaeT CBOMCTBOM aIlllPOKCAMAa-
AN>.

YnpaxkHeHUst
6.1. HaiiTu Kpaiinue TOYKH I1apa rujibOEPTOBa MPOCTPAHCTBA.

6.2. BpisicHUTb, KaKue U3 KJIACCUYECKHX OaHaXOBBIX IIPOCTPAHCTB TI'MJILOEPTO-
BBI, & KaKHe — HeT.

6.3. Byner mu runb6epToBBIM (haKTOP-TIPOCTPAHCTBO THILOEPTOBA IIPOCTPAH-
crBa?

6.4. Kaxxnoe jin 6aHAXOBO MPOCTPAHCTBO BKJIAJIBIBAETCS B I'MJIBOGEPTOBO IPO-
CTPaHCTBO?

6.5. Moxer Jin 6BbITH I'MILOEPTOBBIM ITPOCTPAHCTBO OrPAHUYEHHBIX SHIOMOP-
Gu3MoB ruyILO6EPTOBA IPOCTPAHCTBA !

6.6. Omnucarb BTOpoe OPTOrOHAJIBHOE JOIMOJIHEHUE K MHOXKECTBY.

6.7. Jlokazarb, 94TO HU OOWH I'MmiIbOEPTOB 6a3uc GECKOHEUHOMEPHOIO THILOEp-
TOBa MIPOCTPAHCTBA He siBJIsieTcs 6asucom [amerts.

6.8. IlocTpouTs Ha OTpe3Ke HAWIIyUIllee IPUOINAKEHNE B MeTPUKe Lo IOJIMHOMA
creneHu N + 1 IMOJMHOMAMHU CTENIEHU HE BBIIIE M.

6.9. Jloxkasath, uTo | y B TOM M TOJNBKO B TOM ciaydae, eciu ||z + y||? =
el + llyll? m fle +ayll® = llzll® + llyll*-

6.10. [lns orpanmyeHHoro oreparopa 1’ yCTaHOBUTBH COOTHOIIEHHS
(ker T)* =cl imT*, (imT)+ = ker T*.
6.11. BoIsCHUTDH CBS3M MEXKYy SPMHUTOBBIMEH (POPMaMU U SPMHUTOBBIME OIl€pa-

TOpaMH.

6.12. HaiiTu SpMUTOBO CONPSI?KEHHBIE OIIEPATOPHI K OllepaTopaM CIBUra, YMHO-
2KEHUsl, K KOHEYHOMEPHOMY OIIEPATOpYy.

6.13. Jloka3aTb, 4TO OIEPATOP B IMJIOEPTOBOM IIPOCTPAHCTBE KOMIAKTEH B TOM
¥ TOJIbKO B TOM CJIy4ae, €CJIM KOMIIAKTEH SPMHUTOBO CONPSI?KEHHBIN K HEMY OIIEPATOP.
Kaxk cBsi3aHBI COOTBETCTBYIOIIE KAHOHUYECKHUE IPEJICTABJIEHUs] STUX OMEPATOPOB?
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6.14. Ilycts usBecTHO, uTO omeparop 1 — m3oMmerpus. Byner jam nsomerpueit
omeparop T*7?

6.15. Hacmuwraa usomempus — STO ONEPATOP, SABJISIIOIIUIICA U30MeTpueil Ha
OPTOTOHAJIBHOM JIOTIOJIHEHHH CBOEro sjpa. Kak yCcTpoeH SPMHTOBO CONPS?KEHHBIM
K YACTHUYHON M30METPUU OIEepaTop?

6.16. KakoBbl KpailHre TOUYKH €IMHUYHOrO IIapa B IPOCTPAHCTBE SHAOMOPMDU3-
MOB I'MJIbOEPTOBa MPOCTPAHCTBA?

6.17. Jloka3aTb, YTO IPU Cy?KEHUU Ha IIap cjaabdast TOIOJIOTHs cerapabebHOro
rub6epTOBa MIPOCTPAHCTBA CTAHOBUTCS METPU3YEMOIH.

6.18. Jloka3arhb, 9TO MAEMIIOTEHTHBIN omepaTop P B rujib6epTOBOM MPOCTPaH-
CTB€ $IBJISIETCSI OPTOIPOEKTOPOM B TOM U TOJIBKO B TOM CjIydYae, eciini P KoMMyTHUDY-
er ¢ P*.

6.19. Ilycrs (akl)k 1eN — OeckOHeUHasl MaTPUIla Takasi, 9To ay; > 0 Ajs Bcex
k, | u, Kpome TOro, UMEIOTCs TakxXKe p u 3, v > 0 Takue, 4TO

o0 oo
Z appr < Bpi; Z agipr < ypr (k, LEN).
k=1 =1

Torga cymecrByer oneparop T € B(l2) Takoii, uro (eg, €;) = ag; u |T|| = /BY
(rme e — KaHOHWYECKHI 6a3uC B l2, COCTABIICHHBIN XapAKTEPUCTHIECKUMH (DYHKIH-
samu Touek u3 N).



T'maBsa 7

IIpuaIunsr 6aHaxX0BBIX
IIPOCTPAHCTB

7.1. OcHoBHoOIi npunun Banaxa

7.1.1. JleMMa 0 TOMOJIOTHYIE€CKOM CTPOEHHUH BBIITYKJIOTO MHO-
>kectBa. Ilycts U — BBITYKJI0€ MHOXKECTBO C HEILyCTOH BHY TDEHHOCTHIO
B (MysibTH)HOpMEpOBAHHOM IpocrpaHcTse: int U # &. Torga

1) 0<a<l=acd U+ (1—a)intU CintU;
(2) coreU =intU;

(3) clU =clintU;

(4) intclU =intU.

< (1) Just wo € intU B cuny 5.2.10 mHOXKecTBO int U — ug — or-
KpbITast OKpecTHOCTH Hyssd. Orcioga npu 0 < o < 1 mosrygaem

aclU CcaUcCaU+ (1—a)(intU —ug) =

=aU+ (1 —a)intU — (1 — a)ug C
CaU+(1—-—a)U—-(1—-a)up CU — (1 —a)ug.

Takum obpasoM, (1 — a)ug + aclU C U n, cramo 6eitb, U comep-
kUt (1 — a)intU + aclU. Tlocneanee MHOKECTBO OTKPBITO, UOO TIPeI-
craBiisieT co0oit pe3yiabraT ciaoxkerus & clU ¢ OTKPBITBIM MHOYKECTBOM
(I1-a)intU.

(2) Hecomuenno, uro int U C coreU. Ecmu xe ug € intU u u €
core U, To nyist HeKoTophix 41 € U n 0 < a < 1 6yzer u = aug+(1—a)u;.
IMockonbky uy € clU, na ocuoamuu (1) saximodaeM: u € int U.
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(3) Housitho, uro clintU C clU, ubo intU C U. Ecum, B cBOIO
ouepelib, u € clU, 1o, BBIGPaB ug € int U 1 MOJI0KUB U, := augt(l—a)u,
BUJUM: Uy, — u Ipu o — 0 1 uy € intU, xorma 0 < a < 1. Urak, o
noctpoennto u € clint U.

(4) N3 Brmouennit int U C U C ¢l U Berreraer, 9ro int U C intclU.
Ecyu reneps v € intclU, To, B cuny (2), u € coreclU. 3uauut, BHOBD
BBLIEAS ug € int U, mogpimem u; € clU n 0 < a < 1, 1 KOTOPBIX U =
aug + (1 — @)uy. Ipusrnekast (1), oKOHYATENBHO BBIBOJUM: U4 € int U. >

7.1.2. BAMEYAHUE. B ciydae KOHEUHOMEDPHOCTH DPACCMATPHUBAE-
MOTO TIpocTpaHcTBa yciosue int U # & B mynkrax 7.1.1 (2) u 7.1.1 (4)
MOZKHO OIIYCTUTb. B GECKOHETHOMEPHO CUTYyaIH HAJIMYNe BHY TPEHHEN
TOYKH, KAK MOKA3BIBAIOT MHOTOYUC/IEHHBIE IPUMEPBI, — 3TO CYIIECTBEH-
HOe TpeboBanue. B gactHocTh, Tak obcrout jeno upu U:= B, N X, rue
Co — TPOCTPAHCTBO CXOMAIINXCS K HYJIO HOCJIeI0BaTebHOCTeH, a X —
[IO/IIIPOCTPAHCTBO (DUHUTHBIX MOCJIEI0BATEILHOCTEN B o, T. €. IpsMasi
CyMMa CYETHOTIO YHUC/Ia 9K3EMILISIPOB OCHOBHOIO MoJjist. B camom jiede,
6eccriopHo, coreU = @ u B 10 K€ Bpems clU = B,. <>

7.1.3. ONPEJAENEHUE. MHoxecTBO U B (MYJIBTH)HOPMAPOBAHHOM
npocTpancTBe X HA3BIBAIOT UJEAAbHO 8binYKAbLM, ecau U BbIIepKUBa-
eT 0b6paz’oBaHUe CYEMMHLT GHNYKANT Kombunayutld. Tounee rosopsi, U
WIeaIbHO BBIMTYKJIO, €CJIN, KAKOBBI Obl HM OBLIA IOCJIEI0BATEIHHOCTH
(n)nen 1 (Un)nen, € 0y € Ry, Sy = 11 u, € U, s xo-
TOPBIX PSAIL Yoo | Gy CXOMUTCsE B X K JIEMEHTY U, BBIIOJIHEHO u € U.

7.1.4. IIPUMEPHI.

(1) Ilapasenbusri (Ha BEKTOp ug) HEPEHOC T +— T + Ug
«COXpaHsieT» HJeaIbHYIO BBIILYKJIOCTD.

(2) SaMKHyTOe BBIIIYKJIO€ MHO?KECTBO H/1€a/IbHO BBIIIYKJIO.
(3) OTKprTOe BBIIIYKJIO€ MHO2KECTBO H/1€a/IbHO BbIIIYKJIO.

< B camom gmeste, mycts U oTkpsiTO U BhImyKJ0. Ecau U = &, To
JoKaseiBaTh Hewero. Ecim ke U # &, 1o o 7.1.4 (1) mMoxHO cum-
tatk, uro 0 € U u, snauutr, U = {py < 1}, tme py — dyHkImo-
nan Munkosckoro muoxkecrBa U. Ilyerb (up)neny # (Qn)nen — mO-
cnepoBarensroctn B U n B Ry takwme, aro Y.~ o, = 1 n smement
wi= Y. apu, He nonan B U. B cury 7.1.4 (2), u nexur B clU =
{pv < 1} u, cramno 6birh, py(u) = 1. C apyroit CTOPOHBI, SICHO, UTO
pu(u) < > anpu(un) <1 =35 a, (cp. 7.2.1). Hrak, 0 =
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o0 o0
anl(an - anpU(un)) - anl an(l - pU(Un))~ OTCIO,Ha On — 0 1A
Bcex n € N. Tlosyuuaun mporuBopedne. >
(4) Ilepeceuenme mpou3BOJILHOIO CeMEHCTBA HIACAIBHO BbI-
MYKJIBIX MHOXKECTB HJI€AJHHO BBITYKJIO.

(5) BslitykJji0€e oAMHOKECTBO KOHEYHOMEDHOT'O IPOCTPAHCT-
Ba maeaIbHO BBIITYKJIO. <[>

7.1.5. OcHoBHot#i npunnun Baxaxa. B 6anmaxoBoMm HTpocTpaH-
CTBE HJIeaJIbHO BBIITYKJI0O€ MHOXKECTBO C ITOIJIOIAKIIUM 3aMbIKAHUEM SIB-
JISIETCSI OKPECTHOCTBIO HYJISI.

< IIycte U — Takoe muO)KecTBO. 110 ycsioBumo st paccMaTpruBaeMo-
ro bamaxosa mpoctpancTsa X BoimoaHeHo X = UyenynclU. Tlo Teopeme
Baspa X — merormee mMHOXkKeCTBO U, cTaJi0 OBITH, HalméTcss n € N, s
koroporo intnclU # @. Takum obpasom, intclU = 1/n intnclU # @.
Hawm usBectHO, uTo 0 € coreclU. 3uaunt, Ha ocHoBanum 7.1.1 3aKirO-
qaeM: 0 € intclU. Uupivm cioBamu, cymecrByer & > 0 Ttakoe, 9to
clU D dBx. CuenoBarebHo, IMEET MECTO COOTHOIIECHNUE:

1 )
e>0=cl-U D -Bx.
€ €

C nomompo IpUBEIEHHON NMIUIMKAIMU nposepuM, uto U D /2 Bx.

ITycrs g € 6/2 Bx. Tonarast €:= 2, Buibepem y; € 1/e U u3 yeao-
Bus ||y1 — xo|| < 1/2ed. Ilomygaem smement uy € U, mjisg KOTOPOro
11/2u; — xo|| < 1/26d = 1/46. Tlonarasg Teneps xg:= —1/2u; + xo u
€:= 4 1 IpUMeHsis IPEeIbIIYIINe PACCY K ICHNST, ODHADYKHBAEM JIEMEHT
uz € U makoit, aro ||1/4us + 1/2uy — x| < 1/2¢6 = 1/84. Ipomoa-
JKasi TIPUBESHHBIN TIPOIECC 110 MHJIYKIUH, CTPOMM II0CII€0BATEIHHOCTD
(Un)nen B U, 06Ja0AI0IIYI0 T€M CBOICTBOM, YTO Psij] Zzozl 1/2™w, cxo-
aures K xo. 1lockombky ».- ;1/2" = 1 u muoxectBo U mueasnnHO
BBIIIYKJIO, BRIBOJUM: o € U. >

7.1.6. B 6aHaXOBOM IPOCTPAHCTBE Y HJI€AJIbHO BBILYKJIOIO MHOMKE-
CTBa COBIAJAIOT SLIPO, BHY TPEHHOCTb, s/IPO 3aMbIKAHHSI H BHYTDEHHOCTD
3aMbIKAHHSI.

< dcuo, aro intU C coreU C coreclU. Ecaum u € coreclU, to
cl(U — u) = clU — u — mormomarorree MHOXKeCTBO. IIpu mapasureibHOM
HEPEHOCE UEATHHO BBIITYKJIOE€ MHOKECTBO MEPEHIeT B UIEATLHO BBILYK-
soe MEOXKecTBO (M. 7.1.4 (1)). Buaunr, U — 4 CIIy?KUT OKPECTHOCTHIO
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HyJIs TI0 OcHOBHOMY mpuununy Banaxa 7.1.5. B cuny 5.2.10, v BxoauT
B intU. Urak, intU = coreU = coreclU. Ilpupiiekass 7.1.1, numeem
intclU =intU. >

7.1.7. {npo u BHyTPEHHOCTb 3aMKHYTOI'O BBIIIYKJIOTO MHOXKECTBa
B 6aHAXOBOM IIPOCTPAHCTBE COBIIAIAIOT.

<1 3aMKHYTO€ BBIYKJI0€ MHOYKECTBO HJICAJTHHO BBITYKJIO. [>

7.1.8. BAMEYAHUE. Anajuz 7.1.5 mokasblBaeT, 4TO ycjioBue DaHa-
xoBOCTH B 7.1.7 MCIOIb30BaHO He B IOJTHON Mepe. CyIecTByIOT IpUMEpPhI
HEIIOJIHBIX HOPMHUPOBAHHBIX IIPOCTPAHCTB, B KOTOPBIX SIIPO M BHYTPEH-
HOCTB y JII0OOT'0 3aMKHYTOI'O BBIIIYKJIOTO MHOXKECTBa COBIaAaoT. IIpo-
CTPAHCTBA, 0018 IAI0IINE YKA3AHHBIM CBONCTBOM, HA3BIBAIOT O04EUHBLMU.
[Tonsite 6ovyedHOCTH, KAK BUIHO, UMEET CMBICI U B MYJIBTHHOPMUPO-
BAHHBIX ITPOCTPAHCTBAX. VI3BECTHBI IMIUPOKNE KJIACCHI DOUEUHBIX MYJIb-
THHOPMUPOBAHHBIX IIPOCTPAHCTB. B YacTHOCTH, TAKOBBI IPOCTPAHCTBA
Operrre.

7.1.9. KOHTPIIPUMEP. B Ka>k/joM 6€CKOHEITHOMEPHOM OAHAXOBOM
IIPOCTPAHCTBE CYHIECTBYIOT AOCOIIOTHO BBIILYKJIBIE TIOIJIOMAOIIHE, HO HE
H[eAJIBHO BBIITYKJIbIE MHOYKECTBA.

< Ucnonwayst, nanpumep, 6asuc [amesisi, BO3bMEM Pa3pBIBHBIN JIK-
Heitupiit dynkimonan f. Torga muoxkecrso {|f| < 1} — nckomoe. >

7.2. IIpuHUUIBI OTPAHUYEHHOCTH

7.2.1. Ilyctp p : X — R — cybumHeliHbIiH GyHKIIHOHAT Ha HOPMH-
posanuoM npocrpaHcree (X, || - ||). Caenyromue yTBep:K/ieHHsT SKBHBA-
JICHTHBI:

(1) p paBHOMEpHO HENpEPHIBEH;

(2) p Hempepbiser;

(3) p HempepbiBeH B Hy€;

(4) {p <1} — okpecrHOCTH HYIST;

(8) llpll:=sup{|p(x)| : ||z|| <1} < +o0, . e. p orpanuden.
< Mmnmukanuu (1) = (2) = (3) = (4) oueBugHbLL

(4) = (5): Haiinéress t > 0, st koroporo t'Bx C {p < 1}.
ITosromy mpu ||z|| < 1 6yzmer p(x) < ¢. Kpome Toro, u3 HepaseHCTBa
—p(—x) < p(zx) BbiTeKaer, uro u —p(x) < ¢t npu ¢ € Bx. OKoHUATENBHO
IIpll <t < +o0.
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(5) = (1): U3 cybammurusHoCcTH p miist =, y € X 10IydaeMm
p(z) —py) <p(z—y); ply) —pz) < ply —2).

Orcioma [p(x) — p(y)| < plx —y) Voly —x) < |]pll |z —y. >

7.2.2. Teopema I'esbcparga. IlosyHenpepbiBHBIH CHU3Y CyO.JId-
HeHHbIH (DYyHKIHOHAJI, OIIPEIeJIEHHBIN Ha 6aHAXOBOM IIPOCTPAHCTBE, He-
IIpephIBEH.

< Ilycrs p — rakoit dynknmonan. Torma muoxkecrso {p < 1} 3a-
MKHYTO (cM. 4.3.8). ITockosbky dom p — 9T0 BCE HPOCTPAHCTBO, TO, 1O
3.8.8, {p < 1} — wmorsomaromiee MHOKeCTBO. 10 OCHOBHOMY HIPHHIHILY
Banaxa {p < 1} — okpecrnocrs myisa. Ocraioch npumenurs 7.2.1. >

7.2.3. BAMEYAHUE. Teopemy lenbdanga MoKHO Gosiee pa3BEPHY-
1O OPMYIUPOBATH CJeayIonuM obpazom: «ecan X — OAHAXOBO MPO-
CTPAHCTBO, TO YKBUBaJEHTHBIE ycytoBust 7.2.1 (1)-7.2.1 (5) paBHOCHIIBHBI
BBICKA3BIBAHUIO: P TOJIYHEIPephiBeH cHu3dy». OTMeTuM 351ech Ke, 94TO
TpeboBarre domp = X MOXKHO HECKOJIBKO OCJIabUTh M CUUTATH, UTO
dom p — HeToIIEe JIMHEITHOE MHOXKECTBO, He IIPEJIIIOJIaras P 9TOM II0JI-
HOTBI X .

7.2.4. IIpunnun paBHOCTEIEHHOH HenpepbIBHOCTU. IlycTh X
— 6aHAXOBO IPOCTPAHCTBO U Y — ([OJIy JHODMHUDPOBAHHOE IIPOCTPAHCTBO.
st TF06OT0 HEIyCcTOro MHOXKECTBA, & HENPEPBIBHBIX JIMHEHHBIX OMEPa-
TopoB u3 X B Y SKBUBAJICHTHDBI YTBEPIKICHUSI:
(1) & moroueuno orpanmveHo, T. e. A Besakoro x € X
orpaandeno B'Y muoxecrso {Tx: T € &};
(2) & paBHOCTel€HHO HENPEPBIBHO.
< (1) = (2): Homoxum q(x):= sup{p(Tx): T € &}, rae p — noimy-
mopMma B Y. Hecommuenno, 94To ¢ — mMOJyHEIPEPHIBHBIN CHU3Y CyOJImHei-
Hblil pyHKIMOHAN U, cTajo 6BITh, 1o Teopeme Lenbdanga ||g|| < +oo,
7. e. p(T(z —y)) < |lqll l|z — y|| upu Beex T' € &. 3naunr,

Txfl({dp <e})D {d”.H <¢e/llqll}

st kaxkgoro T € &, tie € > 0 — nmpousBosbHOe udncyo. Ilocmennee
O3HaYaeT PABHOCTEIIEHHYIO HEIIPEPBIBHOCTD & .
(2) = (1): OueBnzno. >
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7.2.5. IIpunnun paBHOMEpHOI orpanundeHHoctu. llyctp X —
6aHaxXOBO MPOCTPAHCTBO H Y — HOPMHPOBAHHOE MPOCTPAHCTBO. Jlist
Jsoboro Herycroro ceMeiicTBa (Te)ecs OrpaHHIEHHBIX OIEPATOPOB SKBH-
BaJIGHTHBI Y TBEDXK[CHUSL:

(1) z € X = supgeg [|Tex|| < +oo;
(2) supeez [Tt < +oc.

< JTocTaTovHO 3aMeTUTh, 9To 7.2.5 (2) — 9710 Apyras 3amuchk 7.2.4
(2). >

7.2.6. ITycrb X — 6anaxoBo npocrpanctso u U — muoxkectso B X' .
Toria 9KBUBAJICHTHDI Y TBEPXKICHUS:
(1) muOXK)€ECTBO U Orpanmyeno B X';
(2) ma xaxzporo x € X umciopoe mHoxecrso {(x|z') :
a’ € U} orpannyeno B F.

<l 91O YaCTHBIA caydait 7.2.5. >

7.2.7. Ilyctb X — HOpMUpOBaHHOE NMpOCTPaHCTBO u U — MHOXKe-
ctBo B X. Torma sKBHBAJIEHTHBI Y TBEPKICHHS:
(1) mHOXK)CECTBO U OrpanmyeHo B mpocTpaHcTBe X ;
(2) gt kaxkmoro «' € X' umcsoboe mHOXKecTBO {(2|2') :
x € U} orpanndeno B F.

< Cuegyer nposeputh ToabKO (2) = (1). ITockombky X' — Gana-
X0BO mpocTpaHcTBo (eM. 5.5.7), a X m3omerpuuecku BioxkeHo B X' ¢
[OMOIIBIO JiBOiHOTO mTpuxoBadus (cM. 5.1.10 (8)), To TpeGyemoe BbITe-
KaeT u3 7.2.6. >

7.2.8. BAMEYAHME. BrickasbiBanue 7.2.7 (2) MoKHO niepedopmy-
JINPOBATH TAKUM 00pa30M: «MHOXKeCTBO U OrpaHUYEHO B IPOCTPAHCTBE
(X, o(X, X"))» mm xe, B cBasu ¢ 5.1.10 (4), Tak: <«mHO)KECTBO U
c1a0b0 orpanmdenos. JIBoicTBeHHOCTH mpesioxkennit 7.2.6 u 7.2.7 Oyzer
TIOJTHOCTHIO BCKpBITa B 10.4.6.

7.2.9. Teopema Banaxa — Illretinray3a. Ilycrs X, Y — bana-
xoBbl ipocrpascrBa u (T )nen, Tn € B(X, Y), — nociaegobareibHocTsb
orpannvennbix orneparopoB. Honoxum E:= {x € X : limT,z}. Cie-
JYIOIIUE yTBEPXKICHHST 9KBUBAJICHTHBI:

(1) E=X;
(2) sup,en | Th|| < +00 # E mmorro B X.
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IIpu BbimosiHeHNH KBHUBaJIeHTHBIX ycaosuii (1), (2) orobpakernue Ty :
X — Y, ompenenéunoe coornomenuneMm Tyx := lim T, x, npeacrasiser
co60it orpanmdennblii maeiinbii oneparop u ||To|| < liminf ||T,].

< Ecrm E = X, 1o, koneuno ke, clE = X. Kpowme Toro, mns
kaxaoro ¢ € X nocsenoBarenbHoctsb (1,x),cn orpanudena B Y (u6o
OHA CXOAMTCH). 3HAYAT, 10 UPUHIUILY PABHOMEDPHOI OrPAHUYEHHOCTH
sup,en |Tn]| < +o00 u (1) = (2) noxazamno.

Eciu Beimosseno (2) u z € X, o s T € E um, k € N cupases-
JIUBBI COOTHOMICHUST

Tz — Trx|| = |[Tmx — TinT + T @ — TiT + ThT — Trx|| <
<N Tz — T || + | T — ThZ|| + | ThT — Trz|| <
<N Twll |2 = || + 1T — T + | Tk |7 — 2| <
< 2sup |Tn|| |z —Z|| + | Tm=T — TxZ||-
neN

BosbMmém € > 0 u mogbepémM, BO-TIEPBBIX, JIEMEHT T € F, J1jI1s1 KOTOPOro
2sup,, | Tu|l l|Jx — Z|| < €/2, a Bo-BrOpBIX, N € N Takoii, uro ||1,,T —
Txz|| < ¢/2 nupu m, k > n. B cuny yxe ycranosiaerroro ||Tn,z —
Tix| < e, 1 e (Thx)nen — dyHIAMEHTAIbHAS TIOCIEI0BATEIHHOCTD B
Y. Ilockosbky Y — 6aHaXoBO IPOCTPAHCTBO, 3aKouaem: ¢ € F. Uraxk,
(2) = (1) mokaszaHo.

OcTayi0ch OTMETHTD, 9TO JJI KaxKI0ro £ € X BEepHO

[Toz|| = lim || T,z < liminf [|T,[] [z,
nb0 HOpMa — HemnpepbiBHAS DYHKITHS. [>

7.2.10. SBAMEYAHUE. B yciioBusix Teopembl banaxa — Illreiinray-
34 U3 CIPABEJIMBOCTH OJJHOIO U3 S9KBUBAJIEHTHBIX yTBepKAeHuit 7.2.9 (1)
n 7.2.9 (2) MOXKHO ¢JieJIaTh BBIBO, YTO mocJenoBarenbHocTs (T),) cxo-
qurest K 1y paBHOMEPHO Ha KOMIIAKTHBIX IOAMHOXKecTBaxX X . WHbiMu
CJIOBaMH, JJIsl BCSIKOTO (HEILycToro) KoMmakTa @ B X BBIIOJHEHO

sup || Thz — Tozx| — 0.
z€EQ

<! B camom mene, mo teopeme lenbdamna cybauueitabit dyHKIN-
onall py(z) := sup{||Tmz — Tox|| : m > n} menpepsiser. IIpu srom
Pr(x) > ppi1(x) u pp(r) — 0 nos xkaxgoro x € X. 3HauuT, Tpe-
OyeMoe BBITEKAET U3 meopemvr Jlunu: «yObIBaIOIasi MOCIEI0BATE b
HOCTH HENPEPBIBHBIX BEIECTBEHHBIX (DYHKIHIA, IIOTOYEIHO CXOIATIASICS
Ha KOMIIAKTE K HEMPEPBIBHON (QYHKIMN, CXOIUTCS K 9TON (DYHKIIUN paB-
HOMEPHO». >
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7.2.11. Ilpuanun ¢pukcamnuu ocobeanoctu. Ilycro X — bana-
XOBO IPOCTPaHCTBO 1Y — HOpMupoBaHHOE ipoctpaHcTBo. Ecimn (Ty)nen

— mocaenoBaTebHOCTE oneparopos u3 B(X, Y) u sup,, ||T,] = +oo,
TO Haféres Touka x € X, JUist KOTOPOH BBIITOJIHEHO sup,, || Thx|| = +oo.

MHuo>kecTBO TaKux «d)I/IKCI/IpyIOIHI/IX 0COOEHHOCTD» TOYEK — BBIYET.

< IlepBas 9acTh yTBEPKIEHUS COAEPIKUTCS B IIPUHITUIIE PABHOMED-
HOIt orpanmdeHHOCTH. BTopas gacTs Tpebyer ccbliok Ha 7.2.3 u 4.7.4. >

7.2.12. IIpusimn cryigeaust ocobenrocreri. Ilycre X — 6ana-
XOBO HPOCTPAHCTBO U Y — HOPMHPOBAHHOE IIpocTpaHcTBO. Ecim gaHo
cemetictBO (Thy m)n,men cemeiicrso B B(X, Y') taroe, aro sup,, || T, m|| =
400 st kaxkgoro m € N, To cymecTByer Touka ¥ € X, JIJIsT KOTOPOH
sup,, || Tn,mz|| = +o0o0 npu Becex m € N. <>

7.3. IIpuHIIUT UAeaJILHOTO COOTBETCTBUSI

7.3.1. Ilycte X u' Y — Bexropubre npocrpancrsa. CoorBercTBUE
F C X XY BBIIYKJIO B TOM U TOJBKO B TOM CJIy9ae, eCJIH JJIs1 T1, Lo € X
oy, as € Ry raknx, 910 a1 + g = 1, mmeer mecTo BKJIIOYeHTE

F(Ozll‘l + Oz2$2) D OélF(Il) + OéQF(IQ).

< <: Ecimn (21, y1), (22, y2) E Fuaq, az >0, a3 +az =1, 10
01y + aoys € F(a1x1 + aas), TOCKOIbKY y1 € F(x1) u y2 € F(x2).

=: Eciim x1 wim z9 He BxoauT B dom F, TO JIOKa3bIBaTh HEYEro.
Eciu ke z1, 22 € dom F u y; € F(21), y2 € F(x2), To aq(z1, y1) +
as (2, y2) € Fupn oy, as >0, a; +az =1 (em. 3.1.2 (8)). >

7.3.2. BAMEYAHUE. Ilycrs X, Y — GanaxoBbl npocTpaHcTBa. fc-
HO, 4T0 B npocrpancTBe X X Y ynaércs MHOTMMHE CIIOCODAMU 3aJIaTh
HOPMY TaK, 9TOOBI COOTBETCTBYIOIIAs TOMOJIOTUS COBIAANA C IIPOU3BE-
JIEHHeM TOIOJIOTHH Tx 1 Ty. Hampumep, MOxKHO 110J0KUTH ||(z, y)| :=
lzllx + |lylly, T e. BBecTH B X X Y HOpMY Kak B CyMMy HPOCTDAHCTB
X uY no tuny 1. Ormerum 376Ch K€, YTO MOHATHE <HIEAJIHLHO BbI-
IYKJIO€ MHOXKECTBO» MUMEET JIMHEHHO TOIOJIOIMYECKUI XapaKkTep, T. €.
BBLJIEJISIEMbII 3TUM IOHATHEM KJIACC OOBEKTOB HE 3aBUCHT OT CIOCODa
3a/IaHMsI TOTIOJIOTUY (B YACTHOCTH, HE MEHSIETCSI IIPU IIePEX0JIe K SKBUBA-
JIEHTHO! (MyJsibTH )HOpPME). B 9T0#i CBsI31 KOPPEKTHBIM Oy/IeT CJIe/IyIoliee
olpeieIeHuE.
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7.3.3. OnPEAENEHUE. CoorBerctBue FF C X XY, rme X uY —
6aHaXOBBI IIPOCTPAHCTBA, HA3BIBAIOT UOEAALHO SbINYKAbILM, WA, KOPOUE,
udeasvHvim, eciu F' — mjteaibHO BBIITYKJI0€ MHOXKECTBO.

7.3.4. Jlemma 06 mmeasbHOM coorBercrBuu. Obpa3 orpaHu-
YEeHHOIO HJIeaJIbHO BBIITYKJIOIO MHOYKECTBa [IPU H1eaJIbHOM COOTBETCTBUU
— HJIeaJIbHO BBIITYKJIOE MHOXKECTBO.

< IIycrs F' C X XY — paccmarpuBaemoe coorBercTBue n U — orpa-
HUYEHHOE WeaJbHO BbITyKaoe MHOXKecTBO B X. Eciau U Ndom F'=gJ,
to F(U) = & u nokasbiBaThb HUYEro He HaJIO0. lIpesosioKum Tenepb,
970 (Yn)nen C F(U), 1. e. y, € F(xy,), tae x, € U nun € N. Ilycrs,
HakoHell, (qu,) — HOCJEeN0BATEIbHOCTD IIOJIOKUTEIbHBIX YUCE TaKas,
qaro > °  a, = 1 m, Kkpome Toro, B Y CymecTByer cymMMa psaja Y i=
>0 | anyn. Hecommenno, 1ro

oo o0 o0

lanznll = ) anllznll <} ansup ||U]| = sup [U]| < +oo
1 1 1

n— n— n—

BBuay orpanmdernnoctu U. ITockonbky X mosHo, TO Ha ocHOBaHuUU 5.5.3
B X €CTb 9JIeMEHT T 1= Y ° ;| Gp&p. Cllef0BaTEIbHO, B IIPOCTPAHCTBE
X x Y BbInosineHo

00
(l‘, y) = Z an(mn; yn)-
n=1

Hcnosb3yst IOC/IeI0BATEILHO HIEATbHYO BBITYKJIOCTh F 1 U, BHIBOMM:
(z, y) € Fuxz € U. Crajuo 6bith, y € F(U). >

7.3.5. Ilpunaimmn maeaabHOro coorpercrBus. Ilyctb X n'Y —
baHaxoBbI 1pocTtpaHcTtBa, ' C X X Y — wmieajipbHOE COOTBETCTBHE H
(x, y) € F. CoorsercrBue F orobpazkaer OKpeCTHOCTH TOYKH I HA
OKDECTHOCTH TOYKH Y B TOM U TOJIbKO B TOM CJiydae, ecan y € core F(X).

<1 =: OueBUIHO.

«: C yuérom 7.1.4 moxno cuntath: ¢ = 0 u y = 0. Ilockomabky
KaxKJiasg OKpecTHOCTb HyJssgs U conmepxkut €Bx ais #Hekoroporo € > 0,
JIOCTATOYHO paccMoTpeTh ciyuait U:= Bx. Tak kak U — orpanudeHHoe
MHOXKeCTBO, Ha ocHOoBauuu 7.3.4, F(U) uneanbuo Boinykio. s 3asep-
IIEHNs! JIOKA3aTeNbCTBA MOXKHO poBepuTh, uro F'(U) — nornomaroriee
MHOKECTBO U cocJiaThes Ha 7.1.6.
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Bosbménm npousBosibHBI 31eMeHT §¥ € Y. Pa3s mssectHo, uTo 0 €
core F'(X), ro maiinérea o € Ry, mys koroporo oF € F(X). Nnaue ro-
BODsL, Ay moaxoxsiero T € X cupaseymso o € F(X). Ecau ||Z|| < 1,
TO JI0Ka3bIBaTh Heuero. Eemm xe ||T| > 1, o A:= ||Z|| =t < 1. Orcrona,
npuBJiekas 7.3.1, BIBOAIM:

aAg = (1—=X)0+ Xag € (1 - NF(0) + A\F(T) C
CF((1-=X0+ A%) = F(\T) C F(Bx) = F(U).
3aech Mbl ywin, 910 ||AZ|| = 1, . e. AT € Bx. >

7.3.6. BAMEUYAHME. CgoiictBo F', onmcbiBaemoe B 7.3.5, UMEHYIOT
omxpwmocmuio F' ¢ mouxe (x, y).

7.3.7. BAMEYAHUE. ['oBopsi (hopMalibHO, IPUHIIAIT UJIEAJIBHOTO CO-
oTBeTCTBUS cjabee ocHOBHOro mpuHiuna bamaxa 7.1.5. Tem He Menee
COOTBETCTBYIOIINIA 3230D HEBEJUK U JIETKO ycTpaHuM. VIMeHHO 3aKiIio-
JyeHre 7.3.5 OCTAHETCsI BEPHBIM, €CJIM CYMTaTh, uro y € corecl FI(X),
oTpeboBaB JIONOJHUTEIBHO nieasbHoll Boirykioctu F(X). Tocaennee
TpeboBaHNe HE CJAUIIKOM OOPEMEHUTEIbHO U B CUIy 7.3.4 3aBEIOMO BBI-
IIOJIHEHO, ecJii 3P deKTUBHOEe MHOXKecTBO dom F' orpaHwmdeHo. YKa3aH-
Hasl He3HauuTelbHas Momudukanus 7.3.5 comep:xkur 7.1.5 B KauecTBe
YacTHOTO cjydasi. B 31oit cBst3u 7.3.5 OOBIYHO HA3BIBAIOT OCHOBHBIM
npunyunom bBanazra das coomsememeud.

7.3.8. ONPEAE/JEHUE. Ilycts X u Y — GaHaxoBBI IPOCTPAHCTBA U
F C X XY — coorBercrBue. CoorBercrBue F HA3BIBAIOT 3GMKHYMBIM,
ecian F' — 3aMKHYTOE MHOYKECTBO.

7.3.9. SAMEYAHUE. [lo HOHATHBIM IPUIMHAM O 3aAMKHYTOM COOT-
BETCTBUU YACTO I'OBOPSIT KAK O COOTBETCTBHUU C «3aMKHYTHIM IPDAMDUKOMS>.

7.3.10. CoorsercrBue F' 3aMKHYyTO B TOM H TOJIbKO B TOM CJydae,
ec/m Juist JiobbIx nocenopareapHocreli (y,) B X u (y,) BY rakux, uro
x, € domF, y, € F(x,) u v, — &, Yo — Yy, Bboaneno x € dom F
ny € F(x). <>

7.3.11. IlIycts X u'Y — banaxoBbl nnpoctpanctBa u F© C X XY
— 3aMKHyTO€ BhIIIyKJoe coorsercreue. Ilycre, panee, (x, y) € F u
y € coreim F'. CoorBercrBue F' orobpakaer OKpeCTHOCTH TOYKH T HA
OKDECTHOCTH TOUKH .

<1 3aMKHYTO€ BBIITYKJI0€ MHOYKECTBO HJIEAJTHLHO BBIIMYKJIO, TAK UTO
BCE cozepKuTCd B 7.3.5. >
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7.3.12. OnPEAEJEHUE. CoorercrBue F' C X X Y HazbIBaIoT om-
KPulmoviM, ecii 00pa3 OTKPBITOIO MHOXKeCTBa B X — OTKPBITOE MHOXKE-
CcTBOB Y.

7.3.13. IIpunanun orkperroctu. Ilycto X, Y — 6aHaxoBsI 11po-
crpauctBa u ' C X XY — wmrneanpHoe coorBercTBUe, npuiém im F' —
OTKpBITOE MHOKecTBO. Torja F' — OTKpbITOE COOTBETCTBHE.

< Ilyers U — orkpeitoe MmHoxkectBo B X. Ecm y € F(U), to
Haiinérest © € U, mis koroporo (x, y) € F. fcHo, uto y € coreim F.
IMockoubKy BBINOJHEHBI yeaoBus 7.3.5, ro F(U) — okpecrrocTs y, u6o
U — okpecruocts z. Ilocaenuee osnauaer, uro F(U) — OTKpbITOE MHO-
JKeCcTBO. >

7.4. Teopembr 0 romoMoOpdu3Me U 3aMKHYTOM
rpadpuke

7.4.1. OnPEAENEHUE. Omneparop T uz £ (X, Y) Ha3bIBAIOT 20M0-
moppuzmom, ecmn T € B(X, Y) u T — oTKpBITOE COOTBETCTBHE.

7.4.2. Ilyctb X — 6aHaxoBO MPOCTPAHCTBO, Y — HOPMHPOBAHHOE
npocrparctBo u T — romomoppuzm uz X BY. TorgaimT =Y nuY —
b6aHaxoBO MPOCTPAHCTBO.

< To, aro imT =Y, oueBuguo. Eciu 3apanee mssectro, uro 1 —
mMoHoMopdusM, To BhmosHeno T-1 € £ (Y, X). Usz-3a orkpuitoctn T’
oneparop T~ ! Bxomur B B(Y, X), uto obecrieansaer momHoty Y (mpo-
obpa3 nocaenoBareapHOCTH Ko — mocsenoBarenbaocts Komu B ipo-
obpaze). B obmem ciaydae paccmorpum koobpas coimT := X/kerT,
HaJeJIEHHBIN (bakTop-HOpMOU. Ha ocHoBanum 5.5.4, coimT — GaHaxo-
BO mpocTpancTBo. Kpome Toro, B cuiay 2.3.11 umeeTcs eTUHCTBEHHOE
cumxkenne T oneparopa T ma coim T. Yuursisas onpenesierue GhakTop-
HOpMBI 1 5.1.3, 3axmodaen, aTo omeparop 1 — romomopdusM. Mono-
MOP(MU3MOM 3TOT OIEPATOP SIBJISIETCS 110 mocTpoeruto. Ocrasoch 3ame-
tuth, uto im T = imT =Y. >

7.4.3. 3AMEYAHUE. OTHOCHTENbHO cHWKeHuss T : coimT — Y
oneparopa T MoxkHO yTBep:KAaTh, uro ||T|| = ||T]|. <>

7.4.4. Teopema Banaxa o romomopgusme. OrpaHudeHHBbIH S11U-
MopchuzM 0HOro baHaAX0Ba IPOCTPAHCTBA HA, JAPYTO€ SIBJISIETCSI TOMOMOD-
uszmom.
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< Myers T € B(X, Y) uimT = Y. IlpuMeHsisi IPUHIAI OTKPbI-
TOCTH K cooTBercTBUIO T, 1ojiydaeM Tpebyemoe. >

7.4.5. Teopema Banaxa 06 uzomopgpusme. Ilycrs X, Y — b6a-
waxosbl pocrparcrBau Tl € B(X, Y). Eciu T — uzomopdusm BekTop-
mpix mpocrparctB X Y, T.e. ket T = 0uimT =Y, 10T~ € B(Y, X).

< Hacrusrit cayyvait 7.4.4. >

7.4.6. 3AMEYAHUE. Koporko Teopemy 7.4.5 GOpMyJIMpYIOT Tak:
«HEIPEPBIBHBIN M30MOp(hU3M OAHAXOBBIX IIPOCTPAHCTE SIBJISIETCSI TOIO-
JIOrT9ecKuM u3oMopduzmoms. OTMETHM 37eCh Ke, YTO 3Ty TEOPEMY
WHOT/Ia HA3BIBAIOT «IIPUHIIUIIOM KOPPEKTHOCTU» U BBIPAYKAIOT CJIOBAMU:
«ecsim ypasHenune Tz = y, tne T € B(X, Y), a X, Y — GaHaxosbl
[IPOCTPAHCTBA, OJHO3HAYHO PAa3PENIuMO IIpH JII00Oi MpaBoil JacTu, TO
pellieHre T HEIPEPBIBHO 3aBUCUT OT IIPABON YaCTH Y».

7.4.7. Teopema Banaxa o 3amkuyTOM rpacguke. Ilycre X, Y
— Ganaxossl poctparcrBa u T € £L(X, Y) — 3aMKHyTbIT JIHHEHHBIH
orreparop. Torga T HempepbIBeH.

< Cootsercreue Tt uneamsuo, u T-1(Y) = X. >

7.4.8. Caencreue. Ilycre X, Y — 6aHAXOBBI IPOCTPAHCTBA H 3a-
gan T € £(X, Y). Cnexyronue yTBep:K 1€HUS SKBUBAJIEHTHBI:
(1) TeB(X, Y);
(2) s sroboii nocaenoarebHOCTH (Tp)ney B X mx € X
TaKuX, 9T0 Xy, — T U 1Txy, — y, e y € Y, BBIIOJTHEHO
y="Tz.
< (2) ecrb nepedopmysnupoBKa 3aMkayTOCcTH 1. >

7.4.9. ONPEAENEHUE. [lognpocrpancrBo X 6aHaxoBa MpocTpaH-
crBa X HA3BIBAIOT 0onoaHsembim (DEXKE — TMON0A0LUNECKY QONOAHAC-
Moim), ecan X1 3aMKHYTO M, KPOMe TOTO, HANIETCS 3aMKHYTOE MOIIPO-
crpancTBo X9 Takoe, uro X = X713 X, (1. e. X3AXo =0, X7VXy = X).

7.4.10. IIpudamnun gomosasaemMocTH. /Jlis moxmnpocrpaHcTBa Xq
baHaxoBa IpoCcTpaHCTBA X SKBHBAJIEHTHBI Y TBEPIKICHUS:
(1) X1 gomosmsemo;
(2) X, ecrp obiacTe 3HAYEHHIT OrPAHUIEHHOI'O IIPOEKTOPA,
T. e. Haiinérest oneparop P € B(X) raxoii, uro P? = P
nim P = X;.
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< (1) = (2): Hycrs P — npoekrop X Ha X; napamresnbHo Xo (CM.
2.2.9 (4)). Ilycrb (Tn)neny — HOCIEIOBATEIBHOCT B X U Ty, — T, a
Pz, — y. dcuo, uro Pz, € X; mia n € N. B cuty 3amrayToctn X7,
no 4.1.19, y € X;. Anasoruyso uz yciaosus (&, — Pr, € X9 aya n € N)
BBITEKAET, 910 & — y € Xs. 3uaunt, P(x — y) = 0. ITommmo 3TOroO,
y = Py, 1. e. y = Pzx. Ocraércs cocnarbes Ha 7.4.8.

(2) = (1): Cnemyer upoBepuTh TOJIBKO, 4T0 X1 = im P 3aMKHYTO.
Bo3bMEM 110CIIEI0BATENBHOCTD (T )neny B X1 Takyio, 910 T, — & B X.
Torma Pz, — Px BBumy orpanmvennoctu P. WUmeem Px, = x,, ubo
T, € im P, a P ugemnorenten. Okondareiabno x = Pz, . e. € X1,
9TO U HY2KHO. >

7.4.11. [IPUMEPHI.
(1) KoneunomepHoe HOIPOCTPAHCTBO JIOTOJIHSIEMO. <I[>
(2) IIpocrpancTBO Cy HE HAOMOJHIEMO B lso.

< Jns upocroret 6ygem paborars ¢ X := [ (Q) u Y := ¢o(Q), rue
Q — muOkecTBO panmuoHaNBHBIX dncen. s ¢ € R moabepém mocnemo-
BATEJIHLHOCTD MOIAPHO PA3JIMYHBIX OTJIMIHBIX OT ¢ PAIMOHAILHBIX YUCET
(tn) Takymw, 9to &, — t. lycrs Qi := {¢, : n € N}. Iloguepkuém, aro
Q¢ N Qpr — KoHeuHoe MHOXKecTBO nipu t' # t.

IIycte x¢ — KJ1acc, comeprKariumii XapaKTEePUCTUIECKYIO (DYHKIIAIO
Q@+ B daxrop-npocrpancree X/Y, a V := {x: : t € R}. Ilockosbky
Xv # X upu t' #£ ") muoxkecTso V' HECUETHO.

BosbméMm f € (X/Y) nnonoxum Vy:={v eV : f(v) # 0}. Buano,
aro Vi = UpenVy(n), tme Vi(n) = {v € V : |f(v)| > 1/n}. Ecmm
meN, vi,...,v, € Vi(n) nonapuo pasnudmsie, vq,...,0m € Vi(n) n
= |F (o)l For), 10 mum & — S5, g Syaer [zl < 1u |If] >
@) = o anf @] — 150 1@l > m/n. Taxm obpason,
Vi (n) — KOHEUHOE MHOKECTBO.

Crenosaresnbro, Vy cuérno. Orciofa ciemyer, 4T0 JjId KazKIOrO
caérnoro muoxecrsa F' C (X/Y)' cymecrsyer snemenr v € V, jjst
koroporo (V f € F) f(v) = 0.

B 10 xe Bpems cu8THBIA HAGOP KOOPJUHATHEIX LIPOEKINUii Jg @ T —
z(q) (¢ € Q) roranen Ha l(Q), 1. e. (Vge Q) dg(z) =0=2=0
mpu z € loo(Q). Ocrasoch conocTaBuTh CJle/aHHbIe HAOIIOACHAS. [>

(3) Kaxnoe 3aMKHYTO€ OAIPOCTPAHCTBO I'HIBOEPTOBA IIPO-
crpaHcTBa onosHsgeMo (10 6.2.6). OKa3bBaeTCsl, YTO €CJIU B HEKOTOPOM
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fanaxoBoM mpocTpancTBe X TakoM, uro dim X > 3, KaxkJ0e 3aMKHY-
TOE TOJIIPOCTPAHCTBO — O0JIACTH 3HAUEHNUH HEKOTOPOro IpoeKTopa P 1
IP|| <1, To X usomerpudHo rmibbepTOBY HPOCTPAHCTBY (= Teopema
Kakyranu). Bosee riry6ok cieyrommii dakr:

Teopema JIuagenmrpaycca — Ilappupn. Kaxxioe 6aHaxoBo
IIPOCTPAHCTBO, B KOTOPOM JIF0O0€ 3aMKHYTOE MOJIPOCTPAHCTBO JIOIIOJI-
HsieMO, (JIMHEHHO U TOHOJIOIHYIeCKH ) H30MOP(HO MHIbOEPTOBY IPOCTPAH-
CTBY.

7.4.12. Teopema Capma 06 ypaBuenmu ZA = B. Ilycrb
X, Y, Z — 6amnaxosbl npocrpancrsa; A € B(X, Y), B € B(Y, Z).
Ilycrs, najee, im A — goroJiHsieMoe HOAIIpPOCTPpaHCTBO B Y. Jluarpamma

A
X

Y
X

Z

KoMMyTaTuBHa Juis1 Hekotoporo 2 € B(Y, Z) B TOM H TOJIBKO B TOM
cayyqae, ecau ker A C ker B.

<1 Cuiesiyer 1poBepuTh TOJIBKO <. Ilpm sTOM B ciayuae imA = Y
eIMHCTBEHHBIH onepatop 2o € L(Y, Z) rakoi, uto ZpA = B, Hempe-
DBIBEH.

B camom pene, myia oTkpbITOro MHOXKecTBa U B Z mMeeM %‘1 U) =
A(B71(U)). Muoxecrso B~1(U) orkpsiTo B cuity orpanuventnoctu B,
u A(B7}(U)) orkpsiTo no teopeme Banaxa o romomopdusme. B 06-
meM ciydae ciaeiayer nocrpoutrh 2y € B(Im A, Z) u B xauecrBe 2
B3aTb 20 P, rie P — Kakoii-HuOyab HeIpepbIBHbIA npoekTop Y Ha im A.
CyIrecTBOBaHME 3TOr0 MPOEKTOPA 0OECIIeYnBAET IPUHITUIT JTOTTOTHIEMO-
CTH. >

7.4.13. BAMEYAHUE. Ilonnora Z B mokasaresbcrse TeopeMmbl Cap-
Jia HE MCIOJIb30BaHA.

7.4.14. Teopema Pusaurica 06 ypasaeanu A2 = B. Ilycrs
X, Y, Z — 6anaxoser npocrpancrea, A € B(Y, X), B € B(Z, X).
Ilycrs, nasee, ker A — nomoJiHsIEMOE TOAIIPOCTPAHCTBO B Y .
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Jlmarpamma

Z

Z

KOMMYyTaTUBHA i1 Hekotoporo % € B(Z, Y) B ToM H TOJIBKO B TOM
cay4ae, ecam im A D im B.

<! BroBb ciemyer nmpoBepurh TOJBKO <=. Bocmoab3yemcs ompee-
JIEHUEM JIOTIOJTHSEMOCTH U MPEeJCTaBuM Y B Buje IpsiMoii cymmbl ker A
u Yy, rue Yy — 3amkHyTOe nIopocrpasctso. 11o 5.5.9 (1), Y, upencras-
JisieT coboit baHaxoBo mpocTpancTBo. Pacemorpum cienr Ag oneparopa A
ma Yy. Hecomuerno, aro

imAg=imA D imB.

Buaunt, o 2.3.13 u 2.3.14 ypaBuenue AgZy = B umeer, u nNpuTOM
€MHCTBEHHOE, PEIICHNe

Zo:= Ao_lB.

Hawm jpoctatovdso JoKa3arh, 9T0 onepatop £y, SBJISIONUNACS 3JIEMEHTOM
upocrpancrsa £ (Z, Yp), orpaHndeH.

Ouneparop %( 3amkuyr. B camom mene (cp. 7.4.8), ecin z, — 2z
u Aalen — y, To Bz, — Bz, nockoysbky B orpannyien. Kpome To-
ro, B CHJIy HenpepblBHOCTH A cooTBercTBHE Aj 1 ¢ X x Y, samknyTo,
u, cTaJo 6bITh, 1o 7.3.10 cupasenmuBo paBeHCTBO y = Ay 'Bz. >

7.4.15. BAMEYAHUE. Ilosrora X B moKazaTe/beTBe TeOpeMbl Ouii-
JIUTICA HE MCIIOJTb30BaHA.

7.4.16. SAMEYAHUE. Teopembr Capga n @Oummica HaxomaTCs B
«(OpMaJIbHOI JIBOMCTBEHHOCTH», T. €. MOI'YT OBITH IOJIyYeHbI OJHA W3
JIPYTOii C ITOMOIIBIO OOPAIIEHNsT CTPEJIOK U BKJIIOYEHUN U 3aMEHbBI s/IED
obpasamu (cp. 2.3.15).

7.4.17. IIpuamun AByX HOpM. IlycTh BEKTOpHOE IPOCTPAHCTBO
II0JIHO OTHOCHTEJIbHO KaXKI0H U3 JBYX CPABHHUMBIX MEXKIY CODOH HODM.
Toryia 5TH HOPMBI YKBUBAJICHTHBI.
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< Iycrs ays onpenenénnoctu || - |2 > || - || B upocrpancrse X.
PaceMOTpuM JtarpaMy

I
OGN 1l ~——— (- [12)

a7
(%1 1h)

ITo Teopeme @uiuiica Ipu HEKOTOPOM HEIIPEPBIBHOM orieparope 2 3Ta
JuarpaMma KOMMyTaTuBHa. Ho Takoit omepaTop eqmHCTBEH — 310 [x. >

7.4.18. Ilpuamun Hopmbl rpacguka. Ilycrs X, Y — 6aHaxoBbl
npocrparcrsa u oneparop T € £L(X, Y) samrryT. Onpeseaum nopmy

epagura ||z||lgr 7= ||z||x + ||T2|ly m12 * € X. Torga Beimosrmeto || -
ler 7~ 11 - Il x-

< Crenyer 3amerutrnb, 4to (X, || - ||gr 7) — IHOJIHOE IPOCTPAHCTBO.
IMommmo storo, || - ||gr 7 > || - || x. Ocranocs cocaarnes na 7.4.17. >

7.4.19. ONIPEAEJIEHUE. HopMmupoBanHOe TPOCTPAHCTBO X HA3BI-
BaIOT 6aHATO6bM 00pa3om, ecaun X CIOyKOT 00pa3oM HEKOTOPOTO Orpa-
HUYEHHOTO OII€PATOPA, OIPEIETEHHOIO Ha, KAKOM-JIN00 OAHAXOBOM IIPO-
CTPaHCTBeE.

7.4.20. Kpurepuii Karo. Ilyctb X — 6aHaxoBO IpOCTpaHCTBO
u X = X1 ® Xs, rme X1, Xo € Lat(X). Iogupocrpancrea X1 u Xo
3aMKHYTBI B TOM U TOJIBKO B TOM CJIydae, eCJId KaXK10€ U3 HUX SBJISICTCS
baHaXOBBIM 00pPa30M.

< =: CiencrBue IPUHIAIIA, JOIOIHIEMOCTH.

<: Ilycrs Z — Kakoii-yimbo banaxoB o0pas, T. €. JJisi HEKOTOPOI'O
6anaxosa npocrparctsa Y u T € B(Y, Z) somonneno: Z = T(Y). Ilepe-
XOJIsd, €CJIN HY?KHO, K CHUKEHHUIO Ha KOOOpa3, MOYXKHO CUUTATL, 9TO 1 —

uzomopduzm. O6osnauum ||z|o:= || T 1z||y. Scuo, aro (Z, | - o) —
banaxoso npocrpanctso u ||z|| = |TTz|| < | TIINT 2] = |Tll|=lo,
T. e | -]lo > || |lz- IIlpumenss onucannyio KoHcTpyKImio K X1 u Xa,
npuxoauM K 6aHaxosbiM npocrpascTsaM (X1, ||-|[1) u (X2, ||-||2). Ipn
sToM || - || > || - || x Ha X% npn k:=1,2.

,ZLJIH 1 € X1 u 29 € X9 HOJIOXKUM ||I]31 + IL‘QHO = ||II71||1 —+ ||I]32||2
Tem cambiv B X BO3HHKaeT HOpMa || - || GoJiee cruibHAsI, €M UCXOJHAST
Il x. ITo mocrpoenuto (X, |- |lo) — 6anaxoso mpocrpancrso. Ocraioch

cocjarbeda Ha 7.4.17. >
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7.5. IIpyHIIMII aBTOMATUYECKOM HENPEPBIBHOCTU

7.5.1. Kpurepwuii HeripepbIBHOCTH BBIITYKJIOH (pyHKImu. Pac-
emorpuM BbIIyKJIy dyaknuio f: X — R’ B (My/JIbTH)HOPMUDOBAHHOM
npocrpancrse X . Cuegyronue yTBepK1eHUS SKBUBAJICHTHDI:

(1) U:=intdom f # @ u f|y — HenpepbIBHASI DYHKIIHS;
(2) cymecrByer Hemycroe OoTKpbITOe MHOXKECTBO V' Takoe,
aro BerosHeno sup f(V) < +oo.

< (1) = (2): OuenngHo.

(2) = (1): dcno, uro U # &. Ilpusnekas 7.1.1, serko y6exgaemcst
B TOM, 9TO y Kaxk0i Touku u € U umeercsa okpectHocTs W, B KoTOpOIi f
orpanudena csepxy, T. e. t:= sup f(W) < +oo. He mapymag obmnocTH,
MOXKHO cuuTaTh, 9ro u = 0, f(u) := 0 mw uro W — 310 abCoMoTHO
BBIIIYKJIOE MHOXKECTBO. B cumity BbiIykjgoctu f i Beakoro a € Ry
Takoro, uro & < 1, u mpoussobHOro v € W clpaBeInBbl COOTHOIICHUS:

flow) = flov + (1 = a)0) < af(v) + (1 = ) f(0) = af (v);
flaw) + af(-v) 2 flav) + f(a(-v)) =

1 1
—2(Gfa0) + 5r(-an)) 2 20) 0,
Takum 06pazom, BoiosdeHo |f(aW)| < at, oTKyna u BbITeKaeT Helpe-
peiBHOCTE f B TOUuke u:= 0. [>

7.5.2. Ciaencreue. Ecimux € int dom f u f HenpepbiBHA B TOUYKE X,
To cybmupepertman O, (f) comepkuT TOJIBKO HENpepbIBHBIE (DYHKIH-
OHAJIBI.

< Ecmm 1 € 0,(f), o (VT € X) I(Z) < I(z) + f(T) — f(x) n,
cTajo OBITh, | OrpaHnYeH CBepxy HA HEKOTOPOW OKPECTHOCTH TOYKH X.
CunieroBaresibHO, | HempepbiBeH B 9T0# To4ke 1o 7.5.1. IIpusmekas 5.3.7,
yOextaeMcst, 9TO | HempepbIBeH. >

7.5.3. CueacrBue. Kaxxiasi BbIIyK/as (OyHKIIHS B KOHETHOMED-
HOM IPOCTPAHCTBE HEIIPEPBIBHA BO BHYTPEHHOCTH CBO€H 3(DPeKTUBHOM
obsiactu onpezereHus. <|>

7.5.4. ONPEAENEHUE. @ynkmuio f : X — R’ naspBaioT udeaavro
evinyxaol, ecan eé Hanrpaduk epi f — umeanbHOE COOTBETCTBHE.
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7.5.5. IIpuHIINIT aBTOMaTU9€CKOIN HenmpepbIBHOCTH. Kaxkiasi
njeaIbHO BBIITYKJIas (DYHKI[HS B OAHAXOBOM IIPOCTPAHCTBE HEIPEPHIBHA
Ha siape cBoel 3¢pDeKTUBHOH 00/IaCTH OIPEIeTICHHUS.

< Iycrs f — takas dyukmus. Ecmau coredom f = @&, To moka-
3piBaTh Hedero. Ecsm ke x € coredom f, To nosoxuMm ¢ := f(x) u
F:= (epi f)7! € R x X. IlpuMmensis NPUHIMUI UIEATHHOIO COOTBET-
crBust, Haiigém 6 > 0 us yeaosus F(t + Br) D x + 0Bx. Otcrona, B
4acTHOCTH, BhITeKaeT oneHka f(x + 0Bx) <t + 1. Ha ocuoBanun 7.5.1,
f mempepoiBraa Ha int dom f. ITockoabky kK Tomy ke z € intdom f, To,
o jgemme 7.1.1, coredom f = intdom f. >

7.5.6. BAMEYAHME. Vcnosnb3ys 7.3.6, MOXKHO 110Ka3aTb, ITO HJIE-
AJIbHO BBIMYKJIas DYHKIMS f, olpeiesIéHHAas HA MHOYKECTBE C HEILYCTHIM
AIPOM B OAHAXOBOM IIPOCTPAHCTBE, SABJISIETC AOKAADHO AUNWULESOT HA
intdom f. MapiMu citoBamu, Ui BCAKOI TOUkM o € int dom f maiimyT-
Cs1, BO-IIEPBBIX, 4ncio L > 0, a BO-BTOPBIX, OKpecTHOCTb U 3TOi TOUKH,
Juist KoTopeix || f(z) — f(zo)|| < L||x — xol|, xax Tonbko x € U. <>

7.5.7. CaexcrBue. Ilycrs f : X — R — mjeasbpHO BBIIIyKJast
¢y B 6banaxoBoM npocrpancree X u x € coredom f. Torma mpo-
u3BozHast 110 HanpapienusM f'(x) — HenpepwiBHBIT CybInHEeHHbIT DyHK-
muonas u 0y (f) C X'.

<! HyxHO 1BaX7bI BOCIIOIB30BATHCS IIPUHITUIIOM aBTOMATHIECKON
HEeIIPEepPbIBHOCTH. [>

7.5.8. BAMEYAHUE. B cBsi3u ¢ 7.5.7 npu u3yvdennn 6aHAXOBBIX IIPO-
crpaHcTB B cyOoauddepentmas jwoboi dyaknun f : X — R’ B Touke x
BKJIIOYAIOT TOJIBKO IIO/IXO/ISIIIUE HellPePhIBHbIE (DyHKIIMOHABI Ha X , T. €.
oJ1araroT

0u(f) = 0u(f) N X",

AnasornusbiM 06pa30M MOCTYNAKT U B (MYJIBTH)HOPMUPOBAHHBIX [IPO-
crpancTBax. Eciau HeoOXO[uMO OTIMYUTh «CTapbliiy (6osee mupokuii)
cybauddepenuman, nexamuit 8 X7, or «HoBoros (6osee y3K0ro) cyo-
nuddepennuana B X', Nepeblil HA3LIBAIOT AA2e6DAUMECKUM, a& BTOPOIl
— monoaozureckum. YKasaHHbIE B 7.5.2 u 7.5.7 (paKThbl B 9TOM CMBICJIE
YaCTO HAZBIBAIOT NPUHUUNOM COBNAJEHUA AN2EOPAULECKO20 U MONOA02U-
yeckozo cybduddeperyuanros. OTMeTUM, HAKOHETL, YTO TIO OJOOHBIM Ke
[PUYUHAM B CJIy4dae, Korja f:= p — moJiyHOpMa B X, IO OIIPeJIe/IEHUIO
nosarator |0|(p):= [0|(p) N X'.
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7.5.9. Teopema Xana — bBanaxa a1s1 6aHaxXOBBIX HPOCT-
pauctB. Ilycts f:Y — R — mgeanbHo BoityKiast (pyHKIHS Ha OaHa-
xoBoM npocrparctse Y . Ilycrs, nanee, X — HOPpMHPOBAHHOE MPOCTPAH-
creouT € B(X, Y). Eciu rouka x € X rakosa, uro Tx € coredom f,
TO

0x(f o T) = Ors(f) o T.

<l IlpaBas gacTh moKa3bIBaeMOll (DOPMYJIBI BKJIIOUYEHA B €€ JIEBYIO
9acThb 110 OUeBHIHBIM obcTogTenbecTBaM. Ecin xe | u3 X' gexur B 05 (fo
T'), To o reopeme Xana — Banaxa 3.5.3 MOKHO IIOJIBICKATD JIEMEHT 1 U3
ajrebpandeckoro cyomuddepennuaia f B Touke 1z, yI0BIETBOPSIONINI
coorHomennio [ = [y o T. Ocrajoch 3aMeTUTh, 9TO, B cuiy 7.5.7, [y
ABJISIETCA 97eMEHTOM Y’ M, CTajo OBITh, 3JEMEHTOM TOIOJOTHIECKOTO

cybnuddepentmana I, (f). >

7.5.10. Teopema Xana — Banaxa /A1 HerlpepbIBHOIT ITOJIY-
HOpMBI. Ilycrs X, Y — nHopmuposaruble npocrpanctsa, T € B(X, Y)
up:Y — R — menpepsiBuas nosyaopma. Torga

10|(poT) = |0|(p) o T.

< Ecml €0 (poT), 10l =11 oT mis vekoroporo l; u3 ajret-
paunueckoro cy6uuddepennuaia nogaysopmer p (em. 3.7.11). U3 7.5.2
BBITEKAET, 4To [ HempepbiBeH. Utaxk, |0|(poT) C |0] (p) o T. ObparHoe
BKJIFOUeHHe OeccropHo. [>

7.5.11. Ilpuniimn HermpepbIBHOTO mnpoaoJixkeHwusi. Ilycts X
— moxnpocrparactBo B X u lg — HeNpepbIBHBIH JIHHEHHbIH (DyHKIIHO-
maj Ha Xo. Torma cymjectByer HEIPEPBIBHBIH JIHHEHHBIH (DYHKITHOHAJT |
a X, npongomkaromuii ly. (IIpu srom moxxuO cumrars,aro ||I|| = ||lo]).)

< BosbméMm p = ||lo|| || - ||, m mycTs ¢ : Xg — X — TOXKIECTBEH-
Hoe Bioxkenne. C yuérom 7.5.10 6ymer [y € |0] (pot) = 19| (p) ot =
o]l 121(Il - ) © ¢. Ocramocs 3amerurs, aro |9| (|| - ||x) = Bx'. >

7.5.12. Teopema oTAEIUMOCTH B TOIIOJIOTHIYECKOM BapHaH-
Te. Ilycre U — BBILYKJIO€ MHOXKECTBO C HEILYCTOH BHY TDEHHOCTBIO B IIPO-
crpaunctBe X. Ecim L — acppunnoe maoroobpasme B X u LNintU = &,
TO CyIIeCTBYeT 3aMKHyTas runepmiockocts H B X, g koropoit H O L
g HNintU = @. <>
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7.5.13. BAMEYAHUE. Ilpu npumenennn 7.5.12 110/1€3H0 UMETH B BH-
JTy, 9TO 3aMKHYTBIE TUIIEPILIOCKOCTU CYTh B TOYHOCTH MHOXKECTBA YPOB-
Hsl HEHYJIEBBIX HEIIPEPBIBHBIX JIMHEIHBIX (PYHKIINOHAJIOB. <I[>

7.5.14. Caeacrue. Ilycts Xo — moanpocrparncrso B X. Torma
cdXg=n{kerf: fe X' kerf D Xo}.

< Hcno, uro (f € X', kerf D Xo) = ker f D clXy. Ecam xe
xo ¢ clXp, To HaHIETCS OTKpBITAsl BBINYKJAasi OKPECTHOCTh Tg, HE CO-
nepxarias Touek cl Xo. Ha ocmoBanum 7.5.12 u 7.5.13 umeercsas pyHK-
monast fy € (Xg)' Takoit, uro ker fo O ¢l Xo u fo(zo) = 1. U3 croitcrs
KOMILTeKcHUKATOPa BEIBOAMM, UTo dhynKimonaa Re~! fy obpamaercs B
HyJIb Ha X U He paBeH HYJIIO B TOUKE To. HEeCOMHEHHO TaKk¥Ke, ITO 9TOT
PYHKIIMOHAJ HETIPEePhIBEH. >

7.6. IIpuHIUIIBI INTPUXOBAHUS

7.6.1. Ilycts X, Y — (MysbTH)HODMHPOBAHHBIE BEKTODHBIE I1IPO-
crpaHcTBa (HaJ oqHUM H TeM ke ocHoBHbIM mosiem F) u X' Y’ — co-
npsKEHHBIe npocTpancTBa. Ilycrs, manee, T — HeNpepbIBHBIH JHHEH-
merii oneparop w3 X BY. sy’ € Y ppmoaneno y' oT € X' m
orobpazkermne y' +— y’ o T — nmmeitablii oneparop. <>

7.6.2. ONIPEAEAEHUE. Omnepatop T’ : Y’ — X', mocTpoeHHbIi
B 7.6.1, Ha3BIBAIOT conpAascérmnvim K onepatopy 1T : X — Y.

7.6.3. Teopema. Orobpazkenue mrpuxopanus T — T' ocymiecTs-
JIsIeT JmHeiHy nzomerpuio npoctparcrea B(X, Y) B mpocrpaHcTBO
B(Y', X').

<1 To, uTo oTOOparKeHNe NMITPUXOBAHUS — JIMHEHHBIA omeparop u3
B(X,Y)s Z(Y’', X'), oueunno. ITomumo sroro, pas ||y|| = sup{|l(y) :
Leol(l- 1))}, ro

1T} = sup{ 17"y = lly'll <1} =

=supf{ly'(T2)|: [ly’| <1, [lof <1} =
= sup{||T| : [zl <1} = [T,

9TO W HY2KHO. >
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7.6.4. IIPUMEPHI.

(1) Oyers X, Y — rwibbepToBbl IPOCTPAHCTBA, U 33JaH
T € B(X, Y). Ormernm mpex/ie BCEro, 9To B OYEBUIHOM cMbicie T €
B(X,Y) < T e B(X., Y.). O6o3naunm reneps 4gepes (+)y : X, — X'
mrpuxoBanue B X, 1. e. x — 2’ := (-, z) u (1)} : Yi — Y’ — mrpuxo-
Banue B Y, . e. y — y' = (-, y).
CBsi3p apmuTOBO coupsixéunoro oneparopa T* € B(Y, X) u co-
npspxéanoro T' € B(Y', X') 3agaéress KOMMyTaTHBHON JTHATDAMMOI:

XY,
(O 1 L0y
X/iy/
< B camom gene, Hamo ybeauTbes, UTO JJist Yy € Y BBIIOJHEHO
T'y' = (T*y)'. Hua x € X 10 oupeieieHuo uMeemM

Ty (z) = y'(Tx) = (Tz, y) = (z, T7y) = (T"y)"(x).

B cuity mpousBosibHOCTH T mOsTydaem Tpebyemoe. >
(2) Hycrs v : Xg — X — Baoxenne Xog B X. Torga ¢/
X" — X\, npuaém V/ (2")(x0) = 2’ (xo) amsa Bcex xg € Xona' € X' ui/ —
/
L
snumoppusm, 1. e. X' — X — 0 — TouHAs 10CTEA0BATEIBHOCTD. <I[>

7.6.5. ONIPEJEJIEHUE. Ilycrs naHa HEKOTOpPAs 3JIEeMEHTaAPHAS A~

rpamma, X Ly. Juarpammy Y’ N X' HazBIBAIOT NOAYUEHHOT WMpPU-
T0GaHUEM UCXOTHON TUATPAMMBI WU CONPAHCEHHOU quarpammoii. Ecan
B IPOU3BOJILHOI JgUarpaMme, COCTaBJIEHHOU W3 OrPAHUYEHHBLIX JIMHEH-
HBIX OTOOPaKeHN OAHAXOBBIX IPOCTPAHCTB, TPOU3BEICHO IIITPUXOBAHNE
BCEX JIEMEHTAPHBIX MO/ IMArpaMM, TO BOSHUKIIIYIO JTUATPAMMY Ha3bIBa-
IOT CONPAHCERHOU K UCXOTHON WJINA TIOJTy YEHHOM M3 UCXOJIHOM € TIOMOIIBIO
MITPUXOBAHUS.

- T//
7.6.6. JlemMma o gBoriHoM mrpuxoBanun. Ilycte X" — Y —

., T
JuarpaMMa, oIy 9eHHAST JBOHHBIM IITPpUXOBaHueM quarpamMmbl X — Y.
Torta KOMMYyTaTHBHA, JUATDAMMA

x Ly
1 l lll

1’
X T v
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me” : X —-X"u":Y —Y" — coorBercrByromue qBoiHbIC IITPUXO-
Banmnss — xkanoamaeckne paoxkenns X B X" nY BY" (em. 5.1.10(8)).

< Iyers z € X. Hyxuo nokaszars, aro T”z"” = (Tx)”. Bosbmém
y' €Y', Torma

T"2"(y") = 2" (T"y') = T'y'(z) = y'(Tz) = (Tx)" (y').

B cuiy npoussosbaoctr iy’ € Y/ umeem tpebyemoe. >

7.6.7. IlpuHIinn mITPUXOBaHUs AuarpamMm. lmarpaMma KOM-
MyTaTHBHA B TOM U TOJIBKO B TOM CJIy9ae, €CJTH KOMMY TaTHBHA COIIPSI2KEHHAST
aHarpaMma.

<1 Hocraroumo ybeauThbCsi, 9TO TPEYTOJbHIKHI

x5y x oy
RN, /s AN
Z VA
KOMMYTATHBHBI WJU HET OgHOBpeMmeHHO. Tak kak R = ST = R’ =

(ST) = T'S’, ToO KOMMYTATHBHOCTb JIEBOTO TPEYTOJbHUKA BIEUET KOM-
MyTaTUBHOCTH MPABOro. KC/Iu Ke MpaBblil TPEyroJbHUK KOMMYTATH-
BeH, TO 10 yxKe jokasannomy R’ = S”"T”. Ilpusnekas 7.6.6, umeem
(Rx)// — R”(L‘II — S”T”(L‘II — S//(T//x//) — S”(TI)” — (ST(L‘)// AJIH BCex
z € X. 3uaunt, R = ST. >

7.6.8. ONPEAEJNIEHUE. Ilycrs Xy — momupocrpanctso B X, a 2
— noanpocrpancTso B X'. Ilosioxkum

Xog:={feX: kerf > Xo} =|0](6(X0));

L2 ={reX: feZ=>flx)=0}=nikerf: fe 2}

IommpocrpancTBo X3 HA3BIBAIOT (npamoti) nosapot Xo, a MOAIPOCT-
0 ’

pancTBo ~ 20 — (06pamnoti) noaspoti Zy. Vcnomp3yor Takuie MeHee

TOYHBINH TEPMUH «AHHYJISITOD.

7.6.9. OOPEAEJEHUE. [lycts X, Y — GanaxoBbI IIPOCTPAHCTBA.
Ouneparop T € B(X, Y) Ha3bIBAIOT HOPMAALHO Pa3petsumvim, ecand im T
— 3aMKHYTOE IOJIIPOCTPAHCTBO.



7.6. IIpuHIIAIBI IITTPUXOBAHUS 153

7.6.10. Omeparop T € B(X, Y) HOpMaJbHO paspeliuM B TOM H
TOJIBKO B TOM CJydae, ecu 1, paccMaTpuBaeMblii Kak orneparop uz X
Bim7T, sgB/IsI€TCS TOMOMOD(U3MOM.

< =: Teopema Banaxa o romoMopdusme.
<: Cnenyer cocnarbest Ha 7.4.2. >

7.6.11. JIemma o moasipax. Ilycrs T € B(X, Y). Torua
(1) (imT)* = ker(T");

(2) ecsm T HOpMAJIBHO pa3penIuM, TO
im7T = L ker(T"), (kerT)* =im(T").

D)y eker(T") Ty =0 Ve e X) Ty'(z) =0 (Vz €
X)y'(Tz) =0« y' € (imT)*L.

(2) Pasencrio clim T = * ker(T") cocrasiser comepanme 7.5.13.
ITomumo 3TOTO, 110 yea0BHI0 im T 3aMKHYTO.

Ecmn o/ =T'y' u Te =0, 10 2/'(z) = T'y'(z) = y'(Tz) =0, . e
2’ € (ker T)*. Buaunr, im(T") C (ker T)L. Ilycrs Teneps z’ € (ker T')~.
Cuuras, aro oneparop T zeiicteyer B im T, o Teopeme Cappa, npu-
MEHEHHOM K JIEBOW YaCTHu JruarpaMMbl

XL imrT —VY

N Ly S
F

maiiném y; € (im 7T, ama koroporo yg o T = 2. Tlo nmpuHnUy Hempe-
PBIBHOTO TPOZIOJIKeHust cymecTsyer y' € Y’ rakoii, aro y’ D y(. Cramno
obite, ' = T'y’, T. e. ' € im(T"). >

7.6.12. Teopema Xaycaopdga. Ilycrs X, Y — 6aHaxoBbI IIpO-
crpancrBa. Torpa oneparop T € B(X, Y) HopMaJ/ibHO paspenuM B TOM
H TOJBKO B TOM CJIydae, eCjd HOpMaJbHO paspemuMm omeparop T €
B(Y', X').

< =: B cuny 7.6.11 (2), im(7”) = (kerT)*. TloampocrpancTso
(ker ), o4eBnIHO, ABAACTCA 3AMKHYTHIM.

«: [lyers cnavana clim T = Y. Slcno, uro 0 = Y+ = (clim T)+ =
(imT)+ = ker(T") B cuy 7.6.11. Tlo Teopeme Banaxa o6 mzomopdus-
Me MOXKHO nojeickarh S € B(im(T”), Y'), mis koroporo ST’ = Iy.
Cayuait r := ||S]| = O rpusnanen. Ilo3TOMy MOMKHO CUHUTATH, UTO
IT"y'|| > 1/rq|ly’|| upu Beex y’ € Y.
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Y6emumcs B ToM, uto cl T (By) D 1/2r By. Eciu s1o npogenaso, To
BBUJLY UjieasibHOl BhiyKioctn T'(Bx ) BeinosHeHo Brioderne T(Bx) D
1/4r By . CnenoBaresbro, T — roMoMOpdOU3M.

Mycrby ¢ clT(Bx). MoxXKHO yTBEpKIATD, YTO Y HE JIEXKUT U B HEKO-
TOPOM OTKPBITOM BBIILyKJIOM MHOXKecTBe, cogepzxkariem 1 (Bx). Ilepexo-
Jisl, €CJTM HY>KHO, K BEIeCTBEHHBIM OCHOBaM IpocTpancTs X un Y, OymeM
cuntathb, 9To F:= R. IIpumenum teopemy otnenmmocTtu 7.5.12 u Haitjiém
Henysesoit y' € Y’/ rakoii, uro

1yl [yl = ¥'(y) = sup y'(Tx) = T[] > 1||y’||-

z||<1 r
Orcroma |ly|| > 1/r > 1/2r. Taxkum o6pa3oM, TpebyeMoe BKIIOUCHHE
YCTAHOBJIEHO U Oneparop 1’ B HAIMUX MPEIIOJIOKEHNUIX HOPMAJIHHO Pa3-
permm.

Paccmorpum Temeps obmmit coygait. Ilomoxkwum Yy := climT, u
nycTh ¢ : Yy — Y — ToxknecTBeHHoe Bjoxkenwe. Torma T = T, e
T:X — Yy — oneparop, aeiicTyiomuii o npasuiay 1z = T ms © €
X. Kpowme Toro, im(T") = im(T"/') = T"(im(+')) = T'(Yy), ubo /(Y') =
Yy (em. 7.6.4 (2)). Urax, T' — HOPMAaJIbHO Pa3peNuMblii OnepaTop.
Craso ObITh, 110 yKe JoKazaHHOMY T HOpMasbHO paspertuM. Ocranioch
3aMeTuTh, uTo im 7T = imT. >

7.6.13. IlpuHIun MITPUXOBAHUS MOCJIeJoBaTeJbHOCTEH. [lo-
CJIEZTOBATEIBHOCTD

T y
— X = X 25 X — ..

TOYHa B TOM H TOJIbKO B TOM CJly4dae, €C/JIUu TOYHa COHpH)KéHHaH I1ocJie-
J0BaTeJIbHOCTH

Ty, 1
— X X e X —

< =: Tak xak im T} = ker Tk 2, TO T)+1 HOPMAJIBHO Pa3PEIIM.
[Tpussekast teMMy O TTOJIIPaX, UMEEM

ker(T}) = (im Ty)* = (ker Tj1)* = im(T}. ;).
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«: Ilo Teopeme Xaycmopda Tk.1 HOPMAJBHO pa3pemuM. BHOBB
anesupyst K 7.6.11 (2), BeiBoIUM

(im Tp)* = ker(T}) = im(T}, ;) = (ker Tj1)*

[Tockosbky T} HOpMasbHO paspemuM 1o Teopeme 7.6.12, To im Ty —
3aMKHyTOe moanpocrpancTso. Ilpusiekas 7.5.14, momygaem

imT* =+ ((mTp)t) = L((ker Ty 1)b) = ker Ty 1.

3meck yareno, uro ker Tj, ;1 — 9TO TOXKe 3aMKHYTOE IIOJIITPOCTPAHCTBO. >

7.6.14. CaeacrBue. s KaXK0ro HOPMaJIbHO PA3PEITUMOrO OITe-
paropa T umeror mecro caeayromue uzomopduzmpl (ker T')' ~ coker(T")
u (coker T') ~ ker(T").

< B cuny 2.3.5 (6) 1mocsen0BaTebHOCTD

0—kerT — X 5Y — cokerT — 0

touna. 3 7.6.13 BBIBOAUM, YITO IOC/IEIOBATEIHLHOCTD
0 — (cokerT) —Y' L X' — (kerT) — 0

TOYHAa. >
7.6.15. CaencrBue. T — usomoppusm < T’ — nzomopdpuzm. <I>
7.6.16. CaencrBue. Sp(T) = Sp(T"). <>

YnpakHeHUst
7.1. BpisicHUTDB, KaKue JIMHEHHBbIE OIEPATOPbI UIeaIbHDI.

7.2. YcTaHOBUTH, YTO Pa3liejbHO HENpepbIBHAs OmInHelHas ¢popma Ha OGaHa-
XOBOM IIPOCTPAHCTBE HEIpepbIBHA 110 COBOKYIIHOCTHU II€PEMEHHBIX.

7.3. Byzer yiu paBHOMEPHO OIDAHUYEHHBIM Ha IIIape CEMEUCTBO IOy HENIPEPbIB-
HBIX CHHU3Y CYOJIMHEHHBIX (PYHKIMOHAJIOB Ha OAHAXOBOM IIPOCTPAHCTBE?

7.4. Ilycts X, Y — Ganaxossl npocrpanctBa u 1 : X — Y. Jloka3aTb, 4TO
st Hekoroporo t € R yner ||[Tz|y > t||z||x B TOM ¥ TOJIBKO B TOM Cilydae, €CiIi
kerT = 0 u im T — moJiHOE MHOYKECTBO.

7.5. BpIAcHUTD ycCJIOBUsI HOPMAJIbHOI pPa3pEHINMOCTH OIepaTOpa yMHOXKEHUS
Ha (QYHKIMIO B IPOCTPAHCTBE HEIPEPBIBHLIX HA KOMIIAKTE (DYHKIIAN.
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7.6. Ilycte T — orpanndeHHbIi snuMopdu3M 6aHaxoBa IPOCTpaHCTBA X Ha
11(&). YcranoBurs mononnsiemocts ker T'.

7.7. YcTaHOBUTH, 9TO paBHOMEPHO 3aMKHyToe noanpocrpanctso B C([a, b]), co-
CTaBJICHHOE U3 HelpepbIBHO AuddepeHmmupyembix gynkimii — snementos C'(1) ([a, 8]),
KOHEYHOMEPHO.

7.8. Ilyctb X n Y — pasimdHble 6aHaXOBBI IIPOCTPAHCTBA, HPUYEM X Helpe-
PBIBHO BJIOYKEHO B Y. YCTaHOBUTH, YTO X $IBJISIETCS TOIIUM MHOYKECTBOM B Y .

7.9. Ilycts X1, X2 — HeHyJIeBble 3aMKHYThIE TTOAIIPOCTPAHCTBA OaHAXOBA IIPO-
crpaHcTBa, npudém X1 N X2 = 0. [Jokasare, uro cymma X1 + X9 3aMKHyTa B TOM U
TOJIBKO B TOM CJIyJae, €CJIH CIeAYIOIas BeJIMINHa,

inf {||z1 — x2||/||z1|| : 1 #0, z1 € X1, z2 € X2}

CTPOTO TIOJIOKUATEJIBHA.
7.10. Ilycte (amn) — C49éTHasi JBOWHAsS IOC/IENOBATEILHOCTH, OOJIaAroIIast
TeM CBOMCTBOM, YTO MMEETCS IOC/IEI0BATE/IbHOCTL (m(m)) 3JIEMEHTOB |1, JJ1s1 KOTOPOi

[eS] (m)
pPAabI E n—1 Amn Ty,
. 0o
JOBATEJILHOCTD T U3 [1, JJIsl KOTOPOI PsibI g n—1 @mnTn HE CXONSTCS (abcosroTHO)

He cxongarcs (abcomoTHo). [lokasarTb, 4To HaiiIéTcs mociie-

npu Bcex m € N.

7.11. Ilycre T — oneparop B ruib0epTOBOM IpocTpaHcTBe H Takoii, 4To pa-
BercTBo (T'x |y) = (x| Ty) mmeer mecTo as Beex x, y € H. YCTaHOBUTH OrpaHUYeH-
HocTb 1.

7.12. Ilycts 3aMKHYTEI KoHyc X T B 6aHAXOBOM MPOCTPAHCTBE X SABJISACTCS
BocrpomsBomsimM: X = X T — X1, Jlokasars, uro Haiigérca koncranta ¢ > 0
Takas, 4TO JJiA Jo6oro x € X M IpeACTaBJIeHus T — T1 — T2, rae 1, T2 € X,
Bomosineno: ||z1|| < t)|z||, |lz2| < tf|z]-

7.13. IlycTp mosyHenmpepbIBHBIE CHU3Y CyO/IHHeHble (DYHKINOHAILI P, ¢ B Oa-
HaXOBOM IPOCTPAHCTBe X TaKOBBbI, 4TO KOHYChbl dom p u dom ¢ 3aMKHYTBI U TIOIIIPO-
crpaucTtBo domp — dom g = dom g — dom p gonosiasgemo B X. JlokazaTb, 4TO st
TOIOJIOTHYECKUX CyOauddepeHInaIoB BBIIOIHEHO (cp. ynpakaeHue 3.10)

d(p+q) =0p+0q.

7.14. Ilycre p — HeupepbIBHBINA CyOJIMHENHHBbIN (DYHKIIMOHAJ, OIPEJIE/IEHHbII
Ha HOPMHpPOBaHHOM mnpocrpancTtBe X, u 1 — HenpepbIBHBIN sug0MOpdu3M X. [do-
IIyCTUM, 9TO CONPSKEHHBIH oneparop 1T’ mepeBogut B cebs cybmuddepennuan Op.
VcTaHOBUTE, 9TO Op CONEPKUT HEMOABUKHYIO Touky 1.

7.15. dna dysknun f : X — R Ha HOpMHUPOBAHHOM HpOocTpancTse X IMOJIO-
KAM

f* (@)= supl{z|a') — f(z): @€ domf} (a' € X')
F*(z):=sup{{z|2’) — f*(2') : ' € dom(f*)} (x € X).

Brisicuuts, mpu Kakux ycaoBusix Ha f BoimosHeHo f = f**.
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7.16. YcTaHOBUTB, YTO loo JIOMOHSIEMO B JIFOOOM COJIEPIKAIIEM €ro DaHaAXOBOM
MIPOCTPAHCTBE.

7.17. BanaxoBo npocrpancTBo X Ha3bIBaIOT IPHUMAaPHBIM, €CJIH JI060€e ero Gec-
KOHEYHOMEPHOE JIOIOJIHIEMOE IMOAIPOCTPAHCTBO n3oMopdHOo X. Y6eauThcs, 4To Co
ulp (1 <p < +00) IpUMaApPHBL.

7.18. Ilycrb X u Y — GanaxoBel mpocrpancTBa u oneparop T € B(X, Y)

TAKOB, 4TO im T — HeTolllee MHOXKeCTBO. Torga 7' HOpMaJIbHO Pa3peIrnM.

7.19. Ilycte Xo — 3aMKHYTO€ MOANPOCTPAHCTBO HOPMHPOBAHHOIO MPOCTPAH-
crBa X, npuuém Xo u X/Xo — Ganaxosbl npocrpancrsa. Torma X Tak:ke 6aHAXOBO

IIPOCTPAHCTBO.



T'maBa 8

OmnepaTopbl B 0aHaXOBBIX
IIPOCTPAHCTBAX

8.1. Tomomopdubie DYHKINU U KOHTYPHBIE
WHTErPaJIbl

8.1.1. ONPEAENEHUE. Ilycrs X — GanaxoBo mpocTpancTBo. [lom-
MHOzKecTBO A mapa By/ B CONPAKEHHOM IpocTpaHcTse X' HA3LIBAIOT
nopmupyrowum (mast X ), ecau Jyist KazKJA0ro d1eMeHTa & u3 X BBIIOJ-
ueo ||z|| = sup{|l(z)| : | € A}. Ecuu, nomumo storo, mist Beskoro U
B X Takoro, uro sup{|l(u)|: u € U} < 400 upu | € A, cupaseminso
sup ||U|| < +00, To A HA3BIBAIOT 6NOAHE HOPMUPYIOULUM MHOIKECTBOM.

8.1.2. [IPUMEPHI.

(1) ITap Bx' — BIOJHE HOPMUPYIOIIEE MHOXKECTBO B CHILY
5.1.10 (8) u 7.2.7.

(2) Ecsmm Ag — (BHosiHe) HOpMEpYIOIIee MHOXKeCTBO 1 Ay C
Ay C Bx/, 10 A1 Takke (BIIOJIHE) HOPMUDYIOIIEE MHOKECTBO.

(3) MmuoxecrBo KpaiiHux To4YeK ext(Bx) sABIseTcs HOPMU-
pytonuM 110 TeopeMe Kpeitna — Munbmana Jyis cy6auddepenimalion
3.6.5 u Hecomuennoro pasencrsa By = |9|(||-||x), koropoe yxKe HEOIHO-
KPaTHO OBLIO UCII0JIb30BaHO. OJIHAKO BIIOJHE HOPMUPYIONUM 3TO MHO-
JKeCTBO ObITH He 0053aHO (TaK, B 4aCTHOCTH, OOCTOUT JeJIO B IIPOCTPAH-
cree C([0, 1], R)). <>

(4) Iycrs X, Y — 6anaxoBbl HpocTpaHcTBa (Ha/ OIHUM U
reM ke nosieM F) u Ay — HOpMupyromee MEOXKecTBO 1iist Y. TTosoxkum

Ap:= {(5(@/51) : y’ €Ny, x € Bx},
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riie O(yioy(T):=y'(Tx) na y’ € Y, v € X u T € B(X, Y). fcuo, aro
01y (D) = |y (T2)| < Mly | 1T=[ < [yl 1T NI,

T. €. O(y10) € B(X, Y)". Ilommwmo aroro, s T' € B(X, Y) Bpimomeno

IT|| = sup{||Tz|| : [|=f| <1} = sup{ly'(Tz)|: y" € Ay, [lz| <1} =

= sup{|5(ygx)(T)| : 5(y§¢) S AB}

Takum o6pasom, A p — HOpMmupyIomee MEHOKecTBO (st B(X, Y)). Ecan
npu 3ToM Ay — BIIOJIHE HOPMHPYIOIIEE MHOYKECTBO, TO A g TaK»Ke BIIOJTHE
HOPMEPYIOIIEee MHOKECTBO. B camom sieste, ecmm U TAKOBO, 9TO YHCI0BOE
muoxectso {|y'(Tx)| : T € U} orpanmdeHo npu JoObx £ € Bx u
y'" € Ay, 10 1m0 ycuoButo muoxecrso {Txz : T € U} orpanudeno B Y
i Beskoro @ € X. B cmiy npuHIUITA paBHOMEPHON OTPAHUIEHHOCTH
7.2.5 ar0 o3HAUaeT, uto sup ||U] < +oc.

8.1.3. Teopema /Tangopaa — Xwusrie. Ilycrs X — KoMinTekcHoe
6aHAXOBO MPOCTPAHCTBO U A — BIIOJIHE HOPMHUDYIOIEE MHOXKECTBO JJIsT
X. Ilycre, nanree, f : 9 — X — orobpazxkernne nogmuoxkectsa 9 B C
B npocrparcteo X, npuuém 9 orkpeito (B Cr ~ R?). Crexyroniue
VTBEP>KIeHUsI IKBUBAJICHTHDI:

(1) mus kazkzmoro zg € 9 cyuiecTByer npeest

i £02) = (20),
Z—20 zZ— 20

(2) s kaxkpix zo € 9 ul € A cymecrByer npejes

hmlOf(Z)—lOf(ZO)’
220 Z— 20

1. e. ¢pyuknus lo f: P — C romomoppua npu l € A.

< (1) = (2): OuennHoO.

(2) = (1): IIpocToTs! paju GyjaeM cuuTaTh, 9o 2o = 0 u f(zg) = 0.
Paccemorpum map pajuyca 2e, nesmkoM Jexanuii B 4, 1. e. 2eD C 9,
riae D := Bc¢. Kak npuHATO B KOMIIJIEKCHOM aHAJIM3e, Oy/lIeM CUUTATD
Kkpyr €D (OpHeHTUPOBAHHBIM) KOMIAKTHBIM MHOTOOGpa3neM ¢ KpaeM T,
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rie T — (70/KHBIM 06pa3oM OPUEHTUPOBAHHAS) €IMHUYHAsT OKDPYIK-
nocts T:= {z € C: |z| = 1}. Tlpu 21, 22 € €D\ 0 ansa romomopdHOi
byukuunm [o f (bynkimonas | iezkut B A) HIMEIOT MECTO MPEJICTABICHUS
unTerpasom Komm:

Lo Jz) —L/Lf(z) dz (ki=1, 2).

2 2mi ) z2(z— z)
2eT

BHaunt, npu 21 # 2o, YyIUTLIBasg, 9TO Ajd z € 26T BLIIOIHEHO
|z — zx| > e (k:= 1, 2), a Takxke uro dbyHKIUs [ o f HenpepbiBHA B ¥,

IIOJIy 9aeM
z( 1 (f(zl) - f(22))> N
Z1 — 292 z1 z2 B
1 1 1 1
- 21—22.% lOf(Z)<Z(Z_Zl)Z(Z_22))dZ -
2eT
1 1
“ 5| [ IO
2eT

<M sup |lo f(2)] < +o0
z€2eT

s monpxogsitero M > 0. TlockosibKy A — BIIOJIHE HOPMEPYIOIIEE MHO-
2KECTBO, 3aK/II09aeM:

sup
z1#22;21,227#0 |Zl - 22|
|z1]<e, |22 <e

1 Hf(zl) f(z2)

%)

’<+oo.

ITocnenmee HEpaBEHCTBO 0OECIIETMBAET CYIIECTBOBAHNE HYXKHOTO TIpeIe-
Ja. >

8.1.4. ONPEJAENEHUE. Otobpaxkenue f : ¥ — X, yI0BIETBOPSIO-
mee 8.1.3 (1) (wm, 9T0 TO XKe camoe, 8.1.3 (2) 1 KAKOro-IO0 BIIOJIHE
HOPMUPYIONIEr0 MHOXKECTBA A), HA3BIBAIOT 2040MOPHHBIM.
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8.1.5. BAMEYAHUE. VHOrIa NCIOJIB3YIOT U3JIUIITHE JETAJBHY IO Tep-
muHOsIOrHI0. VIMenHo, ecain f yuosiersopsier 8.1.3 (1), To f HasbiBaroT
CuAbHO 20a0omopPHotl byHkmei. B ciyuaae, ecou gyist f Beinosaeno 8.1.3
(2) upu A := Bx/, 1oBOpAT 0 caabol 2osomopprocmu f. B yciaoBusix
813 (2)u81.2(4), r.e. upn f: 2 — B(X, Y), Ay:= By u coorer-
crBytomeM A:= Apg, TOBOPAT 0 cAa60 0NeEPamMopHo 2040MOpPHHIT PYHK-
nusAX. YYATHIBas MPUBEIEHHYI0 TEPMUHOJIOrUIO, Teopemy landopma —
Xujsie 9acTo Ha3bIBAIOT MEOPEMOTL 0 20A40MOPHHOCTNU T BBIPAIKAIOT CJIO-
BaMU: «Cjaabo rosoMopdHas GYHKINA CHIBHO TOJIOMOPMOHAS.

8.1.6. BAMEYAHUE. B jajbHeiinemM yao0HO HCIOJIB30BATH HHTE-
rpaJibl npocTeimux riaakux X-3Hadueix Gopm f(z)dz mo npocreitimum
OPHEHTUPOBAHHBIM MHOI000ODA3UAM — II0 KPAasdM IJIEMEHTAPHBIX KOM-
[IAKTOB B IIOCKOCTH (M. 4.8.5), COCTABIEHHBIM M3 KOHEYHOIO UHCIIA
HEIIEPECEKAIOIMNXCs POCTHIX IeTeb. B Takie WHTEerpaJjbl BKJIA/IbIBa-
10T OYEBUMHBIN CMbICT. VIMeHHO, M 1eTyin vy BBIOMPAIOT HOIXOISIILYIO
(rmazkyro) nmapamerpusanuio ¥ : T — ~ (¢ yuérom opueHTanuu) u 1o-

JIATAIOT
/f(z)dz:-!fo@d@,

rJle TOC/IeIHUN HHTErpaJl IIOHNMAIOT, HAIIPUMED, KaK IIOJXOJSIIUi HHTe-
rpaa Boxnepa (cm. 5.5.9 (6)). HecomMHeHHA KOPPEKTHOCTB 3TOrO OIpe-
JIeJIEHs], T. €. CyIeCTBOBaHUE HY>KHOIO NHTerpasa BoxHepa 1 ero Hesa-
BUCHMOCTH OT BbIOOpa napamerpusamnuu V.

8.1.7. Teopema Komm — Bunepa. Ilycrte 9 — Hemycroe OTKpbI-
TO€e MOJMHOXKECTBO IyIockocTu U f : 9 — X — rojiomopHOe orobpazke-
HEe B baHaxoBo npocrpaHcTtBo X . Ilycrb, naiee, F' — npocras kapruHa
auist maper (&, 9). Torma

/ f(z)dz = 0.
OF
Ilpwu sTom my1st 2y € int F' BeImosiHEHO

RSO
T = o | 20"
oF
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< B cuny 8.1.3 Heobxommmble MHTErpaJjbl BoxHepa CyIIECTBYIOT.
Tpebyemble paBeHCTBA, OYEBHUIHO, CJIEIYIOT U3 CIPABEJINBOCTA UX CKa-
JIIPHBIX BEPCHUI, COCTABJSIONINX COJIEPYKAHME KJIACCUIECKON TeopeMbl
Kommn, ckazannoro B 8.1.2 (1) u ormedenHoit B 5.5.9 (6) mepectaHOBOY-
HOCTH MHTErpaJioB Boxuepa ¢ orpanndeHHbIMU DYHKITUOHAJIAMHE. [>

8.1.8. BAMEYAHUE. Teopema Komu — Bunepa mospoJisier 1mo xo-
POIIIO M3BECTHBIM 00pa3iiaM BBIBOJMTD Jjis X -3HAUHBIX T'OJJOMOPQMHBIX
dbyHKIMT AaHAJIOTH TEOPEM KJIACCHIECKOIO KOMILJIEKCHOTO aHAJIM3A.

8.1.9. Teopema o pazmaoxxenuu Teiiaopa. Ilycrs f: 9 — X
— rosiomopras Gynknusa u zg € 9. B obom kpyre U := {z € C :
|z — 20| < €} Takom, uro clU Jexkur B &, UMeEeT MECTO PasJIOKeHHe
Teitiopa (B PaBHOMEDHO CXOJISIIUHC CTeIIeHHOH pH,Z[)

oo

[ =3 eulz - z0)",

n=0
e KO3(ODHUITHEHTHI ¢y, BBITHCJISIIOT IO (DOpMYyIam

Ry R

(Z _ ZO)7L+1 o H dzm

(20)-

Cpn = -
" 211
oU

< JTokazaTeancTBO OCHOBAHO HA CTAHJAPTHOM DPA3JIOXKEHHH AIPa
u— (u—2z)"! B dopmye

f(z):ﬁ %du (z € clU)
U’

II0 CTelleHdM 2 — Zp, T. €.

IMocueauuii psiz, cxomurest papaomepro 1o u € OU’. (3aecy U’ = U + gD
s Kakoro-jmbo g > 0, Takoro uro clU’ C 2.) Vuursas, 49ro
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sup || f(OU")|| < +00, 1 IPOU3BOIsI HHTErPUPOBAHUE, IPUXOJUM K TPeOy-
emomy upezcrasienuto f(z) nupu z € clU. Ipumenss nokazannoe K U’
U mpuBJieKas 8.1.7, BUAUM, UTO HCCICIyeMblit CTIIEHHON sl CXOIUTCS
B Kaxko0it Touke U’. OTciona BbITEKaeT ero paBHOMEpPHAs CXOJUMOCTb
Ha KOMIIAKTHBIX TOAMHOXKecTBax U’, a motomy n Ha U. >

8.1.10. Teopema JIuyBusasi. Eciu ¢pyskuus f: C — X roso-
mopua u sup || f(C)|| < +o0, To f — nocrosHHOE OTOGpAXKEHHE.

< Hns e > 0, paccmarpuBas quck €D u yuntbiBas 8.1.9, nmeem
lenll < sup [[f(2)]| -7 <sup [ f(C)]| -7
z€eT

mpu Bcex n € N u € > 0. Takum obpaszom, ¢, =0 ga n € N. >

8.1.11. Kaxkaplit orpaHuYeHHbIH SHTOMOPHU3M HEHYJIEBOTO KOMIT-
JIEKCHOTO OaHaXOBa IPOCTPAHCTBA HMEET HEITyCTOH CIIEKTD.

< IMyers T — Takoii samomopdusm. Ecian Sp(T) = &, To pesob-
serra R(T, -) ronomopdua Bo Beeii miockocru C, nanpumep, mo 5.6.21.
Kpowme roro, Ha ocrosanuu 5.6.15, ||R(T, A)|| — 0 upu |A| — +o00. B
cuiry 8.1.10 3akimouaem, uro R(T, -) = 0. B 1o ke Bpems, npusiiekas
5.6.15, Bugum, uro upu |A| > ||T|| semonreno R(T, \)(A —T) = 1.
[Tosygaercs nporuBopetune. >

8.1.12. HUmeer mecto popmyna bBépimara — leabanma:
r(T) =sup{|A|: A€ Sp(T)}

Jutst Jiroboro oneparopa T € B(X), rne X — KoMIlJIeKCHOe GAHAXOBO
IIPOCTPAHCTBO, T. €. CIHEKTPAJIbHBIH PAIHYC OHEPATOPa COBHATAET C Pa-
JIHYCOM €r'0 CIIeKTPA.

< To, uro cuekrpasnbubiii paguyc (1) Gosblie paguyca coekTpa,
ormeueHo B 5.6.16. Taxum o6paszom, npu 7(T) = 0 J0Ka3bIBATH HUYETO
ne uago. Ilycrs temeps r(T) > 0. Boszsmém A € C rak, uro |A| >
sup{|u| : € Sp(T)}. Torma kpyr pamuyca |\ ~! nenukom jexur B
obuiactu rosiomopduoctu dbyukmun (cMm. 5.6.15)

) { (})% ZT;zt)Tl), 240, 271 €res(T),

1

[pusiekas 8.1.9 u 5.6.17, sakmouaem, uro [A|~1 < r(T)~1. Cnemnosa-

resiHO, |A| > r(T). >
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8.1.13. Ilycts K — menycroit komnaxt B C u H(K) — MHOXKecTBO
rosomopubix B okpectHoctu K ¢ynxnuii, . e. (f € HK) < f :
dom f — C — romomopduas ¢pynkmus, dom f D K). [Lus fi, fa €
H(K) nosoxum fi ~ fa, eciu cymecTByeT OTKPHITOE IOJMHOXKECTBO 9
B dom f1 Ndom fy takoe, uro K C P u f1|9 = f2|9. Torma ~ sapisercs
orHommenneM skBuBajenraocta B H(K). <>

8.1.14. ONPEAEJEHUE. B ycmosuax 8.1.13 nmonoxum (K) =
H(K)/~. Daemenr f € #(K), conepxamuii bysknuo f € H(K),

Ha3BIBAIOT pocmkom [ Ha KommakTe K.

8.1.15. Ilycrs f, § € (K). Ilycrs, Kpome TOro, Bblje/IeHbI
fi, f2€f, g1, g2 € 9. Honoxxnm

x € dom f; Ndom g; = ¢1(x):= fi(z) + g1(x),

z € dom fo Ndomgs = pa(x):= fa(z) + g2(2).

Torpma p1, @2 € H(K), npuuém o1 = P3.
<1 Beibpas orkpbiThie MHOKecTBa K C 27 C dom fiNdom fo u K C

95 C dom g1 Ndom g2, B KOTOPBIX COBIAJIAIOT f1 U fo U COOTBETCTBEHHO
g1 ¥ g2, BUIUM, 9T0 B &1 N Py COBHAJAIOT Y1 U P3. >

8.1.16. OnPEAENEHUE. Kiace, BBenéunbiii B 8.1.15, HasbiBaioT
cymmoti pocmxos f1 u fo m obozuavaor fi + fo. AHajmormaHo BBOIAT
npousdsedenue POCMKOS U YMHONHCEHUE POCMKA HG KOMNAEKCHOE YUCAO.

8.1.17. J(K) c onepanusivu, BBeaéuabivu B 8.1.16, siBisiercs aJr-
rebpoit. <I>

8.1.18. ONPEJEJEHUE. Bosuukaroryto anrebpy 7 (K) HasbiBa-
10T aa2e6poti pocmKos 2oaomopPHvir Pynkyut Ha Kommakre K.

8.1.19. IIycrs K — komnakt BC, a R : C\K — X — rosiomopgnas
yHKIMSA co 3HAYeHHsIMH B baHaxoBoM npocrpancrse X . Ilycrb, nadee,
fe AK)ufi, fo € f. Ecim Fy — npocras kapTuma JJsl Hapbl
(K, dom f1), a Fo — npocrast kaprusa st napbl (K, dom f3), To

| nere: - [ e

OF, OF3
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< Iyers K C 2 C int Fy Nint Fy, tae 2 otkpeito u fi|lg = fa|g.
Bosbmém npocryo kapruny K C F C &. YuurbiBasi roJIOMOP(HOCTD
dyskuun f1R va dom fi; \ K u rosomopduocrs foR na dom fo \ K,
BBIBOJINM PaBEHCTBA

[ nore: = [ neres,
oOF

OF;

/fQ(Z)R(Z)dZ: /fQ(Z)R(Z)dZ
oF

OF>

(13 HETPUBHAJILHOIO (bAKTA CHPABEIJIMBOCTH UX CKAJISPHBIX aHAJIOIOB).
Beuny cosnazenus f1 u fo nHa 2 mmeem Tpebyemoe. >

8.1.20. OPEAEJEHUE. Pukcupys h € 5 (K), B yciaosuax 8.1.19
KOHMYPHBIM unmezpasom h ¢ aapom R HA3BIBAIOT 3JI€MEHT

?{ h(2)R(2)dz = / F(2)R(2)dz,
oF

rae h = f u F — npocras kapruna ms napst (K, dom f).

8.1.21. 3AMEYAHME. O6oznauenue h(z) B 8.1.20 necayuaiino. Ono
OOBSACHIETCA TEM, UTO Jisl KaXKI0i Touku 2 € K u JobbIX JBYX Ipe-
craButeseit fi, fa poctka h BbimosHeHO W = f1(2) = fa(z). B sr0it
cBsA3M 00 9JIEMEHTE W TOBOPAT KAK O 3HAYEHUU pocmka h 6 mouke z u
numyT h(z) = w. Ormerum 3zech ke, uro B 8.1.20 dbyukimio R MOXKHO
canTarhb 3aganHoil umb B U\ K, tae int U D K.

8.2. TomomopdHoe PYyHKIIMOHATILHOE UCUYNCIEHUE

8.2.1. ONIPEAENEHUE. Ilycrs X — (HenyseBoe) KOMILIEKCHOe Oa-
HAaXOBO IIPOCTPAHCTBO U 1 — orpaHuveHHbI sHdomoppusm X, T. e.
T € B(X). Ana h € 7 (Sp(T)) xourypHslii uurerpat ¢ sapom R(T), -)
— pe30JIbBeHTOl oneparopa T' — 0603HATAIOT

1
Rrh:= o ?{h(z)R(T, z)dz
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U Ha3BIBAKOT unmezparom Pucca — langopda (poctka h). Ecmm f —
dbyuximst, ronomopduas B okpecrroctu Sp(T'), To monarator f(T) :=
Zrf:= Rrf. Ucnonb3yror Takxke 6ojiee 0bpa3Hble 0003HAUEHUS] TUIIA

1 f(2)
f(T)*% —z—TdZ

8.2.2. BAMEYAHUE. B anrebpe, B 94aCTHOCTH, U3yYaiOT PA3IUIHBIC
[PEJICTABJICHUST MATEMATHIECKUX 00beKTOB. HaM ya0o0HO MOJIb30BATHCA
HEKOTOPBIMU 3JIEMCHTAPHBIMY MTOHATUSIMUA TEOPUH IIPEICTABICHAN HaW-
boJiee «ajirebpamdeckux» 00bEKTOB — ajredp. BemomuuM mpocreiimnme
U3 HUX.

ITycrs Ay, Ay — aBe anreGpsl (Ha L OHUM U TeM Ke mojem). Mop-
Pusmom Ay B Az win npedcmasaenuem aaredbpsl Ay B asrebpe As (pexe
FOBOPAT «B arebpy As») HA3BIBAIOT MYALINUNAUKAGMUGHBLT AUHETHbLT
onepamop R, T. e. orobpaxenne R € L (A, As) rakoe, uro R(ab) =
R(a)R(b) nst Beex a, b € A;. Ipencrasienne R HABIBAIOT MOYHBLM,
ecn kerR = 0. Hammume tounoro mnpexcrasieHus R : A; — Ao
Mo3BOJIsIeT paccMarpuBarTh A; Kak nomanreopy As. Ecmm As asiaser-
cst (nmom)asrebpoii sumoMopdusmos £ (X) HEKOTOPOro BEKTOPHOTO IIPO-
crpancTBa X (HaJ TeM 2Ke 11ojeM), 1o 0 Mopdusme A; B As roBopaT Kax
o (nuueiinoM) npedcmasaernuu Ay B npocmparcmee X niam o6 onepamop-
Hnom npedemasaenuu Ai. IIpocrpancTBo X Ha3BIBAIOT B 9TOM CJIydae
npocmpancmeom npedcmasaerus anrebpsr A;. Ecin B mpocrpancree X
npejcrasieHns R anrebpol A ecTh MOAIPOCTPAHCTBO X1, WHBAPUAHT-
HOe OTHOCHTEJIbHO Beex oneparopos JR(a) npu a € A, TO ecTeCTBEHHBIM
06pas3oM Bo3HUKAET npejcrasienue R : A — £ (X1), pelicrByoriee 1o
npasuwity Ri(a)r; = R(a)rr g 1 € X7 u a € A, HazpiBaeMoe nod-
npedcmasaeruem R (nopoxaéunbiM X1). Ecin X = X7 @® X5 u 1o pas-
JIOXKEHUE [IPUBOJUT KaxKIblil oneparop R(a) st a € A, TO roBopsT, 9T0
npedcmasaerue R npusedero x npamol cymme (nod)npedcmasaenut Ry
u Ry (mopoxka8HHBIX X1 1 X3 cooTBeTcTBeHHO). OTMETHM BAyKHOCTD 34~
JIQYM U3y YEeHUs IPOU3BOJIBHBIX HENPUEoJuMbLT npedcmasienuli (= npes-
CTaBJICHU, HE COAEPKAIIUX HETPUBUAJBHBIX HOANPEICTABIICHUIT).

8.2.3. Teopema I'enbparnga — Jlaungopma. Unarerpaa Pucca —
Hangopna Xt cay>KuT 1npeicTaBieHueM aarebpbl POCTKOB I'OJIOMOP-
HBIX (DYHKIHH Ha crekTpe oreparopa 1 B mpocrpanctBe X — obJia-
cru onpenenenust oneparopa T. Ilpu srom ecmn f(z) = > 07 cpz™
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(8 oxpecrrocru Sp(T')), To f(T) = >_.° o ey T™ (cymmupoBamne Beaércs
OTHOCHTEJILHO orntepaTopHoi HopMbl B B(X)).

< To, uro Zr — nuHEHHBIH OMepaTOp, HECOMHEHHO. YCTaHOBUM
MyJIbTHILTHKATHBHOCTE 7. Jjsa aroro BosbMéMm fi, fa € J2(Sp(T))
u BbIGepeM mpocTble KapTuubl Fy, Fy rakue, uro Sp(T) C int Fy C
Fy CintFy, C Fy C 2, npuuém byuxuun f1 € fi1, fo € fo aBIMIOTCS
rosiomopdHbIME Ha 2.

IIpusnekasi oyeBuHBIE CBONCTBA WHTerpaja BoxHepa, Kiaccude-
ckyto Teopemy Komu u Toxkgecrso ['misbepra 5.6.19, mocseoBareibHO
OJTy TaeM

RrfroRrfa= (1) fo(T) = ! L/MdZN/Msz:

2mi 2 27 —T 2 —T
OF, OF
= 5rits fi(20)R(T, z1)dz | fa(22)R(T, z2)dz =
27 2mi 1121 » 21)az1 | Ja2(Z2 . 22)dze =
OF> OF,
" 2mi2mi / /f1 z1) fa(22) R(T, 21)R(T, 2z2)dz2dzy =
OF, OF>
R(T - R(T
/ /fl 21) f2(22) BT, =) ( 7ZQ)d,ZQClzl:
" 2ri2mi 7 — 71
OF, 0F;
Ja(22)
Py ——d T dzi—
27”/fl 2ms / 29 — 21 z2 | R(T, z1)dz
OF; OF,
fi(z1)
o | o d T, z3)dzy =
~2mi /f2 27 29 — 21 z1 | R(T, z2)dz2
OF5 oF,
~2mi /fl 21) f2(21)R(T, z1)dz1 — 0 = fifo(T) = Zr(fi fo).
OF

Bribepem okpyzxHOCTD 7y := €T, jexayio kak B res(7'), Tak u BHYT-
pu Kpyra cxomumoct psijga f(z) = > .07 ¢, 2", YaursBas 5.6.16 1 5.5.9
(6), nmeem



168 I'1. 8. Oneparopbl B 6aHaAXOBBIX IIPOCTPAHCTBAX

T) = ﬁ /f(z)nz%zan”dz =
) -

—TL mn f n n
= omi Z /f T Z;) 27 z"“ dz | 7% = ZC”T
BY

5
B cmry 8.1.9. >

8.2.4. BAMEYAHUE. Teopemy 8.2.3 94acTo HA3BIBAIOT 0CHOGHOU Mme-
opemoti 20A0MOPPH020 PYHKUUOHAADHOZ0 UCHUCACHUA.

8.2.5. Teopema 06 orobpa>keHuu criektpa. /s 0605 pyHK-
nqun f € H(Sp(T)), rosmomopguoii B OKpecTHOCTH crieKTpa oreparopa T
u3 B(X), BbIIOJHEHO

f(Sp(T)) = Sp(f(T))-

< Ilycrs cnagana gano, aro X € Sp(f(T)) u f~1(A\) N Sp(T) = @.
g rouxu 2z € (C\ f~1(\)) Ndom f monoxum g(z) :== (A — f(2))~ %
Toraa g — romomopdnas bynkius B okpecraoctn Sp(7T'), mpuaém G(A
f) = (W= f)g = 1c. llpusnexas 8.2.3, suaum, uto A € res(f(
[Mocneanee npoTusopednT yetosmio. 3uaqut, f~1(A\) N Sp(T) # 3,
Sp(f(T))  F(Sp(T)).
ITycrs reneps A € Sp(T'). Iosoxum

fA) = f(2).

A—z
IMonsiTHO, uTO g — rosoMopdHas dbyHKIUs (0COGEHHOCTD «yCTPAHEHA ).
U3 8.2.3 nmomyyaem

g(MA=T) = (A=T)g(T) = f(A) = £(T).
Buaunt, ecau f(A) € res(f(T)), To oneparop R(f(T), f(A)g(T) sBas-

ercs obparabiM K A — 1. WupiMu ciioBamu, A € res(T), 910 HEeBEpHO.
Urax, f(A) € C\res(f(T)) = Sp(f(T)), v e. f(Sp(T)) C Sp(f(T))- >

8.2.6. Ilycte K — menycroit komnakr; g : domg — C — roso-
MopgHAT PYyHKIH, Hpﬂqu domg D K. Husa f € H(g(K)) momoxum

( —
T))

Nz = g(z)i= 9= F/N).

9(f):= fog. Torga g — npescrasienne amredpsr H#(g(K)) B anrebpe
H(K). <>
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8.2.7. Teopema Jaucopma. s Besikoii pyaknum g : dom g — C,
rosiomopHoii B okpectoctn dom g cnekrpa Sp(T) oneparopa T €
B(X), KoMMyTaTHBHA CIEIyIOMAs AUAIPAMMA [IPEICTAB/ICHUIL:

o

S (Sp(T)) L7 (Sp(g(T)))

Ry
A 9(T)

B(X)

< Iyers f € #(g(Sp(T))) u f : 2 — C rakoswl, uto f € f
u 2 D g(Sp(T)) = Sp(g(T)). Ilycrs F; — upocras KapTuHa JJisl IAPLI
(Sp(g(T)), 2) u Fy — npocras kapruna s napst (Sp(T), g~ (int F)).
Scno, aro npu srom g(OFy) C int Fy u, Kpome Toro, GyHKIHS 29 —

(21 — g(22)) ! onpenenena u roomopdna B int Fy ayist 21 € OF;. Takum
obpaszom, 1o 8.2.3

R(Q(T), Zl) - QLM / %dz2 (21 € 8F1)
OF>

YuurbiBas 3TO COOTHOIIEHHUE, I10CJ/IeJOBATEJIbHO UMEEM

1 f(=1)

A A VAR P
Ry f =5 o= g
OF,
R(T, 22)
—=d dz1 =
i 2mi /f z1 — g(22) ol
OF, OF3
1 1 f(Zl)
- — 7 d R(T dzo =
27 2mi / z1 — g(22) L (T z2)dz
OF oOF,

o7 [ HOEDRE. 2z = F25(T)

oF>



170 I'1. 8. Oneparopbl B 6aHaAXOBBIX IIPOCTPAHCTBAX

(tak Kak g(z2) € int Fy mist zo € OF, 10 TOCTPOEHUIO, TO HA OCHOBAHUK
KJIACCUIeCKO# Teopembl Kot

1 f(z1)
fl9(22)) = o= | ———F—=d=. >
2maFl z1 — g(22)

8.2.8. SAMEYAHUE. Teopemy Jlandopaa BecbMa 9acTO HA3bIBAIOT
meopemoti 0 CAONHCHOT PYHKYUY N CUMBOJIMYECKH 3aIIUCHIBAIOT Tak: f o

9(T) = f(g(T)) nna f € H(g(Sp(T))).

8.2.9. ONPEAENEHME. ITommuoxkectBo 0 B Sp(T') HA3BIBAIOT cnek-
MPAADHOIM MHONHCECTNEOM WA U30AUPOBAHHOT wacmvio cnexmpa T', ec-
JIL KaK 0, Tak u ero jgomosnenue o’ := Sp (T') \ o ABIg10TCA 3aMKHY TBIME
MHOZKECTBAMH.

8.2.10. Ilycrb 0 — cleKTpaJbHOE MHOYKECTBO U ¥, — ITO (KaKasi-
auOyap) GyHKIHs, pABHAs €JUHUIE B HEKOTOPOH OTKPBITOH OKDECTHO-
CTH 0 ¥ HYJIIO B HEKOTOPOI OTKPBITOH okpectHOCTH 0. IlycTh, masee,

1 #5(2)
P, = 5,(T):= 9 7{ Zdez.

Torga P, — npoektop B X u (3aMKHyTO€) HOMIPOCTPAHCTBO X 5 := im P,
HHBapHAHTHO OTHOCHTEJILHO T .

< TlockosbKy 2 = 5., To, 110 8.2.3, 3,(T)? = 3,(T). Homumo
sroro, T = Zrlc, rae I¢ : 2z — z, orkyua TP, = P,T (ubo I¢c 3, =
3, Ic). Suauur, B cuny 2.2.9 (4), X, nuaBapuanTHo orHOCUTENbHO T'. >

8.2.11. OPEAENAEHUE. Omneparop P, u3 8.2.10 Ha3siBaioT npoex-
mopom Pucca nm ke cnexmpasvHbvim NPoeKmopom, OTBEYAIONTUM CIIEK-
TPaJbHOMY MHOYKECTBY O.

8.2.12. Teopema o pa3zbuenunn cuektpa. Ilycrs 0 — cnekTpaJib-
roe muoxkectBo oneparopa T uz B(X). Torpma umeer MecTo pasziozKeHue
X B OpsAMYyIO cyMMy HHBapHaHTHBIX rogmpocTtpanctB X = X, & Xy,
npuBosmee T K MATPHIHOMY BHITY

T, 0
(% 2),
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rie yactb T, oneparopal B X, u qacts T, oneparopa’l’ B X, TakoBbI,

qT1o
Sp(To) - 0, Sp(Ta’) =a'.

< TlockONMbKY 7, + 750 = HSp(T) = 1c, TO BBuay 8.2.3 m 8.2.10
CJIeJlyeT yCTAHOBUTH TOJIBKO yTBEPKJIEHUE O crieKTpe 1.
U3 8.2.5 u 8.2.3 momygaem
o U0 = 5,Ic(Sp(T)) = Sp (5¢51c(T)) = Sp (Zr(ss1c)) =
= Sp(%T%g o %ch) - Sp(PoT).

IIpu sTOM B MATpuIHOM BHIE

T, 0
pr~ (% 0).

IIycte A — HeHysleBoe KOMILJIEKCHOE YUCI0. Toraa

A=T, 0
vonre (P57 0),

T. e. omeparop A — P,T HeobpaTuM B TOM H TOJLKO B TOM CIydae,
ecrm Heobparum onepatop A — T,. Urak, Sp(T,) \ 0 C Sp(P,T)\ 0 =
(cU0)\0Co.

Homycrum, aro 0 € Sp(Ty) u 0 ¢ o. Beibepem OTKPBITHIE Hellepece-
KAIOIIeCss MHOXKeCTBA Py U Dy TaK, UT0 0 C Dy, 0 ¢ Dy v 0/ C Dy,
U TIOJIOXKUM

1
2 € Dy = h(z):= —;
z
2 € Dy = h(z):=0.
o 8.2.3, h(T)T = Th(T) = P,. Bouee Toro, pas h3, — %, h, T0 pas-
goxenne X = X, @ X, upusogur h(T) n pia gacrtu h(T'), oneparopa
h(T) B X, Bepuo h(T),T, = Toh(T), = 1. Takum obpazom, T, 006-
patum, 1. e. 0 ¢ Sp(7T,). Homyuwin nporusopedne, O3HAYAONIEE, UTO
0 € 0. Vubivu cioBamu, Beinosseno Sp(7,) C o.
Bamernm Tenepsb, 4ro res(T’) = res(T,) Nres(T,s). 3uaunT, M0 yxe
JIOKA3HHOMY
Sp(T) = C\res(T) = C\ (res(Ty) Nres(Tyr)) =
= (C\res(Ty)) U (C\res(T,)) =
= Sp(T,) USp(T,) C o Uo’ = Sp(T).

VuurbiBas, ato o N o’ = &, notydaem Tpedyemoe. [>
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8.2.13. Teopema o pazioxkenun uHTerpasa Pucca — JlaH-
dopaa. Ilycrs 0 — cuekrpanbaoe maoxkecrso oneparopa T € B(X).
Pazjioxxkerne X = X, ® X, npuBogur npejcrabienue X aaredpbl
H(Sp(T)) B X K upsimoii cymme npencrapieauit By v Xy Ipu s10M
KOMMYTATHBHBI CJICIYIOIIHAE AHATDAMMBI IIPEJICTABICHHIL:

H(Sp(T)) H(o) A (Sp(T)——Z(0')
X, Er,
%a' %a"
B(Xcr) B(Xcr’ )

Bnech %y (f):= 54 f, %7 (f):= 3o f mra f € H(Sp(T)) — npencrase-
HHsI, TIOPOXKJIEHHBIE Cy KeHusiMu [ Ha 0 M 0’ COOTBETCTBEHHO. <I[>

8.3. N nean KOMOAKTHBIX OIEPATOPOB U npobjiema
aNmpOKCUMAITNN

8.3.1. Ilyctp X, Y — 6GanaxoBwl mpocTpaHcTBa. JIjist JinHEHHOTO
omeparopa K € £ (X, Y) s3KBHBAJCHTHBI CJICAYIOIHE YTBEPAKICHUS:

(1) omeparop K xommakren: K € # (X, Y);

(2) cymecrByior okpecruocrs Hyas U B X H KOMIIAKTHOE
muoxkecrBo V' BY rakme, uro K(U) C V;

(3) obpas npu orobpazkernu K 11060ro orpaHII9€HHOTO MHO-
kecTBa B X OTHOCHTEJIHLHO KOMIAKTEH B Y ;

(4) obpas sroboro orparndenHoro B X MHOXKeCTBa (IPH OTO-
6pazkeunn K ) Brosine orpannden B Y;

(5) Jurs1 KaXKJI0H 1MOCTEAOBATENBHOCTH (T )neN TOYEK €1HU-
HHYHOrO mapa By nocienoarenbHOCTb (K Ty )neN CO-
JEPoKAT HEKOTOPYIO (pyHAAMEHTAIBHYIO MOJIOCICIOBA-
TeJIbHOCTH. <[>

8.3.2. Teopema. Ilycres X, Y — 6anaxoBsl npocrpaHcTBa. Torja
(1) # (X, Y) — zamkryroe nognpocrparcrso B(X, Y);
(2) s 061X 6aHaxoBEIX HpocTpancTB W H Z BBIIOIHEHO

B(Y. Z)o 4 (X, Y)o B(W, X) C (W, Z),
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T e eum S € B(W, X), T € B(Y, Z), a K €

H(X,Y), r7oTKS € (W, Z);

(3) Ir € #(F):= % (F, F) ansa ocaoBroro nous F.

< To, aro (X, Y) — mommpocrpancrso B(X, Y), caenyer us
8.3.1. Ecm K, € # (X, Y)u K,, — K, 1o ayist € > 0 upu jmocrarod-
HO Gosbinux n umeeM |[Kz — Kyz|| < [|K — K, || ||z]| < €, xak Toabko
x € Bx. Takum obpasom, K, (Bx) ciayxur e-cemwvio (= Be-ceTbio) 1ist
K(Bx). Ocraérest cocmarbes Ha 4.6.4, 9T00bI 3aKOHUYATH JTOKA3ATEb-
crBo 3amruyToctu £ (X, V). Ilpoune yrBepKaeHus: T€OPEMbI SICHBL. [>

8.3.3. SAMEYAHUE. Teopemy 8.3.2 4acTO BBIPAXKAIOT CJIEJLYTONIH-
MU CJIOBAMU: «KJIACC BCEX KOMIIAKTHBIX OIIEPATOPOB IIPEJICTABIIAET COBOI
onepamopnwiii udean>. Tlpu 3TOM UMEIOT B BUJY OYEBHIHYIO AHAJIOIHIO
tomy, uro £ (X):= (X, X) upexncrasiger coboii (1BycTOpOHHUIT 3a-
MKHyTBII) ngean B anrebpe B(X), 1. e. #(X)oB(X) C A (X) n
B(X)o X (X)C H(X).

8.3.4. Teopema Kankuna. Wieanst 0, ¢ (l2), B(ly) cocrapistor
MOJIHBIH TIePpeYeHb 3aMKHYTHIX JIBYCTODOHHHUX HJeaJsioB aare6per B(ls)
OrpaHUIEHHBIX JHIOMOP(U3MOB IHI0EPTOBA POCTPAHCTBA ls.

8.3.5. BAMEUYAHUE. B cBs3u c 8.3.4 sicHo, 9TO OIPEITIEHHYIO POJIb
B TEOpPUU OIIEPATOPOB J0JKHA urparh aarebpa B(X)/# (X ), nasvizae-
Mast anzebpol Kaakuna (B X). DTy poib 0TUACTU MOXKHO BUIETDH B 8.5.

8.3.6. ONIPEAEJEHUE. Oneparop T € Z (X, Y) Ha3bIBAIOT KoHEY-
nomepnvim, ecim T € B(X, V) nimT — KOHEYHOMEPHOE HOJIIPOCTPAH-
crBo. Ipu srom mmmyr T € F(X, Y).

8.3.7. KonednomMepHbIE OE€PATOPHI COCTABJISIOT JTHHEHHYTO 000109-
Ky MHOXX€CTBA OTDAHUICHHDBIX OJJHOMEDHBIX OIEPATOPOB:

TeFX,Y)s

n

@2, Xy Y €Y)T = 2} @y <>
k=1

8.3.8. ONIPEAEJIEHUE. Ilycts ) — (memycroii) komnakt B X. s
T € B(X, Y) nonoxnm

1Tl := sup [T(Q)]].
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CoBokynHOCTB Beex nOayHOPM Buja || - || B B(X, Y') nasbiBaior myb-
munopmoti Apenca 8 B(X, Y) u obosznauaior »xp(x,y). Coorsercrsyio-
IIY}0 TONOJIOTHIO HA3BIBAIOT MON0A0RUET DABHOMEPHOT CTOOUMOCTNU HG
KOMNAKMAL.

8.3.9. Teopema I'porenguka. Ilycte X — 6aHaX0BO MPOCTPAH-
crBo. Creyromue yTBepKICHUS JKBUBAICHTHDIL:
(1) syt kaxxapix € > 0 B KOMIOAKTHOrO MHOXKecTBa Q B X
Hafinéres oneparop T € F(X):= F(X, X) rakoii, uro
1Tz — z|| <e g Beex x € Q;
(2) gz smoboro 6anaxopa npocrpancrsa W nomipocrpa-
creo F(W, X) mwrorno B B(W, X) orrocure/bHO MyJib-
THHOPMBI ApeHca »p(w,x);
(3) s Joboro GamaxoBa HPOCTPAHCTBA Y IIOMIIPOCTDAH-
crBo F(X, Y) mmorno B B(X, Y) orHocurensHO My/ib-
THHOPMBI ApeHca »p(x,y)-

< cuo, uro (2) = (1) u (3) = (1). Iosromy ycranoBum, uro (1)
= (2)u (1) = (3).

(1)= (2):Ecu T € B(W, X)u @ # Q C W — gommnakr B W, 1o,
no reopeme Beiiepmrpacca 4.4.5, T'(Q) — xomuaxr B X u, cTajo ObITb,
i € > 0 1mo yesoBuio cymecrsyer oneparop Ty € F(X) rakoit, aro
|To — Ix|lrQ) = |ToT — T'||q < . Hecomnenno, uro ToT € F(W, X).

(1) = (3): Iycts T € B(X, Y). Ecom T = 0, 7o goka3biBaTh
auvero He Haso. Ilycrs T #£ 0, € > 0 u (Q — Hemycroit KoMmakT B X.
ITo ycmosmio cymectByer onepaTop Ty € F(X) takoit, uro || Ty —Ix| g <
e|T|I7t. Torma |[TTo — Tllo < |T| IITo — Ix|lo < . Kpowme Toro,
TT) € F(X, Y). >

8.3.10. ONPEJEJIEHUE. BanaxoBo mpocTpaHCTBO, YAOBIETBOPSIIO-
mee oxHOMY (a 3HAYMT, M JIOOOMY) U3 IKBUBAJEHTHBIX ycsosuii 8.3.9
(1)-8.3.9 (3), Ha3LIBAIOT OGJIANAIOIIUM CEOTCMEOM ANNPOKCUMAUULU.

8.3.11. Kpurepuii I'porerauka. Bamaxoso npocrparctBo X 06-
JIaJlaeT CBOHCTBOM AIIIIPOKCHMAIHH B TOM W TOJBKO B TOM CJIydae, ec-
JIH JIsT Kaxkioro 6anaxosa npoctpancrsa W osemosseno cl F(W, X) =
(W, X), rie 3aMbIKaHH€e BBITHCJIEHO OTHOCHTEIBHO OIIEPATOPHOH HOD-
MBI

8.3.12. 3AMEYAHME. [loaro cuuraiu (U, pasyMeercs, HE MOIJIU
JIOKA3aTh), 9TO BCe DAHAXOBBI IIPOCTPAHCTBA 00JIAIAIOT CBOWCTBOM all-
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npokcumaruu. [losromy nHaiinenssiit II. HDIO HA OCHOBE TOHKUX pac-
CyKIeHnit puMep OaHaxoBa IMPOCTPAHCTBA 6€3 CBONCTBA aIlIpOKCUMa-
1y OBLT BOCHPUHAT B KOHIIE 70-X T0JIOB KaK CeHCAIMOHHBIN. B HacTos-
1mee BpeMs W3BECTHBI MHOTHE KOHTPIIPUMEPHI TAKOTO POIA.

8.3.13. KouTPuPuUMEP IITAHKOBCKOT'O. IIpocrpancrso B(ls) ne
obJ1a,TaeT CBOHCTBOM AIIPOKCUMAIIUH.

8.3.14. KOHTPIIPUMEPHI [9BU — PUTEJIsd — [ITAHKOBCKOI'O.
IIpocrpanctBa lp pu p # 2 U ¢y HMET 3aMKHYTbIe HOJIPOCTPAHCTBA,
He obJiaiaroIIue CBOHCTBOM aIllIPOKCHMAIIIH.

8.4. Teopuss Pucca — Illaynepa

8.4.1. Jlemma 06 e-nnepneHaukyssape. Ilycre Xy — 3aMmrHYyTOE
noanpocrpancTBo banaxosa npocrpancrBa X u X + Xg. [lmst jro6oro
€ > 0 B X umeercs e-nepneaukyssip K Xo, T. €. TaKOIf djeMeHT T, € X,
aro ||z|| = 1 md(z., Xo):=inf dj. ({z:} x Xo) > 1—e.

< Hycrs 1 > en x € X\ Xo. Hondarwo, uro d:= d(z, Xo) > 0.
B moanpocrpancrse X nogpimenm z’, mys koroporo ||z — 2’| < d/(1—¢)
(sTo BozmoxkHO, n60 d/(1—¢) > d). Honowmum z.:= (z —2')||z — 2’| 7L

Torpa ||z.|| = 1. Hakorewn, mist 29 € X BBIIOJHEHO
o — el . \
To— X = ||To —
) flz —a']|

Iz = 2"llzo + 2') — 2] > >1—c >

e =2 Jla" =2 =

8.4.2. Kpurepuii Pucca. Ilyctb X — 6aHaxoBO MPOCTPAHCTBO.
Tox necrerrblit oneparop B X KOMIAKTEH B TOM U TOJIBKO B TOM CJIydae,
ecan X KOHEIHOMEDHO.

<1 Hy:xmaercs B mpoBepke Juib crpeska =. Ecian nzBectno, ato X
HE sIBJISIETCsI KOHEYHOMEPHBIM IIPOCTPAHCTBOM, TO B X MOXKHO yKa3aThb
[OCJIEI0BATEIbHOCTh KOHETHOMEPHBIX mopocTpanctB X1 C Xo C ...
Takyio, 9o X, 11 # X, upu Bcex n € N. Ha ocnoBanuu 8.4.1 cymecrBy-
eT MOCJIeJOBATENLHOCTD (Xy, ), Ui KOTOPOH Zpi1 € Xpi1, ||[Znt1] = 1
ud(xps1, Xn) > 1/2, 1. e. nocienoBaTebHOCTD 1/2-NepUEeHANKYIISIPOB
K X, B Xp1. Hcno, uro d(xm,, xr) > 1/2 nas m # k. WabMua cio-
BaMH, MOCJIE0BATENBHOCTD (X)) He CONEPKUT (DYHIAMEHTAILHON T10/1-
ocJjIef0BaTe bHOCTH. 3HAYNT, 10 8.3.1 omeparop [x He SBJISETCS KOM-
IIaKTHBIM. >
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8.4.3. Ilycto T € # (X, Y), rue X, Y — 6aHAXOBBI IPOCTPAHCTBA.
Oneparop T HOpMaJIbLHO pa3peruM B TOM H TOJBKO B TOM CJIydae, eCJIH
T'" KOHEYHOMEDEH.

< Hyxmaercs B mpoBepKe JINIIh UMILIAKAIIAST =

IIycts Yy := im T — 3amrHyTOe mOjpocTpancTso B Y. 1o Teope-
me Banaxa o romomopdusme 7.4.4 o6pas exunuanoro mapa T(Bx) —
OKPECTHOCTD HyJIA B Yy. Kpome TOro, B Cuy KOMIOAKTHOCTH 1’ MHOMKE-
CTBO T(B X ) OTHOCHUTEJIbHO KOMIAKTHO B Yy. Ocraéres npuvennts 8.4.2
K Yy. >

8.4.4. Ilycrb X — 6anaxopo npocrparcrso u K € ¥ (X). Toraa
omeparop 1 — K HOpMAaJIbHO pa3peru.

< Homoxxum T := 1 — K. Ilycts X; := kerT. Hecomuenno,
qro X KoHeuHoMepHO 1o 8.4.2. B coorsercrBun ¢ 7.4.11 (1) koHeu-
HOMEPHOE IIOJIIIPOCTPAHCTBO JomojHsieMo. O6o3Haumm Xo TOMOJIOrHYE-
ckoe jomosHenne Xj. YdUuTbiBasg, 9T0 X — 0AHAXOBO IPOCTPAHCTBO
u pasercrBo T(X) = T(Xa2), ciemyer yCTaHOBUTH, UTO Jisl HEKOTO-
poro t > 0 semosneno ||Tz| > t||z|| musa scex © € Xo. B nporus-
HOM CJIydae HAUJETCs M0C/Ie0BATEIbHOCTD Ty, ) TAKUX 3JIEMEHTOB, YTO
lznll = 1, zn € X2 u T2z, — 0. Wcnonbsyst KOMIAKTHOCT K, MOKHO
cuntarb, 9ro (Kx,) cxomures. IMonoxum y:= lim Kx,. Torma mocse-
JIOBATENBHOCTD () cxomurced K y, ubo y = im(Tx, + Kx,) = limx,.
IIpu stom Ty = limTx, = 0, . e. y € X;. Kpome Toro, HecomuenHo,
y € Xo. Urak, y € X; N Xy, . e. y = 0. Ilonyunsm nporuBopedne
(yll = Tim Ja | = 1). &

8.4.5. /I Beskoro € > () BHe Kpyra pajayca € C I[EHTPOM B HYJIe
MOKeT JIe’KATh JIHIIh KOHEYHOE MHOXKECTBO COOCTBEHHBIX THCEJ KOM-
IAKTHOI'O OIIepaTopa.

<1 JlomycTuM, 9TO BOIPEKH YTBEPXKIAEMOMY €CTh IOCJIEI0BATE b
HOCTBb (A, )neN DA3JIMYHBIX COOCTBEHHBIX 4uces] oneparopa K, Takux
910 |A,| > € miua Bcex n € N. Ilycrs, gasnee, 0 # x, € ker(\, — K)
— COOCTBEHHBII BEKTOD, OTBEYAMOIINNA COOCTBEHHOMY YHUCIY A,. YCTa-
HOBHUM IIPEXKJIE€ BCEro, YTO MHOXKECTBO {x, : n € N} yuneiino nezasu-
cumo. B camom mesie, mycTh yKe M3BECTHO, 9TO JIMHEHAHO HE3aBUCHMO

n
MHOKeCTBO {Z1,..., %y, }. IIpeanonoxum, 9ro T, y1 =y, | apTi. To-
rma 0 = (A1 — K)zni1 = > op g @k(Anp1 — Ak)zg. Caenosaressro,
ar = 0 gna k:=1,...,n. OTciona BEITEKAET 3aBEIOMO JOKHOE paBeH-

CTBO Zp+1 = 0.
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Monoxkum X, := ZL({x1,...,2,}). o onpemenenno X7 C Xy C

., IpUYEM, KaK y2Ke JoKa3aHo, X, 11 7# X, mist n € N. B cuny 8.4.1

UMEETCs IOCIIEI0BATEIBbHOCTD (T ) TaKast, 910 Tpt1 € Xps1, ||Tnr1] =1

u d(Tpt1, Xn) > 1/2. Hpu m > k upsmMoil moacuéT nMoKasblBaeT, UTO
z:= (Amt1 — K)Tpne1 € X u 2+ KT € X, + X C X,y 3Hauur,

||Kf7n+1 - ka” - || - )\’m+1fnb+1 + KE’!)’L+1 + )\’m+1fnb+1 - Kjk” -

— ||)\7n+lfnb+l - (Z + KEk)H Z |)\7n+1|d(f7n+17 X'rn) Z

| ™

Wubivu ciioBamu, nocsenoBaresbnoctsb (KT, ) He couepKut QyHIaMeH-
TaJBHON ITOITOCIE0BATEILHOCTH. [>

8.4.6. Teopema Illayaepa. Ilycto X, Y — 6aHaxoBbI IPOCTPaH-
crBa (HaJ oHUM U TeM ke ocHOBHBIM noseM IF). Torma

Kex(X,Y)e K ex (Y, X').

< =: 3amMeTWM HpexKJe BCEro, 9TO OTOOPaXKEHWe CyyKeHus T +—

2’| g, ocymectBisier nzomerpuio X’ B loo(Bx). Tosromy juist ycTraHOB-

JIEHUsI OTHOCHTEJIbHON KoMakTHocTH K'(By+) ciieyeT g0Ka3aTh OTHO-

cUTEeJIbHYI0 KOMIAakTHOCTH MHOXKectBa V := {K'y'|p, : vy’ € By/}.

Beuy Toro, uro jyist & € By u y' € By Bemouaneno K'y'|p, () =

y' o K|py(z) = y'(Kz), paccmorpum komuakt @ := cl K(Bx) u orobpa-
[e]

xkenue K : C(Q, F) — I (Bx), oupenenénnoe coorsomenueMm Kg : x +—
[e]

g(Kx). Hecomuenno, uro oneparop K orpanuves, a Cjael0BATEIbHO, U

nenpepoiBe. Ilycrs Teneps S := {y'|g : y' € By+}. fcuo, uro S —

PABHOCTEIIEHHO HENMPEPBIBHOE U B TO K€ BPEMS OTPAHIMYEHHOE TIOJMHO-

xkecrBo C(Q, F). 3uauur, no reopeme Ackonu — Apuena 4.6.10, S or-

HOocuTeIbHO KoMIakTHO. Ilo Teopeme Beitepirpacca 4.4.5 3akiouaem,
[e]

9YTO OTHOCHTEIBHO KOMIAKTHO MHOXKecTBO K (S). Ocranock 3aMeTHTb,

[e] [e]
uaro g y' € By Bemoaneno Ky'lg = K'y'|py, . e. K(S)=V.
<: Ecom K’ € 2 (Y’, X'), 10 110 yKe JIOKA3aHHOMY BBIIIOJIHSIETCSI
K" e (X", Y"). B cuny semmbl 0 jBoitHoM 1mrpuxoBanuu 7.6.6,
K"|x = K. Orciona BbiTekaet, 910 oneparop K KOMIAKTHBIA. [>

8.4.7. HemymeBrre TOUKH CIeKTpa KOMIAKTHOIO OIEPaTOpa H30/IH-
poBaHbl (T. €. BCsKas Takas TOYKA COCTABJIAET CHEKTPAJIBHOE MHOMKE-
CTBO).
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< YuunrbiBas 8.4.4 u NIPUHIAI IIITPUXOBAHUS ITOCTIEIOBATEIHLHOCTEH
7.6.13, BujumM, 4TO Jr06asi HEHyJIEBasI TOUKA CIIEKTPa KOMIIAKTHOTO OIle-
paropa siBJisieTcsl JTM00 ero COOCTBEHHBIM YHUCJIOM, JUOO COOCTBEHHBIM
YUCJIOM COTPsyKEHHOTO omnepaTopa. Ilpusiekas 8.4.5 n 8.4.6, 3akao4a-
€M, 9TO BHE KPyTa HEHYJEBOI'O PAJINYCa MOXKET JICXKATD JIUIITb KOHETHOE
YHCJIO TOYEK CIEKTPa PACCMATPUBAEMOrO OrepaTopa. >

8.4.8. Teopema Pucca — Illaynepa. CrexTp KOMIIAKTHOI'O OITe-
paropa, 3aJ4aHHOI0 B 6ECKOHEYHOMEPHOM IIPOCTPAHCTBE, COAEPXKHUT HYJIb.
HemnyJieBble TOYKH CIIEKTPa — COOCTBEHHBIE YHCJIA, KaXKJOMY H3 KOTOPBIX
oTBeYaeT KOHEYHOMEPHOE COOCTBEHHOE IToAIpocTpancTBo. Ilpu sToM BHe
JIF060r0 Kpyra HEHYJIEBOI'O PAJHyca C IEHTPOM B HyJIe JIEXKUT KOHEIHOE
MHOKECTBO TOYEK CIIEKTPA PACCMATPHBAEMOIO OIIEPATOPA.

< st oneparopa K € 2 (X) cienyer yCTaHOBATD TOJBKO UMILJIH-
karuo 0 # A € Sp(K) = ker(A — K) # 0.

Pas6epém cmagana cuyqait F:= C. Ormernm, uro {A} — cmex-
rpajibHoe MHOXKecTBO. [losaras g(z) := 1/z B HEKOTODPOI OKpeCTHO-
ctu A u g(z) := 0 mist 2z B mopxomgmeit okpectHoctn {A}, BEmAM:

BTSN glc. Craso 6biTh, Ha ocHoBamm: 8.2.3 u 8.2.10, Py = 9(K)K.
B cuny 8.3.2 (2), Py € 2 (X). Us 8.4.3 BriTexaer, uto im Ppyy — Ko-
HEYHOMEPHOE TPOCTPaHCTBO. OCTAIOCh MPUBJIEYb TEOPEMY O pa30ueHnn
criekTpa 8.2.12.

B caydae F:= R ciemyer npoBecTn CTaH AP THBIH TPOTIECC «KOMNAE-
xeugpurayuuy. VIMEHHO, Hy?KHO PACCMOTPETH B IPOCTPAHCTBE X 2 YMHO-
»keHne Ha seMenT C, mopoxaénHoe npasmwiom i(z, y):= (—y, x). Io-
JIyI€HHOE KOMILIEKCHOE BEKTOPHOE IIPOCTPAHCTBO obo3navaor X G iX.
Hnsa z = (z,y) € X @ iX cumrator, uro Rez :=  u Imz := y. Ilpn
srom z = Rez +iIlmz. B mpocrpancrse X @ X melicrByer omepartop
Kz:= KRez + iKImz. Hanenss X @ iX HOIXONANEH «KOMILIEK-
cudumnmposanHoit> HopMoit ||z|| := sup{||Re(e®2)|| : 0 < § < 7} (cp.
7.3.2), BumuM, uro K xommaxTen, npuuéMm A € Sp(K). 3maumt, A —
cobcTBennoe uncio K 1o yxe pokasanaoMy. OTCIONa BEITEKAET, 9TO A
— cobcTBEeHHOE YHCI0 ornepaTopa K. >

8.4.9. Teopema. Ilyctp X — KOMILIEKCHOEe OAHAXOBO IPOCTPAH-
cro, a f : C — C — rosomoprast pyHKIUsI, 006palarniasicss B HyJIb
JIMIIb B HyJle W Takasi, 9To jaias Hekoroporo T € B(X) BbliojHeHO
f(T) € #(X). Torma jarobast orimdHast OT Hysst Touka A crektpa T
H30JIHPOBaHa H NPOeKTOp Pucca Py} KOMIaKTeH.
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<1 JTonmycTuM OPOTUBHOE, T. €. IyCTh HailIEeTCs I0CIe0BaTebHOCTD
(An)nen pasmmuabix todek Sp(7T') Takas, aro A, — A # 0 (B wacrHO-
cru, X Geckoneunomepno). Torma f(A,) — f(A), mpuuém f(A) # 0
o yciosuto. ITo Teopeme 06 orobpazkenun cuekrpa 8.2.5, Sp(f(T)) =
f(Sp(T")). Takum obpazom, 1o 8.4.8 Jyst BeexX JOCTATOUHO OOJIBIIUX 7
BeiosHeHo f(A,) = f(A). Orcioma BoiTekaer, uro f(z) = f(A) s Beex
z € C u, crano 6eith, f(T) = f(A). Ilo kpurepuio 8.4.2 B 5TOM CIIy-
qae X koneunomepno. [losmyumiam mporuBopedne, 03HAYAONIEE, 9TO A
— uzosmposannas Touka Sp(T'). Homaras g(z):= f(z)~! B mHekoTopOit
HE CoJIepKalleil HyJis OKPECTHOCTH A, UMEEM, 4TO 57 = )- Cienosa-
TenpHO, 1o Teopeme lembdanma — Hdandopma 8.2.3, Pray = g(T) f(T),
T. e. B cury 8.3.2 (2) npoekrop Pucca Pyy) xomnakren. >

8.4.10. SBAMEYAHUE. Teopemy 8.4.9 uHOIr I8 HA3BIBAIOT «0OOOIIEH-
Hoit Teopemoit Pucca — Ilaymepas.
8.5. HérepoBbl u (ppearoibMoBbI OllepaTopbl

8.5.1. ONPEAEJEHUE. Ilycte X, Y — GaHaxoBBI IPOCTPAHCTBA
(max oganM u TeM ke ocHoBHBIM noseM F). Omeparop T € B(X, Y)
Ha3bIBAIOT HEMeposuim n tmmyt T € A (X, Y), ecan ero simpo ker T':=
T~1(0) u xos1po coker T:= Y/im T KOHEUHOMEPHBI, T. €. €CJIH KOHeIHbI
BEJIMINHBI

a(T):=dim kerT; B(T):= dim cokerT.
ITesnoe aucio ind T:= a(T) — B(T) masbiBator undexcom oneparopa 1.

8.5.2. ONPEJIEJEHUE. Hérepor omeparop HyJI€BOTO MHJEKCA HAa-
3BIBAIOT (hped204bMOBbIM.

8.5.3. Kakaprit HETEpOB orrepaTop HOPMAJIBHO PA3PEIITHM.

<1 Cnenyer us kpurepust Karo 7.4.20. >
8.5.4. /Lisi oneparopa T € B(X, Y') BbimosiHEHO

TeN(X,Y)eT e V(Y X').

Ilpu srom ind T = —ind T".

< B cuny 2.3.5 (6), 8.5.3, 5.5.4 u upunnuna mrpuxosanus 7.6.13
CJIEJTYIONINE TTaphbl CONMPSIZKEHHBIX MTOCIE0BATEIHLHOCTEN:

O—>kerT—>XZ>Y—>cokerT—>0;
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0« (kerT) « X' Iy (coker T')' « 0;
0 — ker(T") - Y’ Tx - coker(T") — 0;
0 — (ker(T")) — Y £ X — (coker(T"))' — 0
onuopemenno Tounbl. Ilpu srom o(T) = B(T') u B(T) = «(T") (cp.
7.6.14). >

8.5.5. Omneparop ppeiroibMoB B TOM H TOJIBKO B TOM CJIy4ae, eCJId

¢pearoabMoB

CONPST>KEHHBINH K HEMY OITepaTop.

<1 910 yacTHBIA ciay4ait 8.5.4. >

8.5.6. AuprepuaruBa ®Ppexarosbma. /ljis ¢ppearoibmoBa orre-
paropa T umeer MecTo OJHA U3 CJAEAYIONUX JBYX B3AUMOUCKJIIOYAIOIIHX
BO3MOKHOCTEH.

(1)

(2)

Osroposiaoe ypasuernne Tx = 0 umeer TOJIBKO HyJIeBOe
pemenne. OHOpOIHOE conpsizKéHHOE ypapaeHne Ty =
0 mmeer TosIbKO Hys1eBoe pemenue. Heomgnopognoe ypas-
Henne T'T = y UMeeT, H IPHTOM ¢JIMHCTBEHHOE, PEIICHHE
pu Jioboit npasoit yactu. HeomHopoaHoe conpsizkéHHOE
ypasaenne T'y' = ' mmeer, u IpuTOM €IMHCTBEHHOE,
perrierre npu J0005 IPABOH JaCTH.

Ounnoposuoe ypasuenne Tx = (0 mmeer HeHyseBoe pe-
menne. OpaOpoaHOE conpsxénnoe ypasaerne Ty’ = 0
umeer HeHysepoe pemernue. OpHOPOAHOE ypaBHEHHE
Tx = 0 uMeeT KOHEYHOE YHCJIO JIHHEHHO He3aBHCHMBIX
pemienusi Ty, ...,T,. OIHOPOJAHOE CONPS>KEHHOE ypaB-
nenne T'y' = 0 umeerT KOHEYHOE YHCJIO JIHHEIHO HE3aBH-
caMbIX pemternit y', . .., y'. Heomaopoamoe ypasnenme
Tx = y paspemuMo B TOM H TOJBKO B TOM CJIy9ae, €CJIH
yi(y) = ... =yl (y) = 0. IIpu srom obimee perrerue
€CTh CyMMa 9aCTHOT'O PEMEHUsT Xy HEOJHOPOIHOTO yPaB-
HEHHS U 00IIero pelieHHs OJHOPOJHOIO YPABHEHHS, T. €.
HMeeT BHJ

x:$0+z ATk (/\k EIF).
k=1
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Heonnopoanoe conpsxénnoe ypasaenue Ty’ = x’ pas-
DPEIHMO B TOM H TOJBKO B TOM cJy4ae, ecan x'(r1) =

. = 2/(x,) = 0. Ilpum s10M ObIlee pemienue y' ecrb
CYyMMa 9aCTHOI'O DEINEHHUS Y {y HEOJHOPOJHOIO CONPSK EH-
HOIO ypaBHEHHSA H OOLIEr0 PEIeHHS OJHOPOIHOIO CO-
NIPSIZKEHHOIO ypaBHEHHs, T. €. UMeeT BUJT

n

v =yh+ > myk (ke €F).
k=1

< Ilepedbopmynuposka 8.5.5 ¢ yaérom jleMMbl 0 moJisipax 7.6.11. >

8.5.7. IIPUMEPHI.

(1) Ecau T obparum, To T dpearonbMos.

(2) HOycrs T € Z(F™, F™). Iycrs rank T := dim im T —
pane T. Torma a(T) = n—rankT; B(T) = m —rankT. CrenoBaresnbHo,
Te VT F™)uind T =n —m.

(3) Iycrs X = X1 @ Xy u T € B(X). Houycrum, 4ro
YKa3aHHOE pasjiozkeHue X B IPAMYIO CyMMY HPUBOIUT T K MATPUIHOMY

BULY
T
T~ (T 0
0 T
Hecommenmo, aro T HETEPOB TOTIa U TOJIHKO TOT/IA, KOTIa HETEPOBBI

ero gacru. IIpu srom a(T) = a(Th) +a(T2), B(T) = B(Th) + B(T2), . e.
ind T =ind T} +ind T5. <>

8.5.8. Teopema ®pearoabma. IIycro K € J¢(X). Omneparop
1 — K ¢pearobmos.

< B camom gene, pasbepém chauasa caydail F:= C. Eciu 1 ¢
Sp(K), o 1 — K obparum u ind (1 — K) = 0. Ecm xxe 1 € Sp(K),
TO B cuyy Teopembl Pucca — Ilaynepa 8.4.8 u TeopeMbl 0 pa3bueHUN
cuekTpa 8.2.12 maiinérca pasnoxkenne X = X; @ X9 makoe, uro X
KoHeuHOMepHO, 1 ¢ Sp(K3), rne Ky — wacts K B Xo, npu 910M

1-K, 0
n (U ).

ITo 8.5.7 (2), ind (1 — K1) = 0. IIo 8.5.7 (3) Bbmosrero ind (1 — K) =
ind (1 - Kl) + ind (1 - KQ) = 0.
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B ciyuaae F:= R nposeném mporiece «KOMILIEKCU(MDUKAITUTY TaK Ke,
Kak u B JjiokazaresjbcTBe 8.4.8. Vmenno, B npocrpanctee X @ X pac-
cvmorpum omneparop K (z, y) := (Kz, Ky). Ilo yxe ycraHoBjIeHHOMY
ind (1 — K) = 0. Ocraéres 3aMeTuThb, 9To ¢ yuéroM pasimunms R u C
somosaeno a(l—K) = a(1—-K) u f(1—-K) = 3(1— K). OxonuarensHo
ind(1-K)=0.p>

8.5.9. ONPEAENEHME. Ilycrs 3aman T € B(X, Y). Oneparop L €
B(Y, X) HasbiBator aesbvim pezyaspudamopom Ty ecim LT —1 € A (X).
Omueparop R € B(Y, X) HasbBalOT npasvim pezyaspusamopom T, ecin
TR—1¢€ #(Y). Oueparop S € B(Y, X) Ha3bIBAIOT NOYMU 06pAmMHvLM
Kk T € B(X, Y), eciu S daBjsiercss OJHOBPEMEHHO JIEBBIM U IIPABLIM
peryisipuzaropom 1. Eciu y oneparopa T’ ectb modru obparaslii, To T’
HAa3BIBAIOT MOYMU 0OPAMUMbBLM.

8.5.10. Ilyctps L u R — coOoTBeTCTBEHHO JIEBBIH U MPAaBBIH PEryJis-
puzaroper T. Torma L — R € # (Y, X).

QLT =1+ Kx (Kx € #(X))= LTR= R+ KxR;
TR=1+Ky (Ky € #(Y))= LTR= L+ LKy >

8.5.11. Ecim L — sesblit peryasipusarop T u K € (Y, X), 1o
L + K Ttarxke JieBbiii peryssspusarop T

4 L+KT-1=(LT-1)+KTex(X) >

8.5.12. Omneparop modru obpaTuM B TOM H TOJBKO B TOM CJIyYae,
€CJIM Yy HEro €CTh IIPAaBBIH U JIEBBIH PEryasipH3aTODHI.

< Hyxnaerca B mpoBepke JjuIib uMimmkanusa <. Ilycts L, R
— COOTBETCTBEHHO JIEBBI U mpaBbIil perynsgpusatopsl 1. Ilo 8.5.10,
K:=L-Re XY, X). Pas R=L— K, 1o no 85.11 R — JieBbli
peryisipuzarop 1. Urak, R — mouyru obparHbii K T'. >

8.5.13. BAMEYAHUE. W3 npupenéHHOro BUIHO, 4TO Iipu X = Y
omepaTop S sBJIsieTCsl OYTU 0OpaTHBIM it T B TOM M TOJIBKO B TOM
cayuae, ecin o(S)p(T) = o(T)e(S) = 1, tne ¢ : B(X) — B(X)/# (X)
— KaHOHHUYeCKoe oTobpaxkenue B anredpy Kankuna. NabiMu cioBamu,
JIEBBIE PETYJISIPU3ATOPBI — TO IPOOOPAa3bl JIEBBIX 0OPATHBIX B ajredbpe
Kankuna u 1. 1.
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8.5.14. Kpurepuii Hérepa. Oneparop siBjisiercsi HSTEPOBBIM B
TOM H TOJIBKO B TOM CJIy9ae, eCJOU OH HOYTH 0OpaTHM.

< =: Iyers T € A (X, Y). IIpusiekasi IPUHIUI JOMOTHIEMOCTH
7.4.10, paccmorpum pazioxkenns X = kerT @ Xy u Y = imT @ Y;
U KOHeUYHOMepHbIe mpoekTopel P € B(X) ma kerT mapasuiessHo X
n @ € B(Y) na Yy mapannensro im 7. fcuo, uro cyxenue T := T'|x,
— obparumsbiit oneparop 11 : X7 — imT. Ilojmoxkum S := Tfl(l - Q).
Oueparop S MoxkHO cuuTarTh jaemenToM npocrpancrsa B(Y, X). Ilpu
9TOM HecOMHEHHO, 410 ST + P =1u TS+ Q = 1.

<: Ilycts S — nouru obparseiit K T, .e. ST =1+ Kx uTS =
1+ Ky i moaxomsmuX KOMIAKTHBIX ormepaTopoB Kx n Ky . 3uaqwnr,
ker T C ker(1+ Kx), T. e. ker T KOHEUHOMEDHO B CHILy KOHETHOMEPHOCTH
ker(1 + Kx), obecredennoit 8.5.8. ITommumo storo, imT D im(1 + Ky),
T. e. u3-3a ¢ppegarosbMoBoct 1 + Ky 06pa3 T mMmeeT KOHEUHYIO KOpa3-
MEPHOCTD. >

8.5.15. CreacrBue. EcmuT € A/ (X, Y)uS € B(Y, X) — mouru
obparabiit qist T, ro S € A (Y, X). <>

8.5.16. CuezncrBue. IlpousseneHne HETEPOBBIX OIIEPATOPOB — 3TO
HETEPOB OIIEPATOP.

< Cynepuo3uiiust 104t 06paTHBIX OIIEPATOPOB (B J0JIKHOM IIODSLJI-
Ke) — 110YTU OOPATHBIN OLEPATOp K CYLepHO3Uulyu. >

8.5.17. IlycTb 3ajaHa TOYHAS MTOCJECIOBATEILHOCTD
0—-X1—-Xo—...» X, 1> X,—0

KOHEYHOMEPHbIX BEKTOPHBIX IIPOCTPAaHCTB. TOI‘,Z[& nmMmeeT MeCcTo TOzK/Ie-

cTBO Jiliepa
n

> (=1)Fdim X = 0.
k=1
< IIpu n = 1 TrounocTrs nocsenosarensbHoct 0 — X7 — 0 o3Ha4gaer,
aro X; = 0, a mpu n = 2 Tounocts 0 — X7 — Xo — 0 sKBUBaJICHTHA
uzomopduoctn X1 u Xo (em. 2.3.5 (4)). Takum o6pazom, TOXKIECTBO
Ditnepa npu n:= 1, 2 HECOMHEHHO.
Homyctum Tenepb, ato st m < n — 1, e n > 2, Tpebyemoe yxe
ycraHoBJieHO. TOYHYIO TIOC/IEI0BATEIBHOCTD

Tnfz Tn—l
0-X1—-Xo—...=2 X, o — X}, 1 — X;, =0
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MO2KHO CY3UTb 10 TOYHOU I10CJIeJOBATEJILHOCTH

OHX:["XQH...*)XW(ka) kerT,,_1 — 0.

Ilo momyTeHnIo BBIMOJHEHO

n—2
> (=1)Fdim X, + (1) ' dimker T,y = 0.
k=1

ITomumo 3TOTO, TOCKONMBKY T}, —1 ABJSETCS SMUMOPGMUIMOM, UMEEM
dim X,,_; = dimkerT,,_1 + dim X,.

OKOHYATEJIHHO TOJTyIaeM

n—2
0= (-1)Fdim X}, + (=1)"!(dim X, — dim X,,) =
k=1

=Y (-1)*dim X >
k=1

8.5.18. Teopema ArkuHcoHa. HHeKc Ipou3BeeHnsT HETEPOBBIX
oriepaTopoB PABEH CyMMe HHIEKCOB COMHOXKHTEEH.

S Myers T € A (X, Y)u S € #(Y, Z). B cuny 8.5.16, ST €
AN (X, Z). Ilpusnekas jsemmy o cHexkutke 2.3.16, umeeM TOYHYIO 1IO-
CJI6JI0BATEIbHOCTh KOHEYHOMEPHBIX ITPOCTPAHCTB

0 — kerT — ker ST — ker S — cokerT — coker ST — coker S — 0.

Ha ocnopanunm 8.5.17
(T) — a(ST) + a(S) — B(T) + B(ST) — B(S) =0,

orkyza ind (ST) = ind S +ind T. >
8.5.19. CaeacrBue. Ilycrp T — HéTepoB u S — modru 0OpaTHBIH
k T. Torgaind T = —ind S.

< ind (ST) = ind (1 + K) mast HEKOTOPOrO KOMIIAKTHOI'O OIIEPaTO-
pa K. Ilo Teopeme 8.5.8, 1 + K — dpearoabMoB orepaTop. >
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8.5.20. Teopema 0 KOMIAKTHBIX BO3MYyIHieHusix. HérepoBocTh
U HHJIEKC COXPAHSIIOTCST IPU KOMITAKTHBIX BO3MYIIICHHUSIX: €CJIU JJaHbl T €
NX, YY) uKeX(X,Y),roT+Ke AN(X,Y)n ind(T+K) =
ind T.

< IIyers S — mouru obparseiit K T, 1. e. jua Kx € J#(X) u
Ky € (Y BbinosHEHO

ST=1+Kx; TS=1+ Ky
(cymecrBoBanue S obecneunsaer 8.5.14). fcHo, uro
ST+ K)=ST+SK=1+Kx +SKel+#X)

(T+K)S=TS+KS=1+Ky +KSel+.x(Y),

T. e. S — nouru obparseit K T+ K. B enny 8.5.14, T+ K € 4/ (X, Y).
ITpu sTom u3 8.5.19 caenyror pasercrsa ind (T+K) = —ind Suind T =
—ind S. >

8.5.21. Teopema 06 orpaHuYeHHbIX BO3MyIHeHusix. Hérepo-
BOCTh U HHJEKC COXPAHSIIOTCS TIPH JJOCTATOTHO MAaJIbIX OrDAHHICHHBIX
Bosmymenusix: muoxecrso A (X, Y) orkpeiro B mpocrpaHcTBe orpa-
HHYEHHBIX onepaTopos, npuuém uajekc ind : A (X, Y) — Z — =enpe-
DbIBHAsT (DYHKIIHSI.

< Iyers T € A(X, Y). Ilo 8.5.14 maiimyrcs omeparopsl S €
B, X),Kx € #(X) u Ky € (YY) rakue, 4ro

ST=1+Kx; TS=1+Ky.

Ecim S = 0, to mpocrpanctBa X n Y KOHEYHOMEPHBI 110 KPHUTE-
puto Pucca 8.4.2; 1. e. JIOKa3bIBATh HEYErO — JIOCTATOYHO COCJIATHCS HA
8.5.7(2). Ecim xxe S # 0, To npu Bcex V € B(X, Y), /g KoTOpbIX
VIl < 1/|IS]|, n3 mepasencrsa 5.6.1 BoiTekaer: ||SV| <1 u [|[VS] < 1.
Buauut, B cuiy 5.6.10 oneparopet 1+ SV u 1+ V.S obparumsr 8 B(X)
u B B(Y) coorBeTcTBEHHO.

Nnmeem

1+ SV IS(T+V)=(1+8SV)'(1+ Kx +SV) =

=1+ (1+8SV) 'Ky el+.#(X),
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T. e. (1+ SV)~1S — neswriit perynsipuzarop T + V. Anamoruano mpo-
sepsiercs, uro S(1+ V.S)~! — npaswiit perynspuzarop T + V. B camom
neJie,

(T+V)SA+VS) ' =1+ Ky +VS)(1+VS) =

=1+ Ky(1+VS)tel+H(Y).

ITo 8.5.12, T + V mouru obparum. Ha ocuoBanum 8.5.14, T + V €
A(X, Y). Drum nokazana orkpeiroctb A (X, V). YuureiBas, 910 pe-
IYJISIPU3aTOPBI HETEPOBa OllepaTopa NoYTH 06paTHbI K Hemy (cp. 8.5.12),
n3 8.5.19 u 8.5.18 nosydaeMm

ind (T + V) = —ind (1 + SV)~18) =

= —ind(1+8V) ' —ind S = —ind S =ind T

(6o (1 + SV)~! dpearombsmos no 8.5.7 (1)). Ilociennee u ozHauaer
HEIPEPHIBHOCTDL UHJIEKCA. [>

8.5.22. Kpurepuiit Hukosbckoro. OmnepaTop ppearoibMoB B TOM
H TOJIBKO B TOM CJIy9ae, €CJIH OH IIPEJCTABJISIET CODOH CyMMy 00pATHMOTO
W KOMIAKTHOI'O OIEPATOPOB.

< =: ycrs T € (X, Y) uind T = 0. Paccemorpum pasiio-
JKEHMS B IPsSIMbIe CyMMBI 0aHaxoBbIX mpocTpanctB X = X7 ® kerT u
Y =imT & Y;. Hecomnenno, aro omeparop 17 — cien oneparopa 1" Ha
X1 — ocymectBisier uzomopdusM X1 u im7. Ilomumo storo, B cuay
8.5.5, dimY; = B(T) = «a(T), T e. CyIECTBYeT eCTeCTBEHHBIH H30-
Mopdusm Id : kerT — Yi. Takum obpaszom, T [0IycKaeT MaTpUIHOE
[IPEe/ICTABIEHUE

70\ (T, 0 0 0
T”(o 0)(0 Id)+(0 —Id)'
< EemT:=S+K,rne K € (X, Y)uS~! e B(Y, X), 10, n0
85201 8.5.7 (1), ind T = ind (S + K) = ind § = 0. >

8.5.23. BAMEYAHUE. ITycrs Inv(X, Y) — MHO)KeCTBO 06paTHMBIX
oneparopos n3 X B Y (9TO MHOXKECTBO OTKPHITO 0 TeopeMe Banaxa
06 obpaTuMbIX onepaTopax 5.6.12). O6osunaunm .7 (X, Y) MHOXKeCTBO
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Bcex (PPerosibMOBBIX OIIepaToOPOB, AelicTByromux u3 X B Y. Kpurepuit
Hukonbckoro Temepb MOXKHO MEPENUCATh B Ciieryomieil dhopme:

F(X, V) =Inv(X, V)+#(X,Y).
Kak Bummo n3 nokazarenbcrsa 8.5.22, MOXKHO yTBEPXKIATH TAKKE, ITO
F(X,Y)=Inw(X, Y)+ F(X, Y),

rje, kak o6eraH0, F(X, Y) — HOMIpOCTPaHCTBO KOHEYHOMEPHBIX Olle-
paTopos B mpocrpanctee B(X, V). <>

Yapa>kHeHUst
8.1. Usyunrs unrerpan Pucca — landopsa B KOHETHOMEPHOM IIPOCTPAHCTBE.
8.2. Omnwucarp saapo unrerpasia Pucca — dandopaa.

8.3. Ilycre (fn) — dynKuuu, ronomopdusle B okpectHoct U crekTpa onepa-
Topa T. JlokazaTb, 4TO M3 paBHOMEPHOI cxomumocTH (frn) K Hymio Ha U BblTekaeT
cxomumocThb (fr(T)) K HyJIIO B OIlEpaTOPHO HOpMe.

8.4. IlycTs 0 — m307MpOBaHHAsl 4acTh CliekTpa omneparopa 1. Jlomyctum, 4To
yacth 0’ := Sp(T') \ o oTHeNsAeTCA OT 0 OKPY’KHOCTBIO C IEHTPOM B @ M PaJUycoM T
TakuM o6pasom, uro o C {z € C: |z—a| < r}. Hdokasars, aTo s npoexropa Pucca
P, BBITIOJTHEHO

Py =lim (1 —2z""(T —a)")"};
n

z € im(Py) < limsup||(a — T)"z||% <.
n

8.5. BhisicHUTB, IpU KaKUX YCJIOBUSIX KOMIIAKTEH IIPOEKTOP.

8.6. /lokasarh, 4TO KarK/10€ 3aMKHYTOe MOIIPOCTPAHCTBO, COJEepKalleecst B 00-
JIaCTH 3HAYEHUsI KOMIIAKTHOI'O OIlepaTopa B GAHAXOBOM IPOCTPAHCTBE, SIBJISETCH KO-
HEYHOMEPHBIM.

8.7. JlokasaTbh, 4TO JIMHENHHBIN OIIEPATOD IIEPEBOIUT KarK/10€ 3aMKHYTO€e JIMHEeH-
HO€ IOJIIPOCTPAHCTBO B 3aMKHYTOE MHOXKECTBO B TOM U TOJIBKO B TOM CJIydae, €CJIu
STOT OIEPATOP HOPMAJIBHO Pa3PEIINM H €ro SIpP0 KOHEYHOMEPHO HJIN KOKOHEYHOMEp-
HO (HMeeT KOHEYHOMEDHOE aIre0pamdecKoe JIOIOJIHEHHE).

8.8. Ilycte 1 < p < 7 < +o00. Jloka3aTh, 4TO KarK/blii OrPDAHUYEHHBIN OIepa-
TOp U3 Il B lp miin U3 co B lp ABJISIETCSI KOMIIAKTHBIM.
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8.9. Ilycrs H — cenapabenbHOe ruyibOepTOBO IpocTpaHcTBo. st oneparopa T'
n3 B(H) un rmisbeprosa 6asuca (en) HOpMy ['mibGepra — IllMuara ompenessior

COOTHOIIIEHUEM
oo
2
ITl2i= | D ITen]
n=1

(IIposeputs KOppekTHOCTE.) OnepaTopsl ¢ KOHeIHOH HOpMO# ['nnb6epra — IIMmuara

HazbIBalOT onepamopamu lusvbepma — ILllmudma. YcraHOBUTH, 9TO omeparop 1

AByserca oneparopoM ['unpbepra — I[IIMuaTa B TOM U TOJBKO B TOM CJIy4ae, €CJIH OH
0 2

KOMITAKT€H U IIPH 3TOM anl A;, < 400, rae (An) — COBCTBEHHBIE YHCIIA OLIEPATOPA

(T*T)1/2,
8.10. Ilycts T — nHekoropslit sugoMopdusm. Torga

im(T%) D im(T1) > im(T?) > ... .

1/2

Ecisu cymectByer HOMep n Takoii, aro im(T™) = im(T™ 1), o rosopsit, uto T mmeer
Konewnnl cnyck. HamMveHbmmit HoMep n Havdasia CTabMIN3aluy HAa3bIBAIOT CIIyCKOM
T n ob6osragaror d(T'). AramornaHo nms snep

ker(T°) C ker(T?) C ker(T?) C ...
BBOJAT NOHATHE N0dséma U oboznadenue a(T'). YcranoBurb, 9To y omeparopa 1 ¢
KOHEYHBIMH CILyCKOM U mogbémoM Besmaubbl a(T) u d(T') coBnamaror.

8.11. Omeparop T HazwiBaroT onepamopom Pucca — Ilaydepa, ecmn T HETEPOB
¥ MMEET KOHEYHBIE CIIyCK U NOoabéM. Jlokasarh, uTro oneparop T’ sIBJISIETCSI OIEPATO-
poum Pucca — Illaynepa B TOM ¥ TOJILKO B TOM CJIydae, €CJIA €r0 MOXKHO IIPEJICTABUTH B
eune T = U+V, rne U obparum, V KoHe9HOMEpEH (MJIM KOMIIAKTEH) M KOMMYTHPYET
cU.

8.12. Ilycte T — orpaHuveHHbIH 3HIO0MOPGU3M HaHaxoBa IPOCTPAHCTBA X C
KOHEYHBIMH CIiycKoM U nogbémoM 1 := a(T) = d(T). dokasarb, 4TO NOJIPOCTPAH-
crBa im(7T") u ker(T") 3aMKHYTBI, Pa3JIOXKEHNAE

X =ker(T") ®im(T")
npusoguT T u caen oneparopa T’ na im(7T") obpaTum.

8.13. Ilycte T' — HOpMaJIBHO pa3peluMblil onepaTop. Eciu kKoHedHa onHa U3
BeJINYUH

o(T):=dim ker T, B(T):= dim coker T,
To T HasbIBAIOT noayPpedzonvmosvim (pexxe noayrémeposvim). Ilomorxmm
P (X):={T €B(X): im T € Cl(X), o(T) < +o0};
d_(X):={T € B(X): imT € CI(X), B(T) < +oo}.

JokazaTb, 4TO
Ted (X)=T €d_(X');
Ted_ (X)) T € (X).
8.14. Ilycte T — orpanmdenssblit sugomopdusm. lokasars, uro T BXxoguT B
®_ (X) B TOM B TOJIBKO B TOM CJIydae, €CJIH AJIs JIFOO0ro OrpaHIIEHHOTO, HO HE BIIOJIHE

orpaHmgeHHOro MHOXKecTBa U ero obpas T'(U) me GyzneT BIOJIHE OrPAHUYEHHBIM MHO-
KecTBOM B X.
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8.15. Orpannuenusiii sugomopdusM 1’ 6aHaxoBa MIPOCTPAHCTBA HA3BIBAIOT ONE-
pamopom Pucca, ecinu it KaxKJOr0 KOMIUIEKCHOTO HeHyJeBOro A omeparop (A — T')
HETepoB. JlokazaTh, uTo T’ ABJIsEeTCA onepaTropoM Pucca B TOM M TOJIBKO B TOM CIIy-
qae, ecau gjst joboro A € C, A # 0 BBIIOJIHEHO:

(a) omepaTop (A —T') MMeeT KOHEYHBIE CIIyCK U MOJbLEM;

(6) simpo (A — T')* xomewumomepmo st xazkmoro k € N;

(B) 06paz (A — T)* umeer komeunsrit gedekt mpu k € N,
U, KPOME TOrO, HEHYJIEBblE TOYKHU CIIEKTpa 1  sBJISIIOTCA COOCTBEHHBIMU HUCIIAMH,
a HyJIb CJy?KHT €INHCTBEHHO BO3MOXKHOH TOYKON HakomeHusi crekrpa 1 (= BHe
KaXKJIOro Kpyra € LEHTPOM B HyJle JIEKMT KOHEUHOE HUUCJIO TOYEK CIIEKTPA).

8.16. Ycramosuth nzomerpudeckue nzomopdusmer: (X/Y) ~YLu X//Y+ ~
Y’ nnst Takux 6aHAXOBBIX MPOCTPAHCTB X # Y, 9To Y BJIOXKEHO B X .

8.17. Jlokasarb, 4TO IJjisi HOPMAJbLHOrO omneparopa 1 B TrujbbEpPTOBOM IIPO-
crpancrse u rosioMopduoit byuxkuuu f € H(Sp(T')) oneparop f(T') HopmasieH.

8.18. Y6emurbcCsi, UTO HENPEPBHIBHBINA 3HZOMOPMU3M I'MiIb0epTOBAa IPOCTPAH-
CTBa fABJsETCA olepaTopoM Prcca B TOM K TOJBKO B TOM CIJIydae, €CJIH OH IIPE.-
cTaBjsieT cobOW CyMMy KOMIIAKTHOI'O M KBA3WHHUJIBIIOTEHTHOTO OIIEPATOPOB (KBa3M-
HUJIBIIOTEHTHOCTH O3HAYAeT TPUBHAJIBHOCTH CIIEKTPAJILHOTO PAJHyca).

8.19. Ilycts A, B — nBa néreposa oneparopa B B(X, Y). Ecanind A = ind B,
TO UMeeTCsl XKOPJaHoBa Jyra, coequnsionias A u B B npocrpancrse B(X, Y).



T'maBa 9

DKCKYPC B OOIIYIO TOIOJIOTHUIO

9.1. IlpeaToroJoruu u TOMOJIOTUN

9.1.1. OnPEAENEHUE. [lycts X — mekoropoe mHO)KecTBO. OTO6-
paxenue 7 : X — P(F (X)) naspiBaror npedmononozued Ha X, ecau

(1) € X = 7(x) — dunsrp B X
(2) z€ X = 7(2) C fil{z}.
Dnementsl 7(x) HasbBawT (nped)oxpecmuocmamu . Iapy (X, )

(a gacTo u MHOXKeCTBO X ) HA3BIBAIOT NPEOMONOAOZUNECKUM NPOCTNPAH-
CMBOM.

9.1.2. ONPEAENEHUE. Ilycts 7 (X) — COBOKYNHOCTBH BCEX MIPEJ-
ronoJioruit Ha X. Eciu 71, 72 € 7 (X), TO TOBOPAT, YTO T CUABHEE To
(1 murIyT T; > 7o) NpH BBIIOJHEHHH yeiaoBus: ¢ € X = 71(x) D mo(x).

9.1.3. MuoxecrBo .7 (X) ¢ OTHOLIEHHEM «CHIIBHEE» IIPEJICTABJISET
€000 MOJIHYIO DEIIETKY.

< Ecmn X = &, o J(X) = {&} u nokaspBaTh HUYErO HE HAJIO.
Ecmun xxe X # @, To cieayer cociarbest Ha 1.3.13. >

9.1.4. ONIPEAEJIEHUE. MuoxkectBo G B X HA3BIBAIOT OMKPBHIMbLM,
ecm OHO SABJITETCs (IIPEJ])OKPECTHOCTBIO KaXKJ0i CBOei TOYKH (CHMBO-
mrieckn: G € Op(r) & (Vo € G)(G € 7(x))). Muoxecrso F' B X
Ha3bIBAIOT 3GMKHYMVLM, €CITH €10 JOMOJIHEHIE OTKPBITO (CHMBOINIECKH:

F e Cl(r) & X\ F € Op(1)).

9.1.5. O6mbeaunenue 0b0ro ceMecTBa U HEepeceIeHue KOHEIHOTO
ceMeicTBa OTKPBITBIX MHOXKECTB CyTh MHOXKECTBa, OTKPbIThIC. 1lepecete-
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HHe JII060ro ceMeicTBa U 00 beJUHEHNE KOHEYHOI'O CEMEHCTBA 3aMKHY ThIX
MHO>KECTB CyThb MHO>Ke€CTBa 3aMKHYTbIe. <[>

9.1.6. Ilycrs (X, 7) — npegronosiorudeckoe npocrpancrso. Ecin
x € X, TO moJIoXKIM

Uct(r)(z) e (3VeOpr) zeV&USV.

Orobpaxkenne t(7) : x — t(7)(x) — npearomosorus na X. <1i>

9.1.7. OnPEAENEHUE. [Ipearononoruio 7 Ha X HA3BIBAIOT MONO-
nozuetl, ecm 7 = t(7). Ilapy (X, 7) (a gacro u MHOXKecTBO X ) B 9TOM
cilydae Ha3bIBAIOT MONOA0RUNECKUM Npocmparcmeom. MHokecTBO Beex
rorosiornii Ha X oGosHavaror cumposoM T(X).

9.1.8. [IPUMEPHI.

(1) Merpuveckasi TOIOJIOTHS.

(2) Tonosorust MyJIBTUHOPMUPOBAHHOTO TIPOCTPAHCTBA.

(3) IIycrs 7o := inf F(X). fcuo, uro 7o(x) = {X} ans
x € X. 3uaunr, Op(r,) = {&, X} u, caenoarenpho, 7, = (),
T. €. T, — TONOJIOTUSA. DTy TOINOJOIMIO HA3BIBAIOT MPUSUAALHOT UK
arnmuduckpemmotl.

(4) Tycrs 7°:= sup 7 (X). dcno, aro 7°(x) = fil {z} s
x € X. 3uaunt, Op(7°) = 2% u, cremosarensuo, 7° = t(7°), 1. e. 7° —
TOIOJIOTHs. DTy TOHOJOTUIO HA3BIBAIOT QUCKPEMHOT.

(5) Hycrs Op — cOBOKYNHOCTH MOJMHOXKECTB B X , BBLIED-
JKHBaroIiasi obpa3oBaHme 00 beJHHEHUST JTI0O0I0 U IepecedeHusi KOHETHO-
ro cemeiicts. Torna cyIecTByeT,  IPUTOM €IUHCTBEHHAS, TOIIOJOTHS T
ma X rtakas, uro Op(7) = Op.

< Homoxknm 7(z) := fil{V € Op: z €V} mia z € X (B ciyuae
X = @ nokasbiBarh Hevdero). Ormernm, uto 7(z) # & B CHILy TOTO, 9TO
epecetdeHne mycroro cemeiicrsa cosnanaer ¢ X (cp.: inf @ = +o00). U3
OCTpOeHusl BIBOAUM, uro ¢(7) = 7 u upu 3roM Op C Op(7). Ecin xe
G € Op(r), 70 G=U{V: V €Op, V C G} u, crajo 6srs, G € Op 1o

yCJIOBHIO. Y TBEpXKIEHNE 00 €IMHCTBEHHOCTH HE BBI3bIBAET COMHEHMIA. [>

9.1.9. Ilycrs orobpaxkenunet : 7 (X) — 7 (X) onpenesneno npasu-
aom t : 7+ t(r). Torga
(1) imt=T(X), e 7€ 7 (X)=1t(r) € T(X);
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(2) 1 <m=tn) <tnr) (1, e T(X));

(3) tot=t;

4) reTX)=t(r)<T;

(5) Op(7) = Op(t(7)) (T € T (X)).

< Brmogenne Op(7) D Op(#(7)) cupaBemanBo mOTOMY, 9TO OLITH

OTKPBITBIM MHOXKECTBOM OTHOCHUTETBHO T Jierde. O6GpaTHOE BKIIOYCHUE
Op(7) C Op(t(r)) crenyer u3 onpegesnenns t(7). Pasencrso Op(r) =
Op(t(7)) nenaer Bcé OueBHIHBIM. [>

9.1.10. IIpexromosoruss T siBaseTcst Tornoorueit B X B TOM H TOJIb-
KO B TOM cJIy4ae, ecju jisd £ € X BBIIIOJIHEHO

VU er(x)3Ver(z) & VCU) VylyeV =V er(y).
< Borrekaer u3 9.1.9 (5). >

9.1.11. Ilycre 11, 12 € T(X). Cuenyromue yTBep:KaeHUS IKBUBA-
JICHTHBI:
(1) 71>
(2) Op(m1) > Op(72);
(3) CI(T1) ) CI(TQ) <>

9.1.12. 3AMEYAHUE. Kak Buzgso u3 9.1.8 (5) u 9.1.11, Tomouo-
I'Usl TPOCTPAHCTBA OJHO3HAYHO OIpejiesIeHa COBOKYITHOCTLIO BCEX CBOUX
OTKPBITBIX MHOXKeCTB. Ilosromy mHOXKecTBo Op(T) Takske Ha3bIBAIOT
monoaozueti npocTpancrsa X. B 9acTHOCTH, COBOKYIIHOCTL OTKPBLITBIX
MHOYKECTB TIPe/ITOIIOJIOINIECKOro npocrpancTsa (X, 7) onpejenser B X
CTPYKTYPY TOIOJIOrnIeckoro npocrpancTsa (X, (7)) ¢ TeM xKe 3amacom
OTKDBITBIX MHOXKECTE. B 3T0# ¢BA3mM Tonooruio ¢(7) 06bIYHO HASBIBAIOT
monoao2ueti, acCouuUPosaHHotl ¢ NPedmonoso2uet T.

9.1.13. Teopema. Muoxecrso T(X) romosornii Ha X ¢ ornormie-
HHEM «CHJIBHEE» IIPEACTaBJIACT coboi moHyIo pemérky. IIpu sToM mms
soboro muoxecrBa & B T(X) BblosiHeHO

SupT(X) e Supg(X) &.

< Nmeem

Takum obpasom, T 1= supz(x) & sxomur B T(X). fcno, aro 7 > &.
ITomumo 3roro, ecin 79 > & u 79 € T(X), T0 79 > 7T H, cTATO OBITD,
T = supp(x) &. Ocranocs cocnarbes Ha 1.2.14. >
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9.1.14. SAMEYAHUE. [lyist TOYHOI HUXKHEIl IpaHUIbl siBHasi GOp-
MyJia CJIOXKHee:

infT(X) & = t(infy(x) g)

B 1o ke Bpewms, ecsin B coorBercTBHE ¢ 9.1.12 TomOSIOTMM 3aMaHBI YKa-
3aHUEM CHCTEM OTKPBLITBIX MHOYKECTB, TO CUTYaIlds yIIPOIIAETCH:

U € Op(infrx) &) & (V1€ &) U € Op(r).

Nubmvu ciroBamu,

Op(infr(x) &) = (1) Op(7).

TEE

B 910ii ¢BsI3u 9aCTO TOBOPAIT U O nepecederul, monosozud (& He TOJIBKO
00 UX TOYHOM HIKHEH rpaHI/Iue). <>

9.2. HenpepbIBHOCTH

9.2.1. SAMEYAHUE. HaJjinuume Tom0I0rny B IPOCTPAHCTBE, OYEBU/I-
HO, TIO3BOJISIET TOBOPUTH O TAKUX BEIaX, KAK BHYTPEHHOCTH M 3aMbIKa-
HIEe MHOYKECTB, CXOUMOCTH (PUIBTPOB U OOOOIIEHHBIX TTOCIEI0BATETHHO-
cTeli U T. I1. DTUM 0OCTOSTEILCTBOM MBI YK€ II0JIb30BAJINCH IIPU 3HAKOM-
CTBE C MYJIbTUHOPMHPOBAHHBIMU IIpocTpaHcTBaMu. OTMETHM HOJHOTHI
paJii, 9TO B TOMOJIOTUIECKOM IPOCTPAHCTBE CIPABEJJIUBbLI CJICIYIOITIE
anajoru 4.1.19 u 4.2.1.

9.2.2. Teopema Bupkroda. /ljist Herycroro MHOXKeCTBa U TOYKH
TOIIOJIOTHIECKOT'O MPOCTPAHCTBA SKBUBAJCHTHBI Y TBEPXKICHHUSI:
(1) zgammas ToYka ecTb TOYKA NPHKOCHOBEHUSI MHOYKECTBA;
(2) cymecrByer HeKOTODBIH (DUIBTD, COAEPIKAIIHI MHOXKE-
CTBO U CXOJSIIIUIHCS K JJAHHOH TOUKE;
(3) cymecrByer 0606MEHHAS MOCIE0BATEIBHOCTD JJIEMEH-
TOB MHOXKECTBA, CXOAAIAsACA K JJaHHOH TO4YKe. <>

9.2.3. /list orobpazkenusi f OMHOrO TOMOJIOTHYECKOTO MPOCTPAH-
CTBa B APYTO€ SKBUBAJCHTHBI YTBEDKICHUS:
(1) mpoobpas OTKPBITOr0 MHOYKECTBA OTKDBIT;
(2) mpoobpas 3aMKHYTOr0 MHOYKECTBA 3aMKHYT;
(3) obpas uabrpa OKpecTHOCTEH TPOU3BOJIBHON TOYKU X
ToHBIIE YeM (pUIbTP OKpecTHOCTed Touku f(x);



194 I'1.9. 9rcKypc B 0BILYIO TOINOJIOTHIO

(4) st MPOU3BOIBHON TOYKH T KaXKAbIH (PHIBTD, CXOJIS-
muiics K x, orobpaxkernne f 1epeBOJUT B (PUIBTD, CXO-
gsmuiics K f(x);

(5) obGobEHHBIE TOCAEI0BATENBHOCTH, CXOJSIIAECS K 1IPO-
H3BOJILHOH TOUKe T, oToOpaskerme f mepeBoguT B 00606-
IEHHBIE OCJIEJ0BATEIBHOCTH, cxojsiiuecs K f(x). <>

9.2.4. ONPEJAEJEHUE. OrobpakeHue, IedCTBYIOINIEE U3 OHOIO TO-
HOJIOPMYIECKOI0 IPOCTPAHCTBA B JIPYIO€, YJOBJIETBODSIOIIEE OJHOMY
(a 3HAYMT, 1 JTOOOMY) U3 SKBHBAJIEHTHLIX yciaosuit 9.2.3 (1)-9.2.3 (5),
HA3BIBAIOT HENPEPHLIEHVIM.

9.2.5. BAMEYAHUE. Eciu f : (X, 7x) — (Y, 7v) u 9.2.3 (5) BBI-
HOJTHEHO Jist (PUKCHPOBAHHON TOYKH = € X, TO MHOIJa TOBODST, YTO
f menpepuweno 6 mouke x (cp. 4.2.2). HyKHO BHAeTH, UTO OTIMYIMNE
[OHATHS HEIPEPBIBHOCTH B TOYKE OT OOIIErO HMOHSTHS HEMPEPHIBHOCTH
ycs1oBHO. VIMEHHO, eciin HONOXKUTE T, () := Tx (z) u 7,(T) := il {ZT} mna
T € X, T # x, TO HENIPEPBIBHOCTH f B TOUKE & (OTHOCUTEJILHO TOIOJIOI UK
Tx B X) paBHOcusbHa HenpepbiBaOCcTH f @ (X, 75) — (Y, 7v) (B KAKIOI
TOYKE IIPOCTPAHCTBA X € TOIOJIOTUEH TL) <>

9.2.6. Ilycrb 11, o € T(X). Torma 71 > 7o B TOM H TOJBKO B TOM
cayyae, ecn Ix 1 (X, 1) — (X, 72) HempepbiBHO. 11>

9.2.7. Ilycrs f : (X, 7) — (Y, w) — HenpepsiBHOE OTOOpAaXKEeHHE
nr € T(X) ww, € T(Y) rakoBbl, ut0 71 > T 0 w > wi. Toraa
f: (X, ) — (Y, w1) meupepnisHo.

< ImeeM KOMMYyTaTHUBHYIO JUarpamMmy

x,7 L (v
IXT lIY
X,m) L (Vw)

OcTaltoch OTMETHTD, 9TO CyTEPIIO3UIUsT HEITPEPBIBHBIX OTOOpasKeHU He-
npepbIBHaA. >

9.2.8. Teopema o npoobpa3ze TomoJsoruu. Ilycts 3amaH0 0TOO-
paxenne f: X — (Y, w). Hoxoxum

To:={re€T(X): f:(X, 7) — (Y, w) HenpepbIBHO}.

Toraa Tonosorus f~1(w):= inf Ty Bxomut B T)).
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< 13 9.2.3 (1) BBITEKAET
reTys (e X = fHw(f(z)) c ().

[ycts 7(x) := f~Hw(f(z))). Hecomuenno, uro t(7) = 7. Ilomumo

sroro, f(7(z)) = f(fHw(f(2)))) D w(f(z)), . e. T € Ty mo 9.2.3 (3).

Taxum 06pa3oM, BbIOMHEHO: f~H(w) = 7. >

9.2.9. ONPEAEIEHUE. Tonosoruio f~!(w) nasbBaroT npoobpasom
MONONO2UY W TIPU OTOOpazkeHuu f.

9.2.10. BAMEYAHUE. Teopemy 9.2.8 4acTo BBIpaXKaroT CJIOBAMHU:
«IIpo06PAa3 TOMOJIOTUH MIPU JAHHOM OTOOpParXKEHUH — TO cjabeiiast To-
[OJIOTUsI B ODJIACTHU OIIPEJICJIEHNUsI, B KOTOPO#l 0TOOpaKeHne HeIpepbIB-
mo». Ilpm srom, Kak BumHO, Hampumep, u3 9.1.14, OTKPBITHIE MHOXKe-
cTBa B IpooOpas3e TOMOJIOTUU — ITO IPOOOPA3BI OTKPBITHIX MHOYKECTB.
B uacrnocry, (z¢ — z B f~H(w)) & (f(z¢) — f(z) B w); ananoruuno
(Z -z fHw) e (f(F)— flz) Bw) nua bursrpa F. <>

9.2.11. Teopema 06 obpase romostoruu. Ilycrs f : (X, 7) — Y.
Honoxum Qy:={w e T(Y) : f: (X, 7) — (Y, w) vHenpepbisro}. Torzaa
ronosorust f(7):= sup Qo Bxoaur B .

< B ety 9.1.13 s y € Y sinosmmeno
() (y) = (supr(y) Qo) (y) = (supz(y) Qo) (y) = sup{w(y) : w € Qo}.
Ha ocnosanmu 9.2.3 (3)
weN e (xeX=f(r(r) Dw(f(x))).

Comnocrassisist npuseaénable GopMydbl, BuauM, aro f(7) € Qg. >

9.2.12. ONPEJAENEHUE. Tonosnoruto f(7) Ha3bIBaWOT 06pasom mo-
noaoz2uy T Tpu oToOparkeHun f.

9.2.13. BAMEYAHUE. Teopemy 9.2.11 9acTo BBIpasKaOT CJIOBAMU:
«00pa3 TOIOJIOTHY DU JTAHHOM OTOOPaYKeHUH — ITO CHJIbHEHIIIAasT TOIIO-
Jorusi B 00JIaCTH MPUOBITHS, B KOTOPOW OTOOPaKeHNE HEIPEPBIBHO.

9.2.14. Teopema. Ilycrs (fe : X — (Ye, we))eez — cemeiicTBo
orobpazennii. Ilycrs, naiee, T := Supgcs f¢ (we). Torma T — cia-
Gefinrast (= HaUMEHBIIAST) TOHOJOTHSI B X, B KOTOPOIf HETIPEPBIBHEI BCe
orobpazkenus fe (€ € E).
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< Ilpusnekas 9.2.8, umeem
(fe : (X, T) = (Ye, we) HeUpepbIBHO) < T > f{l(wg). >

9.2.15. Teopema. Ilycrs (fe : (Xe, 7¢) — Y)eezs — cemeiicTBo
orobpazkenmit. Ilycrs, manee, w = infeez fe(re). Torma w — cuib-
Heifmast (= Hambosbiast) Tomosorusi B'Y , B KOTOPOiT HEIIPDEPBIBHBI BCE
orobpazkerus f¢ (€ € E).

< Aneumipys x 9.2.11, 3akjroyaem:
(fe : (Xe, 1e) — (Y, W) menpepsiBHo) < W < fe(7e). >

9.2.16. 3AMEYAHUE. YtBepxkienus 9.2.14 u 9.2.15 yacro Ha3bI-
BAIOT MEOPEMAMY O 3a0aHUL MONOA02UL TPEOOBAHIEM HEIIPEPBIBHOCTU
ceMelicTBa OTOOPaXKEHUA.

9.2.17. IIPUMEPHI.

(1) Iycrs (X, 7) — TOMmOJIOrHYECKOE MIPOCTPAHCTBO U Xo
— nogmuozkecTBo B X. O6ozmaumm ¢ : Xg — X Bnoxenme Xy B X.
[lycth 7o := ¢~ (7). Tonosoruio 7o HazbIBAIOT UHIYYUPoGarhoti (T B Xo),
a npocrpanctso (Xo, 79) — nodnpocmpancmeom (X, 7).

(2) Iycrs (X¢,Te)eez — 9TO CEeMEHCTBO TOMOJOTHYECKIX
npocrpancTs. [lycrs, namee, X:= ngz X¢ — TponsBejieHIE ceMeCTBa
mHEOKeCTB (X¢)eez. Iomommm T 1= supgez Prgl('rg), rae Pre : X —
X¢ — KOOpAMHATHBIN IpoekTop, Prex = x¢ (§ € =). Tonosormio T
HA3BIBAIOT MONO0AORUET NPOUSEEICHUA, WA NPOUIEEOCHUEM TMONOA02UTE
(Te)eez, wmm muzonosckol monosozued. IIpocrpancrso (X, 7) Ha3bIBa-
10T MUTOHOGCKUM TPOUSEEOCHUEM DPACCMATPUBAEMBIX TOIOJOIHYECKIX
npocrpancts. B wacrnocru, ecim X := [0, 1] mis Bcex £ € E, To
X:= [0, 1]® (c TUXOHOBCKOfi TOMOJOTHE) HABIBAIOT MUTOHOGCKUM KY-
b6om. Ilpu =Z:= N rosopsr o suavbepmosom xKupnuye.

9.3. Tunbl TONOJIOTUYECKUX IIPOCTPAHCTB

9.3.1. i TOHOJIOrHYeCKOro NPOCTPaHCTBa SKBHBAJICHTHbI CJICLY-
TOIIHE YTBEPXKJICHHUS:
(1) omHOTOYEUHBIE MHOXKECTBA 3aMKHY THI;
(2) mepeceuenne Bcex OKpeCTHOCTEI KaXKJIOit TOYKH HPOCT-
paHCTBa COCTOHUT TOJILKO U3 9TOH TOYKH;
(3) y Kaxku0#i u3 Ji0ObIX JIBYX TOYEK HPOCTPAHCTBA €CTh
OKPECTHOCTD, HE COJep Kalliast APYyroi TOUKH.
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< Jlst 10Ka3aTesbeTBa JJOCTATOYHO 3aMETUTh, UTO
yecfzlt e VWVer(ly) zeVerzen{V: Ver(yl,

rJe T, Yy — TOYKHU TOIOJOIHIECKOro npocrpancrsa (X, 7). >

9.3.2. ONPEAEJEHUE. TonoJiornyeckoe mpoCTPAHCTBO, YIOBIETBO-
psiionee 0HOMY (& 3HAYUT, U JIOOOMY ) U3 9KBUBAJIEHTHBIX ycjIoBuit 9.3.1
(1)-9.3.1 (3), mazsiBator omdeaumvim nm Ti-npocmparcmeom. Toroso-
ruo T1-IPOCTPAHCTBA HA3BIBAIOT omdeaumots (pexe — Ti-monoaoeuer,
emié pexe — JocmudHCuMOl TOTIOJOTHEH ).

9.3.3. BAMEYAHUE. Yacro 0ob6pasHO roBopsT: «73-IpOCTPAHCTBO
— 3TO MPOCTPAHCTBO C 3AMKHYTBHIMU TOTKAMUY.

9.3.4. i1 TOHOJIOrHYECKOro NPOCTPAHCTBA SKBHBAJICHTHBI CJICILY-
foIye yTBEeP K ICHHSL:
(1) kakzapiii puIbTP HMeeT He GoJIee OTHOTO NPEEIIA;
(2) nmepeceuenne Bcex 3aMKHYTBIX OKPECTHOCTES IPOU3BOJIB-
HOH TOYKH IIPOCTPAHCTBA COCTOUT TOJIBKO U3 3TOH TOY-
KI;

(3) y JsrO6BIX JABYX TOUYEK MPOCTPAHCTBA UMEIOTCS Hellepece-
KAIOIUeCs] OKPECTHOCTH.

< (1) = (2): Ecmu y € Nyer(a) LU, 1o 1uis Beaxoro V'€ 7(y) Gyzer,
qro UNV # &, kak Tonbko U € 7(x). Takum o6pas3oM, ecTh TOUHAS
Bepxuad rpamuna F := 7(z) V 7(y). Hecomuenno, . — zu % — y. Ilo
YCJIOBUIO IMEEM T = .

(2) = (3): Iycrb o, y € X,  # y (ecsm Takux TOYEK HET, TO
6o X = &, 6o X COCTOUT U3 OJHON TOYKH U JOKA3BIBATH HUYETO HE
Hazo). Haiinéres okpecrnocts U € 7(x) Ttakast, yro U = clU ny # U.
Suaunt, gonosnerne V muoxkectBa U 1o X orkpeito. [lomumo sroro,
unv =go.

(3) = (1): Oycrs & — dunbrp B X. Ecow & — zu F — y,
to % D 7(z) u F D 7(y). Crano 6bite, it U € 7(z) u V € 7(y)
Beinosiaeno U NV £ @, Tlocnennee o3nadaer, 9ro © = y. >

9.3.5. ONPEAEJEHUE. TonoJiornyeckoe mpoCTPAHCTBO, YIOBIETBO-
pstroriiee OHOMY (a OTOMY U JIFOOOMY ) 3 SKBUBAJIEHTHBIX yCJI0BHii 9.3.4
(1)-9.3.4 (3), HasbiBatoT zaycdopdosvim nim Tar-npocmparcmseom. Ecre-
CTBEHHBIII CMBICJI BKJI3/IbIBAIOT B TEPMHUH <«XaycI0P@OBa TOIOJIOTHSI».
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9.3.6. 3BAMEYAHUE. YacTto 06pa3HO roBopsT: «15-IIPOCTPAHCTBO
— 3TO IPOCTPAHCTBO, B KOTOPOM IIPeJIesT € IUHCTBEH.

9.3.7. ONPEAENEHUE. Ilycre U, V — MHOXKeECTBa B TOMOJOIHYe-
ckoM mpoctpancTBe. Ilpu stom V' — oxkpecmnocms U, ecom int V D U.

9.3.8. /ly1s Tomosioruueckoro mpoCTpaHCTBa IKBUBAJCHTHBI CJICTY-
TOIIHEe yTBEPIKICHMISI:

(1) mepecevenne Bcex 3aMKHYThIX OKPECTHOCTEI IIPOU3BOJIb-
HOI0 3aMKHYTOIO MHOYKECTBA COCTOHT TOJBKO H3 JIe-
MEHTOB 3TOI'0 MHOXKECTBA;

(2) uabTp oKpecTHOCTEI IPOH3BOIBHON TOYKH HMeeT Ga-
3UC, COCTOSIIIHE U3 3aMKHYTBIX MHOYKECTB;

(3) y sr060it TOUKH H y JIFOGOr0 3aMKHYTOIO MHOXKECTBA, HE
COZIEPIKAINErO ITOH TOUYKH, HMEIOTCSI HEIIEPECEKATOIUE ST
OKPECTHOCTH.

4(1)=2)Emze X nuUEer(z), 70 V:i=X\intU 3aMKHyTO
uzx ¢ V. Io ycnouio maiinérca muoxkecrso F € Cl(7), ays KoToporo
z ¢ FuintF D V. Ionoxkum G:= X \ F. fcuo, uro G € 7(z). Ilpn
sToM G C X \int FF = cl(X \int F) C X\V CintU C U. Caenosarenn-
o, clG CU.

(2)= 3):Ecomz € Xu F € Cl(r), npuuém x ¢ F, ro X\ F € 7(z).
Craso 6eTh, UMeeTcst OKpecTHOCTH U = clU € 7(x), comepKamasics
B X \ F. Takum o6pasom, X \ U — okpecrrocrs F', He mepecekarorasi-
cacU.

B)=(1):Ecmu F € Cl(7) mwint G D F = y € cl G, 10 my1s KaxKJ10ro
U € 7(y) u Begkoii okpecraoctu G muoxkecrBa F somosneno UNG # &.
[Tocnennee osnagaer, aro y € F. >

9.3.9. ONPEJEJEHUE. Tomosiorudeckoe MpoCTPaHCTBO, YIOBJIETBO-
psiomee omHOMY (& 3HAYUT, W JIIOGOMY) W3 SKBUBAJEHTHBIX yCJIOBHUIT
9.3.8 (1)-9.3.8 (3), massBator T5-npocmparcmeom. Ornemumoe T3-mpo-
CTPAHCTBO HABLIBAIOT PE2YAADPHBIM.

9.3.10. MaJjiass 1emma YpbIicoHa. /Ljisi TOMOJIOrHYECKOTO MIPO-
CTPAHCTBA KBUBAJIEHTHBI Y TBEDIK ICHUSI:
(1) duabTp OKpecTHOCTEH KaXKI0ro HEIMyCTOro 3aMKHYTO-
o MHOXKeCTBa HMeeT 6A3UcC, COCTOSINAN U3 3aMKHYTHIX
MHOKECTB;
(2) y mpom3sBoJIBHBIX JBYX HENEPECEKAIOIIUXCs 3aMKHYTHIX
MHOXKECTB €CTh HEIIePECEKaIOIUECs] OKPECTHOCTH.
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< (1) = (2): Hycrs Fy, Fo — 3aMKHyTBIe MHOXKECTBA IIPOCTPAH-
crBa X, npuuém Fy N Fy = @. Ilycrs G:= X \ Fi. OueBuzno, G OTKpbI-
tou G D Fy. Ecm Fy, = @, TO I0Ka3bIBATH HIYETO HE HANO. JHATUT,
MOZKHO CIUTaTh, uTo Fy # @&. Torma HaligéTcs 3aMKHYTOE MHOXKECTBO Vo
rakoe, 40 G D Vo D int Vo D Fy. Tonoxkum Vi := X \ V. dcuo, uro V3
orkpeiTo, Vi NVe = @. Mlpustom V1 D X\G =X\ (X \ F1) = Fi.

(2) = (1): IIyere F = clF, G = intG u G D F. Tlonoxum
Fy:= X\ G. Torga Fy = cl F} u, crayo 6bITh, UMEIOTCS OTKPBITHIE MHO-
xkectBa U u Uy, mis koropeix U NU; = &, npuuém FF C U u Fy C Uj.
Hakounen, clU Cc X\ U; C X\ Fi =G. >

9.3.11. ONPEJAEJIEHUE. TomoJioruieckoe MpOCTPAHCTBO, YIIOBJIE-
TBODAIOIIEe ONHOMY (& TOTJa U APYroMy) M3 SKBUBAJEHTHBIX YCJIOBUIL
9.3.10 (1), 9.3.10 (2), massBator Ty-npocmparcmeom. Oraemmmoe Ty-
ITPOCTPAHCTBO HA3BIBAIOT HOPMAAOHBLM.

9.3.12. Jlemma o HenpepbIBHOCTH (DYyHKIIUW, 3aJaHHOH JIe-
6eroBbiMu MHOXKecTBamu. Ilycrs muoxecrso T mrorno BR ut — U,
(t € T) — cemeicTBO HOJMHOXKECTB TOHOJOTHIECKOTO MPOCTPAHCTBA X .
CymiecTByerT, 1 IPUTOM €JIMHCTBEHHasI, HellpepbiBHast pyukmust f: X —
R rakas, uro

{f<ttcU cc{f<t} (tel)

B TOM H TOJIBKO B TOM CJIy9ae, €CJIH
t, seT, t<s=clU; CintUs.

< =:IIput < s BBy 3amkHyTOCTH { f < t} M OTKpBITOCTH { f < S}
CIIPABEJJIUBbI BKJIIOYEHUST

U, c{f <t} C{f <s}CintUs.

«: Tak xak Uy C clU; C intUs C Us ipu t < s, TO cemeficTBO
t — U, (t € T) Bospacraer. Ilosromy cymecrsoBanue f cienyer u3 3.8.2
(a eguncrsennocts — u3 3.8.4). PacemorpuM cemeiicrBa t — Vii= clUy u
t — W= int Uy. D1u cemeiicTBa BO3PACTAIOT. 3HAYNAT, BHOBD IIPUMEHSIsT
3.8.2, maiiném dbynxmun g, h : X — R Takume, uro s Beex t € T
BBITIOJTHEHO

{g<ttcVic{g<t}, {h<t}CW,C{h<t}
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Ecmt, seT, t <s, To BBUY 3.8.3

Wt:thUtCUtCUsifSh;
Vi=clU; CintUs = W3 = h < g;
UcUsCclUs=V;=¢g< f.

Oxonvarensno f = g = h. YunrsBas 3.8.4 u 9.1.5, n1s t € R nmeem

{f<t}={h<t}=U{W,;: s<t, se€T}eOp(rx);
{f<t}={g<t}=n{Vi: t<s, seT}eCClirx).

Vka3zaHHBIE BXOXKJIEHUsI OYEBUIHO 00ECIEINBAIOT HEIIPEPBIBHOCTD f. [>

9.3.13. Bousbmass jgemMma YpbicoHa. Ilyctb X — wHekoTopoe
Ty-npocrpancrso. Ilyctw, najsee, F' — 3aMKHYyTO€ MHOXKECTBO B X U
G — ero okpecroocts. Torga cymecTByer HempepbiBHAS DYHKIHS f :
X — [0, 1] rakas, uro f(x) =0npux € F u f(z) =1 npu z ¢ G.

< Homoxum Uy := G upu t < 0 m U := X npu t > 1. Cunenyer
onpeneanTh U; HIs TOUEK W3 MHOKECTBA 1 «IBOHTHO-PAIMOHAIBHBIX
touek orpeska [0, 1]», ™. e. T := UpenTh, tae Ty, := {k277F1 : k=
0, 1,...,2" 7'}, Tak, urobnr mus cemeiicrsa t — Uy (t € T:= T U (R
[0, 1])) 6butn BeImOIHEHB! yeaoBus 9.3.12. CoorBeTcTBYyIOIIEE OCTPOE-
HUE TIPOBEJIEM 10 UHLYKIUH.

Ecmm t € Ty, 1. e. t € {0, 1}, To mosaraem Uy := F, Uy := G.
Homyctum Teneps, ato ajs t € T, npu n > 1 maO)KecTBO Uy TOCTPOEHO,
npuuéM clU; C int U, kak Tonpko ¢, s € T,, ut < s. Bozpmém t € T},
¥ HaitméMm Ommekaiimme K ¢ Touku B 1, T. €.

tii=sup{s €T, : s <t}
t:=1inf{s €T, : t < s}.

Ecim t = t; wm t = t,., To Uy yxKe ecrb. Eciu ke t £ t; ut # t,, 0
t; <t < t, uno npennonoxennto cl Uy, C int U, . B cumy 9.3.11 umeerca
3aMKHYTOe MHOKecTBO Uy Takoe, 4To

ClUtl C int Ut C Ut —cl Ut C int Utr~

Ocrasioch moKa3aTh, 9TO BO3HUKAIOIIEE CEMEHCTBO YIOBJIETBOPSET TPe-
OyeMbIM YCJIOBHSIM.
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Urak, nycts t, s € T, 11, npuuém t < s. Ecsn ¢, = 57, To iput s > 55
II0 ITIOCTPOEHUIO

clU; C clU,, = clUs, C int Us.

Anajoruuno upu t < t, = §; BBIIIOJHEHO
clU, Cint Uy, = inf U,, C int Us.

Ecmu xke t, < s;, TO, yIUTBIBas CIAEJAHHOE JIOMYIIEHUE, BHIBOIUM
clU; C clU,, CintUs, C int Us,

9TO U HY2KHO. >

9.3.14. Teopema ¥Ypbicona. Tomosoruieckoe npocTpanctso X
sBJisiercst 1y-poCTPAHCTBOM B TOM U TOJIBKO B TOM CJIY9a€, €CJIH KAKOBBI
O6bI HH ObLIH HeIlepeceKaloluecss 3aMKHyThie MHOXKecTBa Fy, Fs» B X,
maiinércs nenpeppiBaas Gyuknus f: X — [0, 1] rakasa, aro f(x) =0
itz € Fy u f(x) =1 gz x € Fs.

< =: Cnenyer npumennts 9.3.13 ipu F:= Fy u G:= X \ F5.

<: Ecomu FiNFy = @ u Fy, Fy 3aMkuyTel, To MHOKecTBa G := {f <
1/2} u Go:= {f > 1/2} nna coorsercrBytomeil GyHKIUM f OTKPBHITHL 1
He nepecekatorcest; Gy D Fy, Go D Fy. >

9.3.15. ONPEJAEJEHUE. Tomosioruaeckoe nmpocTpancTBo X Ha3bi-
sarom Ty 1 -NPOCTPANCINEOM, €CIIH JIJIsl IPOU3BOJIBHON TOUKM T € X u
3aMKHYTOIO MHOXKEeCTBa F', He COIEp:Kalllero T, UMeeTCsl HeIIPEPbIBHAS
dyskuuga f : X — [0, 1] rakas, uro f(z) = luy € F = f(y) = 0.
Ornesumoe T3%-HpOCTpaHCTBO HA3BIBAIOT MUTOHOBCKUM WA 8NOANE Pe-
2YNAPHDIM.

9.3.16. HopmaJjibHOE IPOCTPAHCTBO SBJISIETCS THXOHOBCKHM.
< Cunencrsue 9.3.1 u 9.3.14. >

9.4. KoMIakTHOCTb

9.4.1. Ilycte # — 6aszuc ¢puaprpa B TOMOJOIHIECKOM MPOCTPAH-
crBe u clB:=N{clB: B € %} — MHOXKeCTBO €ro TOYEK MPHKOCHOBE-
aus1. Torna

(1) 1% = clfil %B;
(2) Z—z=xeclB;
(3) (B — yabrpacpuibrp, x € cl B) = B — .
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< Cuemyer mpoBepuTh TOJIBKO (3), Tak Kak crnpapeimsBocTb (1)
u (2) scua. Jna U € 7(z) uw B € % somonneno U N B # @. Nnade
roBops, ectb uibTp % 1= 7(2)V.A. dcuo, uro F — x. Iommumo sT0r0,
F = B, ubo # — ynvrpaduiabrp. >

9.4.2. ONPEJE/IEHUE. MHOXeCTBO IIPUHSITO HA3BIBATH KOMNAKM-
HbLM, €CJIU U3 JIIOOOTO €ro OTKPBITOrO MOKPBITHSI MOYKHO BBIJEJINTH KO-
HeuHoe 1o okpeirue (cp. 4.4.1).

9.4.3. Teopema. Ilycte X — romnosorudeckoe rmpocrparcTso u C
— muOXkecTBO B X. Crenyronue yTBepKAeHUsT IKBUBAJICHTHDI:
(1) muOM)CECTBO C' KOMIAKTHO;
(2) ecsm 6asuc puibrpa B He umeer B C' TOYEK IPHKOCHO-
BeHusi, TO Hatinércest B € 9B, mist koroporo BN C = &;
(3) kakaprii 6asuc ¢uabrpa, cogepxammii C, umeer B C
TOYKY IPUKOCHOBEHHSI;
(4) kaxupiii yaprpacpuiabrp, comepxkamuii C, mmeer B C
Ipeedr.
<9(1)= 2):PazcdBNC =2,10 C C X\ clAB Urax,

CcX\n{clB: Be #} =U{X \clB: Be %}
3HAYUT, MOXKHO BBIJIEJUTH KOHETHOE MHOYKECTBO By B A, JJIs1 KOTOPOTO
Cc U{X\ClBO : By e 930} = X\Q{CIBO : By e 930}

ITycrs B € % rakoso, uto B C N{By : By € %o} C N{clBy: By € %By}.
Torna
CNnBcCnNn(M{clBy: By € %o}) =2.

(2) = (3): Ecom C = &, 10 foKasbiBaTh HUUEro He Ha0. Ecim xe
C #+ @, o jig B € % no yenosuio BN C # @, ubo C € A. Takum
obpaszom, clBNC # .

(3) = (4): Crenyer upusmeus 9.4.1.

(4) = (1): MoxHso cunraTh, uro C' # & (MHAUE HEYETO OKA3BIBATS ).

Homycrum, aro C' HekoMIakTHO. Torma HaiiéTcss MHOXKECTBO &
OTKPBITHIX MHOKeCTB Takoe, yto C' C U{G : G € &}, u B 10 Xe Bpems
I IF060r0 KOHETHOTO HOAMHOXKeCTBa &y B & He BepHO, uro C' C U{G :
G € 6p}. Tomoxum

B .= { ﬂ X\ G: & — KOHEYHOE TIOJMHOXKECTBO éa} .
Geéby
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dAcuo, uro BB — 6azuc duiasrpa. Ilomumo 3Toro,

cdB={clB: Be #}=n{X\G: Ge&}=
=X\WG: Ge&}tcCcX\C.

ITycrb Teneps # — yubTpaduibTp, comepKaiimii % (ero cyuecTBoBaHne
rapaaTuposano 1.3.10). Tak Kak 110 JIOIYIIEHNO KaXK10e MHOKECTBO U3
AB conepKUT HeKOoTopble Touky 3 C, MOXKHO obecrieduThb, uro C' € F.
Torna & — x pya sekoroporo x € C u, crajgo 6biTh, 1m0 9.4.1 (2),
cl FNC +# @. B ro xe Bpems cl F C cl A. Tlonyuniu nuporusopedne. >

9.4.4. BAMEYAHUE. kBuBaJeHTHOCTH (1) < (4) B Teopeme 9.4.3
Ha3BIBAIOT kpumepuem Bypbarxu m Boipaxkaior npu X = C' ciooBamu:
<IIPOCTPAHCTBO KOMIIAKTHO B TOM M TOJIBKO B TOM CJIyUae, €CJIU KAXK/IbIT
yabpTpaduabTp B HEM cxomurcesy (cp. 4.4.7).

Yavmpacemvio Ha3BIBAIOT CETh, (DUIBTP XBOCTOB KOTOPOI SIBJISIETCS
yabTpaduabTpoM. Kpurtepmit Bypbakn MOXKHO BBICKA3aTh TaK: <KOM-
MAKTHOCTHh PABHOCHJILHA CXOJIUMOCTH yJbTpacereily. Ha ssbike cereit
MOXKHO TOJIYYUTh U UHBIE TOJI€3HbIE MPU3HAKN KOMIAKTHOCTH. Harmpu-
Mep, «IIPOCTPAHCTBO KOMIIAKTHO B TOM U TOJIKO B TOM CJIydae, €CJIn
J1100ast CEeTh ero MMeeT CXOJISIIITYIOCS MOJICETh>.

9.4.5. Teopema Beiiepuirpacca. Obpa3 KOMIAKTHOIO MHOXKE-
CTBa IPH HEIIPEPBIBHOM OTOOparkeHun KommaxTeH (cp. 4.4.5). <>

9.4.6. IIycrpr X( — HOAIIPOCTPAHCTBO TOIIOJIOTHIECKOT'O ITPOCTPAH-
crBa X u C' — moamuoxkecrBo Xgy. Torma C komnakTao B Xg B TOM
H TOJIBKO B TOM ciaydae, ecau C' kommaxkTHO B X .

< =: Crenyer 3 9.4.5 n 9.2.17 (1).

«: Ilycrs % — 6azuc punerpa B Xo. llycrs, nanee, V:= clx, & —
MHOXKECTBO TOYEK IIPUKOCHOBeHUsI A, HaiijenHoe B Xo. Jomycrum, 9ro
VNC = @. Tak kak & — 310 6azuc puibrpa u B X, TO UMEET CMBICJT
TOBOPHUTH O MHOXKECTBe TO4YeK npukocHoBerus W := clx %, naiiieHtHom
B X. dcuo, uro V = W N Xy u, ssauur, W N C = &. N3-3a KOMIAKT-
voctu C' B X ma ocHoBanuu 9.4.3 MoxkHO HaliTu B € %, njst KOTOPOro
BN C = @. Buosb npusiekast 9.4.3, sBuaum, aro C' komnakTao B Xo. >

9.4.7. BAMEUYAHUE. [Ipesyoxenue 9.4.6 9acTo BbIpaXKaioT CJIOBa-
MH: «KOMITAKTHOCTb — 3TO abCOJIIOTHOE IOHSATHEY, T. €. CBOHCTBO MHO-
2KeCTBa, OBITH KOMITAKTHBIM 3aBUCUT TOJILKO OT WHLYITUPOBAHHON B HETO
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TOTIOJIOTUU, & HE OT OOBEMJIIONIETO MPOCTPAHCTBA. B 3Toi cBa3u 00bIU-
HO OTPAHUIMBAIOTCS PACCMOTPEHUEM KOMNAKMHHIL NPOCMPAHCMS, T. €.
MHOKECTB, «KOMITIAKTHBIX B cebes.

9.4.8. Teopema TuxoHoBa. THXOHOBCKOE MPOU3BEICHUE KOMIIA-
KTHBIX IPOCTPAHCTB KOMIAKTHO.

< Iyers X:= ] ces X¢ — npousBejieHIe PAcCMaTpPUBAEMOIO ceMeii-
ctBa. Ecmim xors 661 onHo 113 X¢ mycTo, To X = & U JOKa3bIBATH HEJETO.
IIycts X # @ u .% — yawrpacdunastp B X. ITo 1.3.12 npu kaxxaom £ € =
JUIsl KOOPJMHATHOIO poekTopa Pre : X — X, Beinosneno, 4ro Pre (%)
— yapTpacdmisTp B X¢. 3HauwnT, B cnay 9.4.3 maiinéres x¢ € X¢, aud
koroporo Pre(F) — ze. Ilycrs @ £ — x¢. Ilomsarwo, uro & — x
(cp. 9.2.10). Emgé pa3 anewsmpyst Kk 9.4.3, BeiBoZUM, 970 X KOMIIAKT-
HO. >

9.4.9. 3aMKHYyTOE MOJMHOYKECTBA KOMIIAKTHOIO MPOCTPAHCTBA KOM-
MHaKTHO.

< IMycrs X xomnakrao u C € Cl(X). Ilycrs, nanee, # — yabrpa-
duwibrp B X u C € %. Ilo Teopeme 9.4.3 B X umeercs nupejgen: # — x.
ITo reopeme Bupkroda 9.2.2, x € clC = C. Buosb npusniekas 9.4.3,
3akjro9aeM, 9To C' KOMIIAKTHO. [>

9.4.10. KomMmakTHOE IIOAMHOYXKECTBO XayCAopgoBa TOMOJIOIHIECKO-
I'0 IPOCTPAHCTBA 3aMKHYTO.

< IIycrs C kommnaxkTHO B Xaycaopdosom X. Ecim C = @, To no-
kazeiBaTh Hedero. Ilyers C # @ uw x € clC. B cury 9.2.2 maiigéres
dunbrp Fy Takoit, uro C € Fy u Fy — x. llycrs F — yaprpaduisrp,
copepzxkamumii %y. Torma .% — x u C € %. Ha ocuosanun 9.4.3 y %
ectb nipesest B C. Ho mo 9.3.4 stot nupenen equacrsen. 3uaqant, x € C. >

9.4.11. Iycrs f : (X, 7) — (Y, w) — HeupepbIiBHOE B3aUMHO OJI-
HO3Ha4HOe orobparkernue, npuuéM f(X) =Y. Ecam T — KoMHOakTHasi
TOITOJIOTHSI, & W — XaycAopgoBa TOIOJIOTHSI, TO f — roMeoMOpPQHU3M.

< Cnexyer ycTaHOBHUTE, uTo f ! HempepsisHO. JIJIst 9TOr0 HEOGXO-
jquMo yoeauroes, uro F' € Cl(r) = f(F) € Cl(w). Bossmém F € Cl(7).
Torma F xommnaktaO B cuiay 9.4.9. Ilpumensis nocimemoBareasno 9.4.5
u 9.4.10, Buaum, uro f(F) 3amkHyTO. >

9.4.12. Ilyctb 71 B T — JB€ TOIOJIOTHH Ha OJJHOM MHOXKecTBe X .
Ecun npocrpancrso (X, 1) komnakrao, a (X, 72) xayciaopgoBo u 11 >
Ty, TO T4 = Ty. <>
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9.4.13. 3AMEYAHUE. YTrBepxkaeaue 9.4.12 qacTo BbIpaykaioT CJIO-
BaMU «KOMIAKTHAS TOTOJOTUST MUHUMAJILHA.

9.4.14. Teopema. XaycaopphoBO KOMIIAKTHOE IMPOCTPAHCTBO HOP-
MaJIbHO.

< IIycrs X — paccmaTpuBaeMoe MPOCTPAHCTBO U B — KaKOi-HUOYIb
6azuc ¢puiabrpa B X. Ilycrs, nanee, U — okpecrHocTh cl A. dcHo, uro
X\ int U kommakrao (cM. 9.4.9), npnaém cl ZN (X \intU) = &. Ilo reo-
peme 9.4.3 maiigérca B € % rakoe, uto BN(X \intU) =@, 1.e. BCU.
IMonaras, eciau myxuo, B:= {clB: B € %}, MOXKHO yTBEPKIATH, 9TO
cdBCU.

ITycrb gt Havasa © € X u B:= 7(x). B cuny 9.34, cl B = {z}
u, 3uauut, GuabTp 7(r) uMeeT 6A3UC, COCTOANMIA U3 ZAMKHYTHIX MHO-
xkecTB. Crajo 6b1Th, X pErysspHO.

Ilycts Teneps F' — HemycToe 3aMKHYTOEe MHOXKecTBO B X. B Kaude-
crBe & Bo3bMEM buiibTp okpectHocTei F. 110 9.3.8, cl # = F, u 1o yxe
YCTAHOBJIEHHOMY Z8 nMeeT Ga3uc, COCTOSIINN U3 3aMKHYTHIX MHOYKECTB.
B coorBercrBum ¢ 9.3.9, X — HOpMAaIBbHOE TPOCTPAHCTBO. [>

9.4.15. CaeacrBue. C TOYHOCTHIO 710 TOMEOMOPGU3MAa XAyCIOP-
(pOBBI KOMIAKTHBIE IPOCTPAHCTBA CYyTh 3AMKHYTBIE TIOJMHOXKECTBA TH-
XOHOBCKHX KYOOB.

<1 To, 9T0 3aMKHYTOE MTOJIMHOYKECTBO TUXOHOBCKOT'O Ky0a KOMITAKT-
o, cieayer u3 9.4.8 m 9.4.9. Xaycmopdosocts Kyba, a moToMy u €ro
IO/IITPOCTPAHCTB, HECCIIOpHA.

IIycts X — HEKOTOpOE KOMIIAKTHOE XayCAopdOBO MPOCTPAHCTBO.
ITycrs em@ @ — COBOKYIHOCTDb HenpepbiBHbIX dyHkmit n3 X B [0, 1.
Ompeiestnm otobpazkenne ¥ : X — [0, 1|9 npasuiom ¥ (x)(f):= f(x),
rmexr € Xu f e Q. Uz 9.4.14 u 9.3.14 BeiBoguM, uro ¥ B3aMMHO
opHo3HauHO orobpaxkaer X Ha W(X). ITomumo storo, ¥ HenpepbIBHO.
Ocrasocs npumennts 9.4.11. >

9.4.16. BAMEYAHUE. Cruencrsue 9.4.15 npeacrasiser coboii yacThb
boJtee obITero yrBep:KaeHus. VIMEHHO, THXOHOBCKIE MTPOCTPAHCTBA CYyTh
(¢ TogHOCTBIO 110 TOMEOMOPGU3MA) HOANPOCTPAHCTBA TUXOHOBCKUX KYy-
6oB. <>

9.4.17. BAMEYAHUE. XaycaopdOoBbl KOMIAKTHBIE TPOCTPAHCTBA,
KaK [PABUJIO, HA3BIBAIOT 60JIee KOPOTKO — komnakmamu (cp. 4.5 u 4.6).
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9.4.18. Jlemma JIpenonne. Ilycts F' — 3T0 3aMKHyTOE HOJMHO-
skectBo, a Gy, ..., G, — OTKpBITHIE HOAMHOXKECTBa HOPMAJIbLHOI'O TOIIO-
JIOPHYECKOro mnpocrpancTBa, npuiém F C G1 U ... U G,,. Haiixgyrces 3a-
MKHyTBbIe MHOXKecTBa F1, ..., F, takme, auro ' = F1U.. .UF, u F, C Gy
(k:=1,...,n).

< HocraTouno paccmorpers ciaydait n:= 2. Ilpu k:= 1,2 muaOXKe-
crBo Uy := F \ G 3amxayro u Uy NUs = &. C yuérom 9.3.10 umerorca
oTrkpbIThie V1 u Vo, st kotopeix Uy C Vi, Uy C Vo u VNV, = @. Tloso-
kM Fy:= F\Vj. dcuo, uro Fy, samxuayTo u Fy, C F\U, = F\(F\Gy) C
Gy st k:=1,2. Tlpwstom FUF, = F\ (ViNV)=F. >

9.4.19. BAMEUYAHUE. [lo 9.3.14 3aksouaem, uro B ycyioBusx 9.4.18
JIUIS PACCMATPUBAEMOTO ITPOCTPAaHCTBa X HAIyTCs HENPEPBIBHBIE (DYHK-
wn oy, by 2 X — [0, 1] raxue, wto byl = 0 n Yorq hi(x) =1 s
TOYeK x U3 HekoTopoil okpectHocTr F. (Kak o6prano, G := X \ Gj.)

9.4.20. ONIPEAEJEHUE. Tomosioruto, B KOTOPO# Kazk1as TOYKa 00-
J1a43eT KOMIIAKTHOW OKPECTHOCTDHIO, Ha3bIBAIOT A0KAALHO KOMNAKMHOU.
JIoKaAHO KOMNAKMHM NPOCTPAHCTMEOM HA3BIBAIOT MHOXKECTBO, CHab-
2KEHHOE JIOKAJIbHO KOMITAKTHOHN Xayc10pdoBOii TOMOIOTHEA.

9.4.21. Tornojiorudeckoe IpoCTPAHCTBO JIOKAJIBHO KOMIAKTHO B TOM
¥ TOJIBKO B TOM CJIydae, eCJId OHO TOMEOMOP(HO ITPOKOJOTOMY KOMIIAKTY
(= KOMIIAKTY ¢ BBIKOJIOTOH TOYKOH), T. €. JOMOJHEHHIO OJHOTOYEYHOTO
IOAMHOXKECTBa KOMIIAKTA.

< «: C yuérom Teopembr Beitepmrrpacca 9.4.5 mocratodno 3ame-
THTDb, 9TO KaXK/1as TOYKA IIPOKOJIOTOTO KOMIIAKTA 00JIaIaeT 3aMKHYTON
(B cuily pery/sipHOCTH KOMIAKTa) OKPeCcTHOCTbI0. OCTajoch NpHUBIIEYDb
yrBepxkaeand 9.4.9 u 9.4.6.

=: ITomecTum ucxouoe npocrpancreo X B X := X U {oo}, npu-
coequHNB K X B3ATYIO CO CTOPOHBI TOUKY 00. basmc okpecTHOCTEH 0O
COCTABUM U3 JIOMOJTHEHHH B X~ KOMITAKTHBIX O MHOKeCTB B X . OKpect-
HocTsiMH TOYKU m3 X B X OODBABUM HAJIMHOXKECTBa €€ OKpeCTHOCTEi
B X. Eciim A — ynerpacduibrp 8 X u K — kommakT B X, To /U cxonut-
cs K Touke u3 K, kak Tosibko K € 2. Ecnm xxe B U jiexkuT momoHeHne
sroboro kommakTa K C X, To 2 cxoqurces K co. >

9.4.22. 3AMEYAHUE. Ecjmm JIOKQJIbHO KOMIIAKTHOE ITPOCTPAHCTBO
X He KOMIIAKTHO, TO TpocTpancTBo X ', dhurypupyromiee B 9.4.20, HA3bI-
BaIOT 00HOMOYewHOU WA GAEKCAHIPOSCKOU Komnarmupurayuetd X .
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9.5. PaBHOMEpHBIE U MYJIbTUMETPUYIECKUE

HIPOCTPAHCTBA

9.5.1. OOPEAENEHUE. [lycts X — Hemycroe MHOXKECTBO U Xx —
dbunsTp B X2, OuinTp %x HA3LIBAIOT pasHomeprocmuio B X, ecan

(1) wx cfil{Ix};
(2) UE%XéU_le%X;
8) WVUe%x)3V ewuUx) VoV CU.

PasromeprocTbio mycroro Muoxkecrsa X naspiBaor Xy := {@}. Iapy
(X, %x) (a gacro u MHOKeCTBO X ) HABBIBAIOT PAGHOMEDHVIM NPOCTNPAH-
CMBOM.

9.5.2. [List paBHomepHoro npocrpancrsa (X, %x) moaoxum
reX=71(x)={U(z): UeU}.

Orobpazkenue 7 : x — 7(x) — Tonojorus Ha X .

< To, uro 7 — 1o upexrononorus, scuao. Ecau W € 7(x), 1o
W =U(z) pns mwekoroporo U € %x. Boibepem V € %x Tak, 4robbl
VoV CU. Ecm y € V(x), o V(y) C V(V(x)) = VoV(z) C U(x)
C W. UnubiMu cioBamu, MHOXKECTBO W SIBJISIETCS OKPECTHOCTBIO Y /IS
Besikoro y € V(z). CaenoaresbHo, MHOXKeCTBO V() JI€XKUT BO BHYT-
peunoctu int W. 3naunt, int W — okpecrrocTb . OcCTaJioch NpUBJIEYh
9.1.6. >

9.5.3. ONPEAEJIEHUE. Tomosioruto 7, hurypupymoiryio B 9.5.2, Ha-
3BIBAIOT TONOJIOIHER PABHOMEPHOro npocrpancrsa (X, %x) wWin pasho-
meprol monoaozued n obosuadaor T(%x), Tx U T. IL.

9.5.4. ONPEJAENEHNE. Tononoruueckoe npocrpasctso (X, 7) Ha-
3BLIBAIOT PAGHOMEPUSYEMDBLM, €CIIA CYHIeCTByeT paBHOMepHOCTh % B X
TaKas, 9TO T COBIAJAET ¢ PABHOMEPHOH Tomosorneit 7(% ).

9.5.5. IIPUMEPHI.

(1) Merpuueckue IpOCTPAHCTBA (CO CBOUMM TOIOJIOTUSIMU )
pPaBHOMepHU3yeMbl (CBOMMU PABHOMEPHOCTSIMHU ).

(2) MyJIBTHHOPMUPOBAHHBIE TIPOCTPAHCTBA (CO CBOUMHU TO-
HOJIOIHUSIMA ) PABHOMEPH3YeMbI (CBOUMU PABHOMEDHOCTSIMH ).
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(8) Myers f: X — (Y, W) u f~H (U ):= Y U), rre,
KaK obbrano, f*(x1, x2):= (f(z1), f(x2)) mia (z1, z2) € X2. ScHo,
aro f~Y(%y) — pasromepnocts B X . Ilpu aTom

T(fH wy)) = fH ().

Pasnomeprocts f (%) mHaswBAIOT Mpoobpazom pasnomeprocmu Uy
npu omobpasiceruy, f. Taxkum o6pasoM, mpoobpa3 paBHOMEPHOI TOIIO-
JIOTUU PaBHOMEDPU3YEM.

(4) Iycrs (Xe, % )eez — 9TO0 HEKOTOPOE CEMECTBO PaB-
HOMEPHBIX IpocTpancts. Ilycth, manee, X := ngE X¢ — mpousseje-
nue sroro cemeiictsa. llomoum %x = Supgcz Prgl(%g). Pagmomep-
HOCTb %y HA3BIBAIOT Muronosckol. Her comHeHuit, 9T0 paBHOMEp-
nas ronojiorus 7(%x) — ITO TUXOHOBCKAZ TOILOJOIUs [IPOU3BEICHUS
(Xe, 7(%))¢e=. <>

(5) XaycaopgoBo koMIIAKTHOE IPOCTPAHCTBO PABHOMEPHU3Y-
€MO, H IIPUTOM €JJMHCTBEHHBIM 06Pa30M.

<1 B cuity 9.4.15 Takoe mpocTpancTBO X MOYXKHO PACCMATPUBATH KaK
[O/IIPOCTPAHCTBO TUXOHOBCKOrO Kyba. W3 9.5.5 (3) u 9.5.5 (4) cuexay-
er paBHoMepu3yemMocTh X . IToCKOIBKY, KaK BHIHO, KayKI0€ OKPYyKEeHUe
JUAroHAJIN B PaBHOMEPHOM IIPOCTPAHCTBE COJEPXKUT 3aMKHYTOE OKpPY-
JKeHHe, TO U3 KOMIIAKTHOCTU MHOXKeCTBa [x BBITEKAET, 9YTO BCSIKAs €ro
OKPECTHOCTH BXOIUT B %x . C JApyroii CTOPOHBI, JII060E OKPYKEHHE BCe-
I7[a OKPECTHOCTD JUArOHAN. [>

(6) IIycrb X, Y — HemycTble MHOXKeCTBa, %y — PABHOMED-
HOCTb B Y U % — (DUIBTPOBAHHOE 110 BO3PACTAHMIO TIOJIMHOKECTBO 2% .
Hnsa B € Z u 0 € Yy 1nonoxuM

Upo:={(f, 9) e YX xYX: golgoftcCo}
Torna % := fil{Upg: B € B, 0 € U} — pasnomepHocTb B Y X | nme-
olas Heu3sIHoe (HO TOYHOE) HA3BaHUE: «PABHOMEDHOCTH PABHOMEp-
HOIl CXOIAMMOCTH Ha MHOXKECTBax um3 %B». TakoBa, HAIPEMED, PABHO-
MEpHOCTHh MyJbTHHOPMBI Apenca (cm. 8.3.8). B cuyuae, eciu £ ecrb
COBOKYITHOCTb KOHEYHBIX MOJMHOKECTB X, TO %/ COBIAJIAET ¢ THXOHOB-
CKOif PABHOMEPHOCTBIO B Y X . DTy PaBHOMEPHOCTD B JIAHHOI CHTYAIMN
HA3BIBAIOT CAGOO0L, 8 COOTBETCTBYIONLYIO TOIOJOTHUIO — Monosoeuel no-
moueunoti crodumocmu (pexke — npocmoti cxodumocmu). Ecmmn xe P
COCTOUT W3 €WHCTBEHHOTO 3jieMeHTa — n3 { X }, To paBHOMepHOCTH %/
HA3BIBAIOT CUAbLHOL, & COOTBETCTBYIONTYTo Tomoaorno 7(% ) 8 Y X — mo-
noaoeuet pasHoOMeEPHOT CTOOUMOCTIU.
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9.5.6. 3AMEYAHUE. ¢cHO, 4TO B paBHOMEDHBIX (1 PABHOMEPU3ye-
MBIX) [IPOCTPAHCTBAX MMEIOT CMBICJ TaKue HOHITHUS, KAK PABHOMEDHAS
HEIIPEPBIBHOCTD, MAaJIOCTh JAHHOI'O IOpsJKa, IIOJHOTAa M T. I. B 3aTmx
IIPOCTPAHCTBAaX, KaK BUJIHO, COXpaHeHb! anasorn 4.2.4-4.2.9,4.5.8, 4.5.9,
4.6.1-4.6.7. Ilone3HpIME yIPasKHEHUSIMHI SIBJISIOTCS OCMBICTTHBAHIE BO3-
MOYKHOCTH IIONIOJTHEHUSI PABHOMEDPHOI'O IPOCTPAHCTBA, JOKA3aTEIbCTBO
kpurepus Xaycaopda, aHam3 JoKa3aTeJIbCTBa TeopeMbl Ackou — Ap-
neJjia U T. 1.

9.5.7. ONPEAEJIEHUE. Ilycrs X — muoxectso, R’ := {z € R :
x > 0}. Orobpaxkenue d : X2 — R, Ha3BIBaIOT noaymempukoti uiu
omxaonenuem Ha X, ecian
(1) d(z, ) =0 (z € X);
(2) dz, y) =dy, z) (z, y € X);
3) d(z, y) <d(z, z)+d(z y) (z, y, z € X).
[Mapy (X, d) HA3BIBAIOT NOAYMEMPUHECKUM NPOCTPAHCTNEOM.

9.5.8. [lis nosymerpudeckoro npocrparcrsa (X, d) mojoxum
Uy:=fil{{d <e}: >0}
Torma %y — paBHOMEpHOCTH. <I>

9.5.9. ONIPEAEJIEHUE. Ilycrs 9 — (HelrycToe) MHOXKECTBO IIOJIY-
merpuk Ha X. Torga mapy (X, 91) Ha3BIBAIOT MYALMUMEMPUUECKUM
npocmpancmeom, a MHOXKeCTBO I — myavmumempukoli. Pasrnomep-
HOCTD MYABTUMEMPUHECKO20 NPOCTPAIHCIMEA OIPEAETAIOT COOTHOIIE-
HIEeM

Uon = sup{ %, : d € M}.

9.5.10. OIIPEJIEJIEHUE. PaBHOMEpHOE IIPOCTPAHCTBO IIPUHSITO Ha-
3BIBATb MYADTMUMEMPUSYEMDIM, €CITU €I'0 PABHOMEPHOCTH COBIAJAET C
PaBHOMEPHOCTBIO HEKOTOPOT'O MYJIbTUMETPUUIECKOTO MpocTpancTBa. [lo
aHAJIOTAU OIIPENENSIOT U MYJbTUMETPHU3yeMble TOTOJOTUIEeCKA€e ITPOCT-
paHCTBA.

9.5.11. Ilyctp X, Y, Z — muHO)keCcTBa, T — IJIOTHOE ITOJIMHOXKECTBO
R u (Uy)ier, (Vi)ter — BO3pacTaromnime ceMeficTBa MHOMKECTB, JICHKAIITIX
coorBercTBeHHO B X X Z m B Z X Y. TTorma cymecTByrOT, H IPUTOM
€IMHCTBEHHbIC, (DyHKITHH

f:XxZ—-R, g:ZxY—-R, h:XxY =R
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Takue, 94To

{f<tpcUc{f<t), {g<ticVic{g<t}
{h<tycUoViCc{h<t} (teT).

Ilpwu sTOM mMeeT MecTO mpescTaBIeHHE

h(z, y) =inf{f(x, 2)Vg(z, y): z€ Z}.

<1 CymecrBoBanue Tpedyembix byHKImit obecrederno 3.8.2. Exun-
crBerarocts — 3.8.4. IlpencraBnenune dbynknun h gepe3 f u g 6eccrop-
HO. >

9.5.12. ONPEAEJEHUE. Iyers f : X x Z - R, g: ZxY — R.
Oyukmuio h, 3a7aay0 ¢ ToMoIIbio 9.5.11, HazeBaOT V-KoHE80A0UUET
f n g m obozHaTAIOT

fOvg(z, y):=inf{f(z, 2) Vg(z, y): z€ Z}.

AHajlornaHO onpenensdioT +-KxoHoa0uu0 f U g o mpaBmTy

fOLg(x, y):=inf{f(z, 2) + gz, y): z€ Z}.

9.5.13. ONPEAEIEHUE. Orobpaxkenne f : X2 — R’. maspiBaror
K-yavmpamempuroti (K € R, K > 1), ecan
(1) f(z, 2) =0 (z € X);
(2) flz, y) = fy, ) (x, y € X);
(3) % f(x, u) < flz, y)V [y, 2)V f(z, ) (2, y, 2, u € X).
9.5.14. BAMEYAHUE. Yciosue 9.5.13 (3) uHOrma HasplBarOT (CHIb-

HBIM) YALMPAMEMPUHECKUM HEPABEHCTNEOM. DTO HEPABEHCTBO MOXKHO
B cury 9.5.12 mepermncars B Buge K1 f < fO, fOuf.

9.5.15. JlemMma o 2-yapTpamerpuke. /Jljis kaxK o 2-yabTpaMeT-
puku f: X% — R’, cymecrByer momymerpuxa d rakas, aro 1/2f < d <
f-

< Myers f1:= f; for1:= fu0.f (n € N). Torma

frii(@, y) < fulz, ) + fly, y) = fulz, y) (2, y € X).
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Taxum o6pasomM, (f,) — yObIBatoIIast MOCJIEI0BATENHHOCTD. 110I10KIM
d(l‘, y):: hmfn(ma y) = inf fn(ma y)
neN
ITockosbky a711 n € N BbIIOSIHEHO

d(z, y) < fan(®, y) = o4 fu(z, y) < fulz, 2) + falz, v),

To d(z, y) < d(z, z)+d(z, y).

Cupasemmsocts 9.5.7 (1) n 9.5.7 (2) mecomuenna. Ocraoch ycra-
HOBUTB, uTO 1/2 f < d.

st storo ybemumcst, aro f, > 1/2 f ana n € N.

IIpu n := 1,2 Tpebyemble HepaBeHCTBA OYEBUAHBI. JlomycTum Te-
nepb, uro f > f1 > ... > f, > 1/2 f u B 10 xKe Bpema fni1(z, y) <

1/2 f(x, y) nast mekoropwix (z, y) € X? un > 2. Ilo nocrpoenuio npu
TIOXOJAIIAX 21, ..., 2y € X Oyzer

t:= f(z, z21) + f(z1, 22) + ...+ f(zn=1, 2n)+

i) < 31 9)

Ecmu f(x, z1) > t/2, r0t/2 > f(z1, 22) + ...+ f(zn, y) > 1/2 f(21, v).

IMonyuaem, aro ¢ > f(x, z1) u t > f(z1, y). Ha ocuoBanuu 9.5.13

(3), 1/2 f(x, y) < f(z, z1)V f(z1, y) < t. Orcrona BeITEKAET JIOKHOE

coorHomenue: 1/2 f(z, y) >t >1/2 f(z, y). Urax, f(z, z1) <t/2.
Haiiném m € N, m < n, njs koToporo

f(xv Zl) +...+ f(z’m—h an) <

)

flx, 21)+ ...+ f(Zm, Zme1) >

DO = DN o+

DT0 OCyIIeCTBIMO, H0O MHIIOTE3a M = N BJICYET HEBEPHOE HEPABEHCTBO
f(zn, y) > t/2. (B camom mese, Gbuio 6ot t/2 > f(z, z1) + ...+
F(on 1, 2n) > 1/20(z, 20)  no3tOMY 1/2 f(2, 4) > £ > f(z, 2")V
fzn; y) 21/2f(z, y).)

neem

N o+

f(z7n+1; ZWH»Q) + ...+ f(zn—h Zn) + f(zn7 y) <
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IIpuBnekast HHIYKIIMOHHOE IIPEIIIOI0KEHNE, 3aKITI0IAEM:

f(xa Zm) S Q(f(xv Zl) + ...+ f(szla Zm)) S t;
f(znu Z’m+1) S t;
f(z7n+la y) S Q(f(an»l; ZWH»Q) +ooF f(zna y)) S t.

CiienoBaTesibHO, B CHILY OIPEIEICHUS 2-yJIbTPAMETPUKI

1 1
§f(37, y) < f(@, 2m) V f(Zmy Zmi1) V f(Zme1, y) St < §f(xa Y).
[Tosryunau nporuBopevne, 3aBepIiaolee J10Ka3aTeJbCTBO. >

9.5.16. Teopema. Kazkmoe paBHOMEDPHOE MPOCTPAHCTBO MYJIHTH-
MeTpHU3yeMo.

< Iycrs (X, %x) — paccmarpuBaeMoe PABHOMEDPHOE IIPOCTPAH-
crBo. Bospmém V € %x. Homoxum Vi := V N V™! Ecau remeps
Vo, € %x, TO HalEM CUMMETPHYIHOE OKpysKeHHe V = 771, V e Ux
TaKoe, 94To VoVoV CV,. Honaraem Vog1:= V. Tak Kak 110 TIOCTpOe-
auio V, D Vpy10oVpp1 0V DVpprolxolx D Vyyg, T (Vn)neN —
yOBIBaOIIEE CEMEICTBO.

Hna t € R 3amaanm maOX)KecTBO Up COOTHOITEHNEM

, t <0,
Ix, t=0,
Ur:= < Viaf{nen:t>2-ny, 0<t <1,
Vi, t=1,
X2, t>1.

o onpenenenmo ¢ +— Uy (t € R) — Bospacrarormee cemeiictso. Pac-
CMOTDPHM eIUHCTBeHHyI0 dyrKmmio f : X? — R, yIOBIeTBOPSIONIYIO
cootHorenusm (cp. 3.8.2, 3.8.4)

{f<ttcU c{f<t} (teR).
Ecmu W= Us nna t € R, To npu s < t 6yzer
UsoUso U, C W

CaenoBaresibHO, B cuity 3.8.3 u 9.2.1 orobpazkenue f sgBJsieTCs 2-yIbTpa-
METPUKOIL.

IMpusnekas 9.5.15, naitném nosymerpuky dy rTakyio, aro 1/2 f <
dy < f. dcno, aro %y, = fil{V,,: n € N}. Hecomuenno rakxke, 41o
st myneruverpuka MM = {dy : V € %x} sbimonseno %y = Ux . >
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9.5.17. CiuencrBue. IIpocTpaHCTBO SIBJISIETCS PABHOMEDH3YEMbIM
B TOM " TOJILKO B TOM CJIy4dae, €C/Id OHO T3 1 -IIPOCTPAHCTBO. <>

9.5.18. CaeacrBue. THXOHOBCKHE IPOCTPAHCTBA CYyTh OTIEJIUMbIE
MyJIBTUMETPHUYECKHE IIPOCTPaHCTBA. <I[>

9.6. IlokpeiTusa n pa3bueHUs €IUHUIBI

9.6.1. OIPEAEJEHME. Ilycts &, F — ABa nokpouimus MHOMKECTBA
UsX,re & FC2XuUcC (U&) N (UF). Tosopar, uro & enucaro
B Z win & uameavuaem F, ecin KaxKJI0e MHOXKECTBO U3 & IMOMajaeT
B ojuH u3 v1ementos %, r.e. VE € &) (3F € #) ECF.

9.6.2. ONIPEAEJEHUE. [lokpbiTre & MHOXKecTBa X HA3BIBAIOT /A0-
KaAbHO KOHEewHbM (OTHOCHTEIBHO TOHOJIOTHH T B X)), €can y KaxJoil
To4uKM n3 X MMEETCsS OKPECTHOCTD (B CMBICJIE T ), EPECEKAIONIASICS JIHIIb
C KOHEYHBIM YHUCIOM 3JIeMEHTOB &. Takoe HOKpHITHE B Ciydae JHC-
KPETHO} TOIIOJIOIUH HA3BIBAIOT Moveyho Konewnvim. Hakonern, ecam X
pPacCMaTPHUBAIOT C IIPEBAPUTENHHO BbIJIEJIEHHON TONOJIOrHell T, TO MO
JIOKAJIBHON KOHEYHOCTHIO €r0 TIOKPHITHSL 110 YMOJIIAHUIO HOHUMAIOT CBSi-
3aHHBII C T BapuUaHT.

9.6.3. Jlemma Jlegurenja. Ilycrs & — T09€9HO KOHEUHOE OTKPbI-
TO€ MOKPBITHE HOpMaJbHOIo npocrpancrBa X. CyigecTByer Takoe or-
kpbiToe mokpeitne {Gg: E € &}, uro clGg C E npu Becex E € &.

< CocraBum MHOXKeCTBO S u3 orobpaxkenuil s: & — Op(X), mig
koropeix Us(&) =X u npn FE € & Gyner s(E) = E wm cls(E) C E.
st nono6ubix pyHKuii s1, sp mogaraior: s1 < sg = (VE € &)
(s1(E) # E = s2(F) = s1(F)). Buamo, aro (S, <) — ynopsjoden-
HOE MHOXKECTBO, puiéM [g € S. YCTaHOBUM WHIYKTHBHOCTH .S.

st et Sp B S nonmoxkum so(E) := N{s(E) : s € So} (E € &).
Ecmu so(E) = E, 1o s(E) = E npu Bcex s € Syp. Ecom xe so(F) # E,
To so(E) =N{s(E): s(E) # E, s<€ So}.

C yuérom smHeitHOCTH TIOpsizika B Sy BeIBoAUM: So(E) = s(F) s
s € Sy rakux, 9r0 s(E) # E. Orciona so(€) C Op(X) u sop > Sp. Ocra-
JIOCh YJOCTOBEPUTBCS, YTO So — HOKpbiTHe X (H, cTaso 6biTh, So € S).
ITo ycnoButo Touednoit Koneanocru jyist © € X umetorcs Fy, ..., E, B &
rakue, uro x € E1N...NE, ux ¢ F qusauneix E B &. Econ so(Ey) = Ey,
JJIsL KaKOro-s1nbo u3 k, TO JI0Ka3biBaTh Heuero — & € Uso(&). B ciayuae,
KOIJIa TIpH KaxkoM k Oyner so(Fy) # Ek, HaliayTes Si,..., 8, € So u3
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yeaosust sg(Ey) # Ey (k:=1,2,...,n). Pa3 Sy — 1enpb, MOXKHO CIUTATH,
910 S5, > {81,...,80_1}. Ipu stom z € s,(E) C E a1 moaxoamero
E € &. dceno, uro E € {Ey,...,E,} (u6o x ¢ E nna apyrux E). Paz
50(E) = sn(E), To x € s0(E).

ITo nemme Kyparosckoro — Hopua 1.2.20 B S ecThb MakcHUMAaJIbHBIIH
ssieMenT 5. BospméMm E € &. Eciu F:= X \Us(&\{E}), o F 3aMKHyTO
u 5(E) — okpecrrnocts F. Ha ocuosanuu 9.3.10 npu noaxoggamem G €
Op(X) 6yzer F C G C clG C 5(E). Tonowxum s(E):= Gu s(E):= 5(E)
s E # E (E € &). dcno, uro s € S. Ecm s(E) = E, 10 8 > 5 1,
3HaqnT, s = 8. Ilpu atom $(E) C clG C 5(E) = E, 1. e. cls(F) C E.
Ecmu xe $(E) # E, 1o c1s(E) C E no onpenenennto. Urax, § — uckomoe
MOKPBITHE. [>

9.6.4. ONIPEAEJEHUE. Ilycrs f — ckaaapran (= wucaosan) GyHK-
usi Ha TormoJiorndeckoM rnpocrpancrse X, 1. e. f: X — F. MuoxkecTBO
supp(f) := cl{z € X : f(z) # 0} naswBator wocumeaem f. Ecin
supp(f) — KOMIIAKTHOE MHOXKECTBO, TO f Ha3bIBaIOT unummnolt Gymk-
yueti. Nnorpa nosarator spt (f):= supp(f).

9.6.5. ITycrn (fe)ecse — HEKOTOpOE CEMEHCTBO CKAJISAPHDBIX (DyHK-
muif ma X u &:= {supp(f.) : e € &} — cemeiicrso ux Hocureuel. Eciu
& — rodeuHo KoHewyHoe MoKpbiTHe U, TO ceMeHcTBO (fe)ecs MOTOTETHO
cymmupyemo. Econ kK ToMy ke & JIOKaJIbHO KOHEUHO, a (fe)ecs Hempe-
PBIBHBI, TO CyMMa ) | . o fe TaKsKe HeNpPEepBIBHA.

< JIocTaTO4YHO 3aMETHTh, YTO B IIOJIXOJAINEH OKPECTHOCTH TOYKH
u3 U smmb KoHeuHoe anciio GyHKIui ceMeiicTsa (fe)ecs HE oOOparmaercs
B HYJIb. [>

9.6.6. ONPEAENEHUE. Cemeiicto dbyukmmit (f : X — [0, 1])ser
peJicTaBisieT padbuenue edunuys Ha MHOXKecTBe U B X, ecsin HOCHTE-
JIX 3JIEMEHTOB 9TOrO CEMEMCTBa COCTABJISIIOT TOYEYHO KOHEUHOE TIOKPbI-
tne U, u upu stom Y ¢ p f(x) = 1 sz seex o € U. llycroe cemei-
cTBO (DYHKIHUIT B TI0J0OHOM KOHTEKCTE CIMTAIOT CyMMUPYEMBIM K €IHHI-
1e. EcrecTBeHHBIM 06pa30M TPAKTYIOT TEPMUH « HENPEPLIEHOE Pa3OUEHUE
eJUHUYD W €r0 AHAJIOTH.

9.6.7. ONPEAENEHUE. IIyCTh & — nmokpsiTue MHOX)KecTBa U B TO-
[IOJIOTUYECKOM TIPOCTPAHCTBE, a F' — HelpepbIiBHOE pa30ueHne eIuHAIbI
Ha U. Ecau cemefictso Hocuteneit {supp(f): f € F} suucano B &, 10O
F maspiBaioT pasbucruem eounuywl, nodwurennovm &. Hanmame Takoro
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F s & Belpaskalor ciaoBaMu: «& donyckaem Henpepuisnoe pasbuerue
eUHUYbL.

9.6.8. Kaxsoe JIOKaJIbHO KOHETHOE OTKPBITOE ITOKPBITHE HOPMAJIb-
HOT'O IIPOCTPAHCTBA JOIIYCKAET pa30HueHue €IUHUIIDI.

< ITo Teopeme Jledmerna 9.6.3 B paccmarpuBaemoe mokpsiTae { U :
& € E} MOXKHO BIHCATh OTKpPBITOe HmOKpbiTHe {Ve @ ¢ € =}, misa koro-
poro cl Ve C U mpm Beex £ € =. Ilo Teopeme Ypricona 9.3.14 mmeercs
HernpepoiBHasg dyHkuus ge : X — [0, 1] rakas, aro ge(z) = 1 mpum
z € Veuge(r) =0mnpu z € X \ Ue. Buaunr, supp(ge) C Ue. Ha ocuo-
BaHHH 9.6.5 CeMEHCTBO (g¢ )¢cz MOTOUETHO CYyMMHUPYEMO K HEIIPEPHIBHOM
dyukuun g. Ilpu srom g(x) > 0 mua Bcex € X 100 HOCTPOEHHUIO.
IMonaraeMm fe:= ge/g (§ € 2). Cemeiictso (fe)ecez — ucKoMoe. >

9.6.9. ONPEAEJEHUE. TomoJiornieckoe MpoCTPAHCTBO HA3BIBAIOT
NAPAKOMNAGKMHHIM, €CJIA B JTI0O0E €ro OTKPBITOE MOKPHITHE MOXKHO BIIU-
caTh JIOKAJIbHO KOHEYHOE OTKPBITOE MOKPBITHE.

9.6.10. 3AMEYAHUE. Teopusi 1apaKOMIIAKTHOCTU COJEPIKUT TJIy-
OOKUe 1 HETPUBHUAJIbHBIE (DAKTHI.

9.6.11. Teopema. Merpuieckne IpOCTPAHCTBA MapaAKOMITAKTHBI.

9.6.12. Teopema. XaycaophoBO TOMOJOTHIECKOE MPOCTPAHCTBO
MapaKOMITAKTHO B TOM H TOJIKO B TOM CJIydae, eCJIH KaXKJ[0e ero OTKPbI-
TOEe HOKPBITHE JIOIYCKAET HEIPEPBIBHOE Pa3OUeHHe €UHHIIBI.

9.6.13. BAMEYAHME. Merpuueckoe mpocrpancrso RY o6iamaer
PSIJIOM JTIOTIOJTHUTEBHBIX CTPYKTYD, OOECIIEYTNBAIONINX 3aIac KBaJu(U-
[POBAHHBIX — 24a0kur (= GeckoHeaHo suddepeHnupyeMbix) — GyHK-
it (cp. 4.8.1).

9.6.14. ONPEIEJIEHUE. Ycepeduaouum sdpom B RY npumaro na-
3bIBATH JIOOYIO BEIIECTBEHHYIO [VIAJKYI0 (QYHKIHIO ¢ C eJUHAIHBIM (JIe-
6eroBbIM) MHTErpaAJIOM U Takylo, 4ro a(z) > 0 mpu |z| < 1 u a(z) = 0
nst |x| > 1. Tpu stom supp(a) = {x € RY : |z| < 1} — eaunmanbrit
eBKInI0B map B:= Bgrw.

9.6.15. ONIPEEJIEHUE. /[eabmoo6pa3toti nocaedogamessbHocmsio
HA3BIBAIOT TAKOE CEMEICTBO BeleCTBeHHbIX (Maakux) Gyukmit (be)e>0,
9T0, BO-TIEPBBIX, lin(l)(sup | supp(be)|) = 0 u, BO-BTOPBIX, f]RN be(z)dx =1

E—
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(e > 0). Hcnoap3yloT TakKe TEPMUHBL 0-10CAJ08AMEALHOCG U O-
obpasnasn nocaedosamenvrocmo. JacTo OrpaHHYUBAIOTCS CIETHBIMU 110~
CJIE/IOBATEJILHOCTSIMHL.

9.6.16. [TPuMEP. IlomynspHoe ycpemHsIoniee sipo — 3T0 MYHKIHA
a(z) := texp(—(|z|?> — 1)), moonpenenéunas myném BHe mapa intB,
rjie KOHCTanTa t 3ajana ycaosueM [py a(z)dr = 1. Beskoe ycpeans-

foITee SJIPO MOPOYKIACT IETBbTOOOPA3HYIO TIOCIeI0BATELHOCTD e (1) 1=
e Na(z/e) (v € RV).

9.6.17. ONPEJAEJNEHUE. Iycts f € L1 10c(RY), 1. e. f — mexo-
TOpas A0KAAbHO unmezpupyemas (= UHTErpUpyeMasl IIPU CyKEHUH Ha
Juoboit komnakr) dbynkimsa. s kaxaoil GbuHuTHON uHTErpUpyeMOoit
dbyHKIMN ¢ OUpPenessaioT c6é€pmky f * g COOTHOIIEHTEM

f gl = / f@ -y dy (zRY).

9.6.18. BAMEYAHUE. PoJib ycpe HSOMNX sijIep U JeIbTO00Pa3HBIX
HOCIIEI0BATENBHOCTEN (Gg)e>0 MPOSICHIETCS AHAJIU30M NPOUECCH C2Ad-
orcusarus f— (f * az)eso dyaxkuun f € LUOC(RN) 1 ero IocJeJCTBU
(cp. 10.10.7 (5)).

9.6.19. CupaBeIIuBbI Yy TBEPKICHUS:
(1) s KazKOrO KOMIAKTHOrO MHOYXKECTBa K 13 npocrpaH-
crea RN u kakoii-n6o ero oxpecrnocrn U cymecTByer
cpe3biBaresnb (= cpesbiBaomas GyHKnu:a) ¥ == Yk u,
T. e. Takoe riazKoe otobpaxenne 1 : RN — [0, 1], uro
K Ccint{s) =1} msupp(v)) C U;
(2) nycrs Uy,...,U, € Op(RN), npuuém U; U ... U U, —
okpecrHoCcTh KomnakTa K. CyuiecTByror riiajakue ¢yHK-
o Py, ..., b, : RN — [0, 1], yaosaersopsionge ye.ro-
Bustm supp(Yy) C U u > Y (x) = 1 gist & u3 Heko-
Topoit okpectHocTH K .
< (1) Oycrs e:= d(K, RN\U):= inf{|z—y| : = € K, y ¢ U}. Scno,
qro € > 0. s 5 > 0 o6o3HaUUM Xg XapaKTePUCTUIECKYIO (DYHKITHIO
muO)kecTBa K + eB. Bo3bMéM 1es1bTO00PA3HYIO TIOCIIEI0BATEIBHOCTD
IOJIOZKUTEIBHBIX DYHKIWHA (D) >0 ¥ HOM0KUM ¢ := X g% b,. IIpun7y < f3,
B +7 <e, rae 7:= sup | supp(b)|, yuKuna 1) — uckomasi.
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(2) TIo nemme Jpenonne 9.4.18 umerorcs: 3amkuyThie Fy, C Uy, co-

crapiigronine nokpoeitue K. Ilonoxum Kj := Fp N K u paccmoTpum
n

cpespiBaTeNn Yy, = Vi, v,. Pyukimmm /Y, Y (k= 1,...,n),

onpezesénnbie Ha {Y ;¢ > 0}, mocie pacnpocrpaHeHns HyJéM Ha

{341 ¥r = 0} 1 yMHOXKeHUSI Ha Cpe3bIBATENb NOAXOAMIEH OKPECTHO-

ctu K cTaHOBSTCS MCKOMBIMU. [>

9.6.20. Teopema o paszbuenuu emuuuinsr B RY. Ilycrs & —
cemeiicTBo oTKpBITEIX MHOkecTB B RY 1 Q:= U&. Cymecrsyer cuérHoe
pasbueHne eqHHHIIBI, COCTABJIEHHOE IVIaJKUMU (DUHUTHBIMH (DYHKIIUSIMU

Ha RN U IIOIMMHEHHOE€ ITOKPDBITUIO & MHOXKecTBa §).

< Broummem B & Takoe c4€THOE JIOKAJHHO KOHEYHOE HOKPhITHE A 13
KOMITAKTHBIX MHOXKECTB, UTO CeMefcTBO (@ := int a)nea TaKKe 00pasyer
orkportoe nokpeitue ). Ilogbepém orkpoiroe mokpoitue (Vi )aca u3

yesosust clV, C @ mpu a € A. Ha ocuosanun 9.6.19 (1) umerorcs
cpesbiBaten ¥, = Yoy, z. lonaras ¥, (z) == ¥, (z)/ Y aea Val)
mpn z € Q u Yo(z) := 0 mia x € RY \ Q, npuxoaum k TpeGyemonmy

pazbueHuio. >

9.6.21. 3AMEYAHUE. CTouT MOAYEPKHYTH, YTO IOCTPOEHHOE pa3-
Ouenne exuHUIBL (g )aeca OBTATAET TEM CBOHCTBOM, YTO ISl KAXKJ0TO
koMnakxTa K, jiezkariero B {2, IMeloTcs KOHeYHOe IOIMHOXKecTBO Ag B A
n okpectHocTh U KoMmmnaxkTa K Takue, 94To Zaer Ya(x) = 1 nust Beex

z €U (cp. 9.3.17, 9.6.19 (2)).
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Yopa>kHeHust

9.1. IIpuBecTu NpUMepHI MPEATONOJOINIECKUX U TOIIOJIOTUYECKUX IIPOCTPAHCTB
U KOHCTPYKIINH, K HUM IPUBOISIIINE.

9.2. MoxHo Jin 33aTh TOIIOJIOTHIO, YKa3bIBas CXOAAINUECA (bI/IJ'IprbI NI 110-
CJ'Ie,ILOBaTeJ'II)HOCTI/I?

9.3. YcTaHOBUTH B3aWMMHBIE CBSI3U MeXKAy TOIIOJIOTHUAMU U NPEeAIIOPAIKaMUu Ha
KOHEYHOM MHOX>KECTBE.

9.4. Onucarb TOIOJIOTUYECKHUE IIPOCTPAHCTBA, B KOTOPBIX 00beUHEHUE JII060r0
ceMeifiCTBa 3aMKHYTBIX MHOXKECTB 3aMKHYTO. KakKoBBI HeIpEpBHIBHBIE O0TOOPAXKEHUS
TaKUX IIPOCTPAHCTB?

9.5. Ilycrs (fe : X — (Yz, 7¢))ee= — cemeiictBo orobparkenuii. Tomosormio
o B X Ha30BEM JoIycTUMOl (B JAaHHON CHUTyaluu), €cyid JJIs JIF00OrO TOIOJIOrHYe-
CKOro mpocTpaHcTBa (Z, w) U MPOU3BOJBHOTO OTOOpaskeHus: g : Z — X BBIIIOJHEHO
yrBepxkaenue: ¢ : (Z, w) — (X, o) HeIpepbIBHO B TOM M TOJBKO B TOM CJIydae, eCJIi
HenpepbIBHO oTo6paxkenue f¢og (§ € Z). okaszare, 4o ciabeiimias Tomojaorus X, B
KOTOpOii HEIPepHIBHEI BCe f¢ (£ € E), mpescTaBisieT coGoi CHITBHEHTITYIO JOTyCTHMY O
(B JaHHO} CHTyaluy) TOIOJIOIHIO.

9.6. IIycrs (fe : (X¢, 0¢) — Y)eex — cemeiicTBo oToGpakenuii. Tomosormo
7 B Y Ha30BéM momycTuMOil (B HAHHOW CUTyaluu), ecyu s JEoGOro TOMOJIOTHYe-
cKoro npocrpascrsa (Z, w) U IPOU3BOJIILHOTO OTOGpaXKeHusl ¢ : Y — Z BBIIIOJHEHO
yreepxkaenue: ¢ : (Y, 7) — (Z, w) HENpepbIBHO B TOM M TOJBKO B TOM Ciydae,
€c/Ti HeNPepBIBHO OToOparkeHme g o fg (¢ € E). Hokasarp, 4TO CHybHeAmAs TOIO-
jorus B Y, B KOTOPOii HelpepbIBHbI Bee f¢ (£ € E), npeacrasiser coboii crabeiryio
JIOIyCTUMYIO (B JAHHOW CHTYAIUH) TOIOJIOTHIO.

9.7. ILOKaSaTb7 Y9TO B TUXOHOBCKOM IIPDOU3BEJCHUUN IIPOU3BOJIBHBIX TOIIOJIOTHUYE-
CKHX IIPOCTPaHCTB 3aMbIKaHH€ IIPOU3BEIECHUA MHOXKECTB, JIe2KallluX B COMHO>KHUTEJIAX,
€CTh IIPpOU3BEAECHUE 3aMbIKaQHUH:

cl HAg = HclAg.

£eE 135S

9.8. IIpoBepuTh, YTO TUXOHOBCKOE IIPOU3BE/IEHNE XayCAOP(OBO B TOM U TOJIHKO
B TOM CJIydae, €C/Id XaycaopdoB KarKIbIil COMHOXKHUTEJIb.

9.9. YcTaHOBUTH KPUTEPUM KOMIIAKTHOCTH MHOXKECTB B KJIACCUYECKHX OaHaXO-
BBIX IIPOCTPAHCTBAX.

9.10. XaycmopdoBo mpocTpaHcTBO X Ha3bIBalOT H-3aMKHYTBIM, eciau X 3a-
MKHYTO B JIt0OOOM obObemitromeMm X xaycaopdoBoM mnpocTrpaHcTBe. JlokasaTb, d9TO
perynsipHoe H-3aMKHYTO€ IIPOCTPAHCTBO KOMIIAKTHO.

9.11. M3y4ynTh BO3MOXKHOCTU KOMITAKTHMUKAIUN TOIOJOIHIECKOTO TPOCTPAH-
CTBa.

9.12. Jloka3arb, YTO TUXOHOBCKOE IIPOU3BE/IEHUE HECUYETHOIO YMCIIaA MIPSIMBIX HE
SIBJISIETCSI HOPMAJIBHBIM ITPOCTPAHCTBOM.
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9.13. JlokaszaTb, ITO KaKk[aas HEIpepbIBHAsS (DYHKIWS Ha IPOU3BEIEHUH KOM-
[AKTHBIX [POCTPAHCTB B OYEBHJIHOM CMbIC/e (KakoMm?) 3aBHCHT OT He Gojiee dYeM
CYETHOTO YHUCJIa KOOPIUHAT.

9.14. Ilycte A — KoMmakTHOe, a B — 3aMKHYTO€ MHOXKECTBAa B PABHOMEPHOM
npocrpancTse, npuaéM A N B = J. Jloka3aTb, 9TO JJjis HEKOTOPOro OKpy»KeHusi V'
Gyner V(A)NV(B) = J.

9.15. [JokasaTb, 9TO IONOJIHEHNE (B COOTBETCTBYIOIIEM CMBICJIE) [IPOU3BEAEHNUS
PaBHOMEDPHBIX IIPOCTPAHCTB M30MOPMHO ITPOU3BEICHHUIO [TOIOJTHEHUN COMHOXKUTEIEMN.

9.16. MHOXKECTBO B OTJEJMMOM PABHOMEPHOM IIPOCTPAHCTBE HA30BEM IIpPE]I-
KOMITAaKTHBIM, €CJIM €rO IIONOJTHEHNEe KOMITAaKTHO. JloKa3aTh, YTO MHOXKECTBO SIBJISIET-
Csl IPEJKOMIIAKTHBIM B TOM M TOJIBKO B TOM CJIy4ae, €CJIM OHO BIIOJIHE OTPAHUYEHO.

9.17. Kakue TOIOJIOrnvYecKre MpOCTPAHCTBA METPU3YEMBI?

9.18. Jlnsa paBHOMETPHU3YeMOro IPOCTPAHCTBA OIHMCATH CHUJIBHEHIIYIO DPaBHO-
MEpPHOCTb, 33JaI0IIyI0 UCXOAHYIO TOIIOJIOTUIO.

9.19. Y6eauTbcsi, 9TO NPOU3BEIECHUE MAPAKOMIIAKTHOIO U KOMIIAKTHOI'O IIPO-
CTpPaHCTB mapakoMnakTHO. COXpaHseTCs JI MapaKOMIIAKTHOCTb TIPU OOIIHMX TTPOU3-
BeJIeHUAX?



T'masa 10

I BoiicTBEHHOCTH
U €€ NIPUJIOXKEHUS

10.1. BeKTOpHBIE TOIIOJIOTUN

10.1.1. OnPEAENEHME. Ilycrs (X, F, +, :) — BekTOpHOE HpO-
CTPaHCTBO HaJ OCHOBHBIM mosieM F. Tomosormio 7 B X Ha3bIBAIOT CO-
2AGCO0BAHHOT CO CMPYKMYPOTL 8EKMOPHO20 NPOCTPAHCINEA, NI, KOPOUe,
8eKMOPHOT MONoAv2uell, €CIM HEIPEPLIBHBI CJIELYIONINE OTOOPAYKEHNUS:

+: (X x X, 7x71)—> (X, 7),
G (Fx X, mxT1)— (X, 7).
O upocrpancrse (X, 7) B 9TOM CJIydae FOBOPSIT KaK O MONOAOLUECKOM

GEKIMOPHOM NPOCTMPAHCMEE.

10.1.2. Ilycte Tx — BekTOpHas TonoJorus. OrobpakeHust
x—x+x9, r—ar (rgeX, aceF\0)

cytb romeomopgusmbl (X, Tx). <>

10.1.3. 3AMEYAHUE. HecomMHeHHO, YTO BEKTOpDHAs TOIOJIOTHUS T
B mpocTpancTBe X 00/1a/1aeT CIEIYIOMIM CBONCTBOM «JIMHEHHOCTH :

T(azx + By) = ar(z) + fr(y) (o, BETF\O0; x, y € X),

rJie B cOOTBETCTBUU ¢ obmumMu coryarmenusivmu (cp. 1.3.5 (1))

Uaw+py € at(z) + B1(y) <
& (33U, e7(x) & Uy € 7(y)) aUy + BU, C Uzt gy-
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B s710li cBA3M BEKTOPHYIO TOIIOJIOTHIO YAaCTO HA3BIBAIOT AUHEUHOU, & TO-
IIOJIOTUYECKOe BEKTOPHOE IIPOCTPAHCTBO — AUHETHbIM TONOA02UECKUM
NPOCMPAHCMEOM. DTY TEPMHUHOJIOTHIO CJIEIYET YIOTPEOJISITH JIUIIb O~
HUMAsi, 9TO TOIOJIOTUsI MOXKET 00JIa/IaTh CBOWCTBOM <«JIMHEHHOCTU», HO
He ObITh JimHeliHo#. TakoBa, HAIpUMED, AUCKPETHAs TOOJIOIUS HEHYyJIe-
BOI'0 BEKTOPHOT'O IIPOCTPAHCTBA.

10.1.4. Teopema o cTpoeHUu BEKTOPHOI TomoJsioruu. llycTo

X — BekropHoe npocrpancrso u N — ¢uiabrp B X. CymecrByer Bek-
ropuast Tonostorus T Ha X rakas, 4o A = 7(0), B TOM H TOJIBKO B TOM
caIydae, ecm

Q) &+ AN =

(2) A cocrout u3 HOrIOIIAIOIIIX MHOXKECTB;

(3) A mmeer 6asuc u3 ypaBHOBELICHHBIX MHOXKeCTB. Ilpu

sroM T(x) = x + A g Beex € X.

< = Ilycrs 7 — BekTopHas ronosorus u 4 = 7(0). M3 10.1.2
noixygaeM, aro 7(x) = x + A g x € X. $Hcuo rakxke, uro (1)
eCTb JIpyras 3alliCh HEIPEPLIBHOCTHU CJIOKEHUS B Hysie (IPOCTPAHCTBA
X?). Yenosme (2) moxkuo 3amucaTh B Buge 7r(0)z D A 1A KasKaoro
x € X, T. e. KaK yCJIOBHE HEIIPEPBIBHOCTH OTOOPayKeHUit o — Q. B HyJIe
(upocrpancrsa R) npu kaxaom dbukcuposannom ¢ u3 X. Yciosue (3)
¢ yaéroM (2), B CBOIO ouepellb, MOXKHO 3anucarb B Buge Tp(0) A = A,
T. €. K&K yCJIOBHE HENPEPHIBHOCTH YMHOYKEHUS HA CKAJISAp B Hyse (IIpo-
crpancrBa F x X).

<: Ilycrs A — duibrp, yaosaersopstomuii (1)—(3). Buano, uro
A C fil{0}. Tomoxnm 7(z) := x + 4. Torga 7 — mpeaTOIOJIOTHSL.
U3 onpenenenns T u (1) BBITEKAET, 9TO T — TOMOJIOTHSI, TPUIEM CIBUTH
HEIPEPBIBHBI, & CJIOYKEHUE HEIPEPLIBHO B Hysie. Takum o6pasoM, CJio-
JKeHIe HelpephIBHO B KaxkJoit Touke X 2. Crpasemmsocts (2) u (3)
O3HAYaeT, YTo oToOpaXkeHue (A, x) — AT HENPEPHIBHO B HyJIE [0 COBO-
KYIIHOCTH II€PEMEHHBIX U HEIIPEPBIBHO B HyJIE 110 IIEPBOMY [IEPEMEHHOMY
npu GUKCUPOBAHHOM BTOPOM. B cmity ToxKmecTBa

AT — )\01‘0 - )\0(% — ZL'()) + ()\ — )\0)120 -+ ()\ — )\0)(:]3 — :L'())
OCTAJIOCh YCTAHOBUTH HEMPEPBHIBHOCTH ITOTO OTOOPAXKEHUsI B HyJIE IIO

BTOPOMY TIEPEMEHHOMY TIpU (PUKCUPOBAHHOM IEPBOM. VIHBIMHU CJIOBa-
MH, HY>KHO YCTAHOBUTH, 9TO0 AN D A mma A € F. Jlas npoepkun
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Haifiném n € N, mus koroporo || < n. IIyecrs V € A u W € A Tako-
BoI, uro W ypasuosemeno u W1 + ...+ W, C V, rme Wy := W. Torma
MW =nAnW)CcaWCW,+...+ W, CV.>

10.1.5. Teopema. Muoxecrso VT (X) Bcex BEKTOPHBIX TOIIOJIOTHiT
Ha X saBisgercs moyHOH pemniérkoi. Ilpm sToM Jyrst jirob0ro MHOXKECTBA
& B VT(X) Boimosreno

SUpy(x) & = SUpr(x) &

< Hycers 7 := supp(x) &. Tak xax g 7 € & capur z — x + o
ectb romeomopdusm (X, 7) Ha (X, T), TO 9T0 0OTOGPaAYKEHHE — [OMEO-
mopdusm (X, 7) ua (X, 7). Ilpusnekas 9.1.13, ybexnaemcst B TOM, 9T0
Jutst dunsrpa 7(0) BeinosnHens! yeiosust 10.1.4 (1)-10.1.4 (3), mocKoabKy
oHM BbINOJHEHB! Jist dbusibrpos 7(0) npu 7 € &. Ocraéres cocaarbest
Ha 1.2.14. >

10.1.6. Teopema o nmpoobpa3e BeKTOpHOIT TomoJsoruu. IIpo-
00pa3 BeKTOPHOH TOMOJIOIHH IIPH JIHHEHHOM OTOOPasKeHHH — BEKTODHAST
TOITOJIOTHSI.

<Myers T € (X, Y) uw € VI(Y). Honoxum 7:= T~ Hw). Ec-
mry, —cuyy, — ys (X, 7), 10, Bcuny 9.2.8, Te, — Tz, Ty, — Ty u,
crajo 6vith, (2 +yy) — T (z+y). Hocaenmee B cumy 9.2.10 o3mataer,
9r0 Ty + Yy — ¢+ y B (X, 7). Takum obpasom, 7(z) = = + 7(0) s
Bcex x € X u, kpome Toro, 7(0) +7(0) = 7(0). IIpumensist Kk uHeHHOMY
coorsercrsmio T~ ! mocienosarensuo mpemmoxkenns 3.4.10 u 3.1.8, mo-
nyaaem, aro buabtp 7(0) = T~ (w(0)) cocTouT U3 MONIOMAIOMUX MHO-
2KECTB U nMeeT 0a3nc n3 ypaBHOBENIEHHBIX MHOXKECTB, Tak Kak mo 10.1.4
takuMu cBoiictBamu obuagaer duibtp w(0). Buosb upusiekas 10.1.4,
sakmmodaeM: T € VI(X). >

10.1.7. IIpousBejeHne BEeKTOPHBIX TOMOJIOIHE — BEKTODHAsI TOIIO-
JIOTHSI.

< Cnenyer u3 10.1.5 u 10.1.6. >

10.1.8. ONPEAEJEHUE. Ilycts A, B — MHOXKeCTBa B BEKTOPHOM

npocrpancTse. loBopsar, uro A ssisiercs B-ycmotivusbim, eClid Clpa-
BeJUIMBO cootHomenne A + B C A.
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10.1.9. /[ ka>kmo0it BeKTOpHOI Tomosoruu T Ha X CYIeCTBYET,
U OPUTOM €JJHHCTBEHHAS, PABHOMEPHOCTH %y, O0JIaar0mast 6a3sucoM U3
Ix-ycTOoHINBBIX MHOXKECTB M Takasi, 910 T = T(%:).

< Haa U € 7(0) momoxkum Vi = {(z, y) € X? : y—xz € U}
OrmeTnM 04YeBHIHBIE CBOCTBA:

Ix CVy; Vu+Ix =Vy; (Vo) '=Voy;
VUlﬁUz C VU1 N VUQ; VU1 o VUz C VU1+U2

st obeix U, Uy, Us € 7(0). Ipusiekas 10.1.4, BoiBogum, 910
U =H1{Vy: Uer(0)}

— 9T0 PABHOMEPHOCTD, npudéM 7 = 7(%; ). Hecomuenno raxkxe, 4ro %,
umeer 6a3uc U3 I y-yCTONYNBLIX MHOMKECTB.

Eciu renepp % emg onHa PaBHOMEPHOCTH Takasi, uro T7(%) = T,
u W — nekoropoe Ix-ycroitausoe okpyxenne %, 10 W = Viy(g). Or-
CIOJIa M BBITEKAET TpebyeMasi eIMHCTBEHHOCTD. [>

10.1.10. OnPEAENEHUE. Ilycrs (X, 7) — Tomo/IOrMYecKoe Bek-
TOPHOE MpPOCTPaHCTBO. PaBHOMEpHOCTL %, ocTpoeruyo B 10.1.9, Ha-
3BIBAIOT PABHOMEPHOCMBIO PACCMAMPUBLEMO20 Npocmparcmea X .

10.1.11. 3AMEYAHUE. B nmajbHeiinieM mpu pacCMOTPEHUU TOIIO-
JIOTUYECKUX BEKTOPHBIX ITPOCTPAHCTB OYJI€M CUUTATH UX HAJIETEHHBIMU
COOTBETCTBYIOIINMHU PABHOMEPHOCTSIMMU.

10.2. JIokaJbHO BBINYKJIbI€ TOIIOJOTHUH

10.2.1. ONPEAEJIEHUE. BeKTOPHYIO TOIOJIOTUIO MPUHSITO HA3BI-
BAaTh AOKAADHO BLINYKA0U, €Cau (PUIBTP OKPECTHOCTEH KaXKI0W TOYKU
nMeeT 6a3uUC, COCTOSAIINN U3 BBITYKJIBIX MHOXKECTB.

10.2.2. TeopemMa o0 cTpoeHUU JIOKAJHBHO BBIILYKJIOH TOIIOJIO-
run. Ilycre X — BekTopHOe nmpocrparcTBo u A — ¢uiaprp B X. Cyire-
CTBYeT JIOKaJIbHO BBIIyKJjas Tomojorus T na X rtakas, aro A = 71(0),
B TOM H TOJIBKO B TOM CJIydae, eCJIH

(1) g/ =A;
(2) A mmeer 6asuc, cocrosamuii H3 a6COMIOTHO BBILYKJIBIX
TIOTJIOHIAOIHX MHOYKECTB.
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<1 =: B cuy 10.1.2 orobpazkenue x — 2x — romeoMopdusmM. 1o
u osnadaer, uro 1/2.4" = A". Bosbpmém tenepp U € A, Ilo ycio-
BUIO UMEETCsI BBIIYKJI0e MHOXKecTBO V € 4 takoe, uro V C U. Ilpu-
mensisg 10.1.4, maiiném ypaBHoBereHHoe MHOXKeCTBO W, 171 KOTOPOrO
W C V. Ilpusnekas dopmyiy Morkuna 3.1.13 u 3.1.14, ybexmaemcs
B TOM, UTO BBIIYKJIasi 06os10uka co(W) abcontoTHo BeinyKaa. [Ipu arom
W Cco(W)CV CU.

<: AGCOJIFOTHO BBIIYKJIOE MHOXKECTBO YPABHOBEIIEHO. 3HAYUT, A
yaosserBopster 10.1.4 (2), 10.1.4 (3). Ecmm V € A u W Bbimykio,
We AN uWcCV,101/2W € 4. Ilomumo storo, 1/2W + 1/2W C
W C V uz-3a Beiykjioctu W. Tlociegaee oznagaer, aro A + A = A .
Ocragéres cociarbes Ha 10.1.4. >

10.2.3. Caexcreue. Muoxecrso LCT (X)) Bcex JIOKaIbHO BBIIYK-
JIbIX Torosoruit Ha X mpejcraBiser coboi mosHyto pemérky. Ilpu stom
st moboro muoxkecrsa & B LCT (X)) Bburosineno

suprer (x) 6 = Supr(x) 6. <>

10.2.4. CaeacrBue. IIpoobpas JIOKaJIbHO BBIILYKJIOH TOIIOJIOTHH
MIpH JTHHEHHOM OTOOPa’KeHHH — JIOKAJBHO BBIITYKJIasl TOMOJIOTHs. <I[>

10.2.5. CaeacrBue. IlpousBeneHune JIOKAJIbHO BBIILYKJIBIX TOMOJIO-
ruif — JIOKaJIbHO BBIIYKJIasl TONOJOIAA. <I>

10.2.6. Tomosorusi MyJIbTHHOPMHPOBAHHOI'O MPOCTPAHCTBA SIBJIS-
eTcsl JIOKaJIbHO BBITYKJIOH. <I[>

10.2.7. OUPEJAEJEHUE. [lycTh T — JIOKAJBHO BBIYKJIAsT TOIOJIO-
rusi Ha X. MHOXKeCcTBO BCcexX BCIO/LY OIIPEeIEHHBIX HEITPEPBIBHBIX ITOJIY-
HOPM Ha X Ha3bIBAIOT 3epKaaoM (PEXKe CneKmpom) TONOJOIUU T 1 060~
suadaioT M,. Mynsrunopmuposannoe npocrpanctso (X, I, ) nasbia-
10T accoyuuposarhvim ¢ (X, 7).

10.2.8. Teopema. JIokaJbHO BBIILYKJIasI TOMOJIOIHS COBIIAIAET C TO-
110JIOTHEl aCCOUUPOBAHHOIO MYJIbTHHOPMHUPOBAHHOI'O IPOCTPAHCTBA.

< Ilycts T — paccMmaTpuBaeMasl JIOKAJIbHO BBIMYKJIAsT TOTOJIOTHSI
BX uw:=7(PM,;) — 970 TONOJIOIHUs ACCOIMUUPOBAHHOIO [IPOCTPAHCTBA
(X, 9M;). Bosbmém V € 7(0). B cuay 10.2.2 maiigércsa abGcomoTHO
BBIILYKJIasi OKpecTHOCTD Hynst B € 7(0) Takas, aro B C V. Ha ocHosa-
mnn 3.8.7
{pp <1} C BcC {pp <1}.
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OueBuHO, YTO pp — HENpepbIBHBI QyHKImoHax (cp. 7.5.1), T e.
pB € M, u, crano 6bitb, {pp < 1} € w(0). CremoBarensuo, V € w(0).
Taxum o6paszom, npusiekas 5.2.10, nmeem w(x) = z+w(0) D x+7(0) =
7(x), T. . w > 7. IToMUMO 9TOrO, T > W HO ONPEAEJICHHIO. [>

10.2.9. ONIPEJIEJIEHUE. BekTopHOE MIPOCTPAHCTBO, HAIETEHHOE OT-
JEJINMOIT JTOKAJIbHO BBIIIYKJION TOIIOJIOTHEN, HA3BIBAIOT AO0KAADHO 6bINYK-
ABIM TPOCTIPAHCIIIEOM.

10.2.10. BAMEYAHUE. Teopemy 10.2.8 B HECKOIIBKO CY?KEHHOM BH-
J1e 9acTo (OPMYJIUPYIOT CJIOBAME: <IIOHSITHE JIOKAJIBHO BBIITYKJIOIO IIPO-
CTPAHCTBA U TMOHSATHUE OTJICJIMMOTO MYJIHTHHOPMUPOBAHHOTO ITPOCTPAH-
CTBa paBHOOODHEMHDBI».

B s70i1 cBsA3M 11py M3yUe€HNN JIOKAJIBHO BBITYKJIBIX IPOCTPAHCTB UC-
[IOJIB3YIOT 110 Mepe HaI00HOCTU TEPMHUHOJIOIHIO, CBA3AHHYIO C ACCOIUU-
POBAHHBIM MYJIBTUHOPMUPOBAHHBIM IIPOCTPaHcTBOM (cp. 5.2.13).

10.2.11. OUPEAEJEHME. [lycTh T — JIOKAJIBHO BBIYKJIAsT TOOJIO-
rust B8 X. Cumposom (X, 7)" (mmm, kopoue, X') 0603HAUAIOT HOAIPO-
crpaHcTBO X7 | COCTOSsIIIEE U3 HEIIPEPBIBHBIX JIHHEIHBIX (DYHKIHOHAJIOB.
IMpocrpancrso (X, 7) Ha3bIBatoT conpsaotcénmvim (WA T- CONPAAHCEHHDBIM)

K (X, 7).
10.2.12. (X, 7)) =U{|]9|(p): p e M;}. <>

10.2.13. Teopema. Orobparkenue mrpuxopanus 7 — (X, 1),
geitcreyromee n3 LCT (X) B Lat(X ), coxpamser Tounble Bepxmue rpa-
muIpn, T.e. s Jgoboro maoxkecrsa & B LCT (X)) Boimosrerno

(X, sup&) =sup{(X, 7)': 7€ &}

< Ecmn & = &, 10 sup& — 5T0 TpUBHAJIbHAS TOMOJIOTHS Tg B X
u, crano 6wk, (X, 79)) = 0 = infLat(X7) = SUPLae(x#) 9. B cn-
Jy 9.2.7 orobparkenue IMTPUXOBAHUS BO3pacTaeT. YunrbiBas 2.1.5, mis
HEIIyCTOro & MMeeM

(X, sup&) >sup{(X, 7)': 7€ &}

Ecmn f € (X, sup&)’, to BBuay 10.2.12 u 9.1.13 cymecrByior T0-
HOJIOTUH T1,...,T, € & Takume, uro f € (X, 71 V...V 1,). C no-
vompio 10.2.12 u 5.3.7 maitném p1 € M,,...,pp € M, , LI KOTO-
poix f € |0|(p1V ...V py,). lpusnekas 3.5.7 u 3.7.9, ybexgaemcs, 9410
|0|(p1 + - - +pn) =10|(p1) + ...+ |0]|(pn). OroHuaTEILHO

feX, n)+..+X, m)' =X, n)Vv..v(X, ). >
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10.3. IBOiICTBEHHOCTh BEKTOPHBIX ITPOCTPAHCTB

10.3.1. ONIPEAENEHUE. Ilycts X, Y — BeKTOpHBIE TPOCTPAHCTBA
HaJ OZHUM U TeM 2Ke ocHOBHBIM mojsieM FF. Ilycrs, masnee, 3amana 6u-
aunetnas gopma (Wi, KaK MHOLIA TOBODAT, Opakemuposanue) (-|-) u3
X xY B F, 1. e. orobpaxkenne, IUHEHHOE IO KAXKIOMY MTEPEMEHHOMY.
Hust x € X u y € Y nonoxum

W ioe @ly) 1)Y= FY [¥)C X*

Bosuukaiomue orofpakenus (-| U |-) Ha3BIBAIOT COOTBETCTBEHHO Gpa-
omobpasicenuem 1 kem-omobpasiceruem. AHAIOrMIHO (YHKIMOHAJIBI U3
(X | maswiBaIOT Opa-Ppyrryuonaramu, a us |Y) — xem-dyrnxyuonasamu.

10.3.2. Bpa-orobparkeHue u KeT-0TobpazkeHne — JHHeHHbIe Omepa-
TOpBI. <[>

10.3.3. ONIPEJEJIEHUE. Bpakeruposanne X u Y Ha3bBaioT d6ot-
cmeenHocmvlo, eciu 6pa-oTobpazkeHne U KeT-0TOOpaskKeHne CyTh MOHO-
Mopduambl. B 3aTom ciydae roBopar, uro X u Y TpHUBEIEHBI B IBOII-
CTBEHHOCTH, WJIM COCTABJISIIOT [ABOMCTBEHHYIO APy, WX 9TO Y IBOIi-
crBeHHo K X u T. m., u numyT X <« Y. DBpa-orobpaxkenuwe u Ker-
oTOOpaskeHne HA3BIBAIOT B 9TON CUTYAIUN 0YaAU3AUUAMU.

10.3.4. IIPUMEPHI.

(1) Iycrs X < Y u (-|-) — coorBeTcrByIONIas JBOACTBEH-
uHocts. s (y, ) € Y x X nonoxnm (y | z):= (z|y). Bugao, 1aro Bo3-
HUKIIee OpakeTupoBanmne — 3To ABoiicTBeHHOCTh Y U X . Ilpu aTom mya-
JIN3allid B UCXOAHOI 1 BO BHOBb BO3HUKIIIEN ABOCTBEHHOCTAX OJHU U Te
ke. B 9roit cBs3n yKasaHHBIE JBOMCTBEHHOCTH, KAK IIPABHJIO, HE PA3JIN-
gator (cp. 10.3.3). Takum 06pazom, MOXKHO CKa3aTh, 9YT0 Y J[BOHCTBEHHO
K X B TOM M TOJILKO B TOM Cjydae, ecau X jBoicTBeHHO K Y. Orme-
TUM 371eCh ke, 9To orobpaxkenue (x| y)r := Re(x|y) npmsomur B 1BOii-
CTBEHHOCTb BEIIECTBEHHbIE OCHOBBI XR U Yg. JlOIyCKasi BOJBHOCT, JJIst
0603HAYEHNsT BO3HUKAOIIEH nBoiicTBeHHOCT X < YR U3DEIKA UCIIOb-
3YIOT IIperkHee 0603HaUeHH e, T. €. IoJIaraloT (| y) := (x| y)r, uMesd B BU-
Jly, 9TO & U Y NPUHAJJIEIKAT BEIECTBEHHBIM OCHOBAM PACCMATPUBAEMBIX
[POCTPAHCTB.
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(2) Iycrs H — ruasbeproso npocrpascTso. CrajasipHOE
Mpou3BeJieHre MpUBOAUT B nBoiicrBennoct H u H,. Orobpaxkenue
NITPUXOBAHUS TIPU 3TOM COBIAJAET C KET-OTOOPAXKEHUEM.

(3) Ilycrs (X, 7) — JOKAJIBHO BBIIYKJIOE IPOCTPAHCTBO U
X' — coupsik€HHOe HpoCcTpancTBo. Bpakeruposanue (z, z') — z'(z)
npuBoanT X u X' B IBOHCTBEHHOCTD.

(4) Ilycrp X — BeKTOpHOE HPOCTPAHCTBO U, KaK OOBIYHO,
X7 := Z(X, F) — conmpsaxénnoe mpocTpancTBo. SIcHO, 9T0 0TOOpasKe-
mue (z, x7) +— 7 (r) IPUBOANT STH MPOCTPAHCTBA B ABOHCTBEHHOCTD.

10.3.5. OPEAEJNEHUE. Ilycrs X « Y. IIpoobpas B X TUXOHOB-
ckoit Tonosiorun B FY 1mpu 6pa-oTo6paskeHny HA3BIBAIOT OPa-MONOA02U-
eli wnu caabotli monoaoeueti 6 X, HABEIEHHONH JBOMCTBEHHOCTHIO C Y,
n oboznadaior o(X, Y). Bpa-ronomoruio o(X, Y) mausa gBoiicTBeHHOCTH
Y < X maswbBaioT xem-monoaozuetll It apofictBeHnocTn X < Y mim
cAab0ti monoaozuell 6 Y, HaBEIEHHON IBONCTBEHHOCTHIO ¢ X .

10.3.6. Bpa-TomoJiorust — 310 cjabedast TonoJa0rusi, B KOTOPOMH
HEIIPePhIBHBI BCE KeT-(DYHKIHOHAIBL. Ker-Tonosorus — s1o caabeimas
TOMOJIOTHSI, B KOTOPOIT HETIPEPBIBHEI BCE Opa-(DyHKITHOHAJIBI.

92y = 2 (50X, V) & (19 — (2] (5 F) & (Vy € V) {2, | (1) —
(@[ (y) & (Vy eY) (zy]y) = (zy) & (Vy €Y) |y)(z;y) = |y)(2) &
(VyeY)ay =z (8]y)~ (7)) >

10.3.7. BAMEYAHUE. O6o3navenue o(X, V), Kak BUIHO, COIJIaco-
BaHO ¢ 0003HaYeHIEM €1a00i MyabTHHOPMEL 5.1.10 (4). Vmenno o(X, Y)
ecthb Tonosiorust MyabTuHopMbL { (- | y)| : y € Y}. Ananoruuno o(Y, X)
ecThb Tomosorus MyabTuHOpMBIL {[{(x | )| = € X}. <>

10.3.8. IIpocrpaucrea (X, o(X, Y)) u (Y, o(Y, X)) s0xansHO
BBIIIYKJIBL.
< Cnenyer w3 10.2.4 u 10.2.5. >

10.3.9. Teopema o ayaauzanusix. /lyaau3aiygud CyTh H30MOD-
pU3MBI JBOHCTBEHHBIX IPOCTPAHCTB HA COOTBETCTBYIOIIHE CJ1ab0 COIpPsI-
>KEHHBIE ITPOCTPAHCTBA.

< IIycte X < Y. Hy»HO yCTaHOBUTH TOYHOCTD IIOCJIEIOBATEIBHO-
creit

0— XL, o(v, X)) —o0,

0—Y'L(X, o(X, V) —o0.
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ITockonbKy KeT-oTOOpaXkeHnue s JABoiicTBeHHOCTH X <« Y ecTh Opa-
oTobOpakeHune st IBOHCTBeHHOCTH Y <> X, IOCTATOYHO MPOBEPUTH
TOYHOCTH TIEPBOIl MOC/IeI0BATEILHOCTH. bpa-oTobparkenne — MOHOMOP-
dusm o onpeaenennio 10.3.3. ITomumo storo, n3 10.2.13 u 10.3.6 BuI-
TeKaeT, I4TO

(Y, oY, X)) = (Y, sup{(z|'(m): =€ X}) =
=sup{(Y, (x| '(mr)): z€ X} =
=2y, f () fe(X]}) = (X],

TaK Kak 1o 5.3.7 u 2.3.12 BBIIOJIHEHO
Y, f7H ) ={\f: AeF} (feY¥). >

10.3.10. BAMEYAHUE. Teopemy 10.3.9 yacTo Ha3BIBAIOT «TeOpe-
MOi1 06 o0IieM Bujie €1ab0 HEempepbIBHOTO (pyHKIIMOHAIAy. B 9TOM mIpO-
SIBJISIETCS YI00HOE 00IIee MpaBujio — J00ABJISITH CJIOBO «CJIaD0» IIPH UC-
MIOJIb30BAHNY OOBEKTOB M CBOWCTB, CBSI3AHHBIX CO CJIAOBIMH TOIIOJIOTHsI-
mu. Ormerum 3xech ke, uro B cuiay 10.3.9 npumep 10.3.4 (3) ucuep-
MIBIBAET, 110 CYTH JIEJIA, BCE BO3MOXKHbBIE JBOIICTBEHHOCTU. B 9TOi CcBA3M
B coorsercTBut ¢ 5.1.11 B sanbHeiinem (Kak U Ipex/ie) 4acTo UCHOJIb30-
BaHo obo3nauenue (, y):= (x|y), HOCKOIBbKY ITO HE JIOJIZKHO IPUBECTH
K HesopasymenusaM. [lo TeM ke IpUYIMHAM HE PA3JINIAIOT IBOWCTBEHHOE
1 ¢j1abo CONpsKEHHOE IPOCTPaHCTBa. JpyruMu cjioBamu, pu paccMoT-
pernn GuUKCHpoBaHHOi nBoficTBeHHOCTH X > Y WHOT/IA HE OTJIMIAIOT
X or (Y, oY, X)),aY or (X, o(X, Y))', 94T0 1103BOJIsIET IPUMEHSITH
samuen X' =Y nY' = X.

10.4. TomoJsioruu, corjiacoBaHHBbIE
C IBOWCTBEHHOCTBIO
10.4.1. OPEAEJEHUE. Ilycrs X < Y u 7 — JIOKAJIBHO BBITYKJIast
ronoyiorust B X. TOBOPAT, 9TO T €024aC08aHa ¢ 080TCMEEHHOCTIbIO, €C-
mu (X, 7)) = |Y). ToBopsT, 9T0 JIOKAJBHO BBIIYKJIas TOHOJOIHS W B Y
corytacoBata ¢ JBoiictBeHHOCTHIO (X Y, ecim w corniacoBaHa ¢ JIBOM-
crBeHHOCTBIO Y <> X, T. e.) npu BeinosiHennn paserctsa (Y, w) = (X|.

10.4.2. Cuabble TOIOJIOHH COIVIACOBAHBI C HABOJSILCH HX JABOH-
CTBEHHOCTHIO.

< Cnenyer usz 10.3.9. >
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10.4.3. ITycrs 7(X, Y) — TouHAsl BEpXHsIs I'DaHHIa MHOYKECTBA
BCEX JIOKAJIBHO BBIILYKJIBIX TOIIOJIOTHE B X , COTVIACOBAHHBIX C JABOHCTBEH-
Hocrbio. Torya tonosorus 7(X, Y) takke corsacoBaHa ¢ JBOHCTBEHHO-
CTBIO.

< Ilyctbs & — muoxkectBO Takux Tonosoruit. I1o Treopeme 10.2.13

(X, 7(X, Y)) = (X, sup&)’ =
=sup{(X, 7): Te&}=sup{|Y): T€&E}=1Y),
u6o & ue mycro mo 10.4.2. >

10.4.4. OnPEAENEHUE. Tonosoruio 7(X, Y), durypupyroryo B
npeagoxennn 10.4.3, T. e. CHIBHEUITYIO JOKAJIbHO BBITYKJIYIO TOIOJO-
ruto B X, COIVIACOBAHHYIO C JBOMCTBEHHOCTBIO X <> Y, Ha3BIBAIOT 1MO-
noaozuett Maxxu (B X, HaBeJ8HHON jBolicTBeHHOCTHIO X < Y).

10.4.5. Teopema Makku — ApeHca. JIokajabHO BBILYKJasi TO-
nojiorusi T B X COIVIaCOBaHA C JBOHCTBEHHOCTHIO X <> Y B TOM H TOJIBKO
B TOM CJIydae, eCJn

oX,V)<7<7(X, Y).

< ITo 10.2.13 orobpazkenue 7 +— (X, 7)' coxpaHsger TOYHbIE BEpX-
HU€e TPAHUIbI U, CJIeJI0BATEIbHO, BO3pacTaeT. TakuMm obOpa3om, Jjis T,
Jleykarieil B paccMaTpuBaeMOM MTPOMEXKYTKE TOIOJOTUH, Ha OCHOBAHUU
10.4.2 m 10.4.3 cripaBenmuBO

V) = (X, o(X, YV)) C (X, 7)) C (X, 7(X, YV)) = |Y).
OcraBmagcst 9aCTh TEOPEMBI OYEBHIHA. [>

10.4.6. Teopema Makku. OrpanmdeHHbIe MHOXKECTBA BO BCEX TO-
IIOJIOTHSIX, COIVIACOBAHHBIX C JIBOHCTBEHHOCTHIO, OJIHH U Te JKe.

< IIpu ycunenun TOIOSIOTHH KOJTMIECTBO OTPAHIMIEHHBIX MHOXKECTB
yMmenbiaercs. [losromy BBumay 10.4.5 HyKHO yOeaUThCS JIUIIL B TOM,
9yT0 ecau MuOXKecTBO U ciabo orpannueno B X (= orpanudeno B Gpa-
ToroJorun), To U orpaHudeHo B Torojoruun Makku.

BosbMmém nosrynopmy p u3 3epkadia Tononoruu Makku u mokazkeM,
uro p(U) orpanmueno B R. Tlomoxkum Xo:= X/kerp u po:= px/kerp-
YunreiBag 5.2.14, Buaum, 4T0 pg — 310 HOpMa. Ilycrs ¢ : X — Xg —
KaHOHUYECKOe oToOpazkenue. Beccriopao, aro muoxkectso ¢(U) ci1abo
orpanudeno B (Xo, po). U3 7.2.7 Beirekaer, uro ¢(U) orpanudeHo mo
HOpMe pg. ITockosbKy pg © ¢ = p, To U orpanuueno B (X, p). >
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10.4.7. Cuaencreue. Ilycre X — HOPpMHPOBAHHOE MPOCTPAHCTBO.
Tonosornst Makku 7(X, X') coBmagaer ¢ mcxonHo# Tomnosorueii, mo-
POXKIEHHOH HOpMOH B npoctparcTse X .

<1 Jocrarouno cociarbes Ha Kpurepuit Koamoroposa 5.4.5, 1o Ko-
topomy Tonosiorus 7(X, X'), conepxkarias HCXOIHYIO TONOJOIHIO, HOD-
MEUpYyeMa, U IPUBJeYb Ipeioxkenue 5.3.4. >

10.4.8. Teopema crporoii orgeaumocru. Ilycrs (X, T) — Jio-
KaJIbHO BBIILYKJIOE IPOCTPpaHCcTBO, K u V — HelycTble BbIIYKJIbIE MHO-
kectBa B X, npuaéMm K komnaktHo, V 3amkayTo u K NV = &. Torzaa
cymecrByer pyuknuonas f € (X, 1) rakoii, uro

supRe f(K) < inf Re f(V).

<1 JIoKaJIbHO BBIIIYKJIOE MPOCTPAHCTBO, KOHEYHO K€, PEeryJisipHO.
Orcroma ¢ yaérom KOMIakTHOCTH K Cjeiyer, UTo Jjis MOIXOISIIel Bbl-
mykJo#t okpectaoctu uyias W muoxkecrBo U := K + W ne mepecekaer-
ca ¢ V (mocTaTodHo paccMOTperh Ga3WChI, IOPOKIEHHBIE MHOXKECTBA-
v Buia K+ W u V. + W, rne W — 3aMKHyTas OKPeCTHOCTH HYJIst).
Ha ocuoBanum 3.1.10 3aksmouaem, uro U Boeimykiao. I[lomumo storo,
K CintU = coreU.

ITo Teopeme ormenumoctu ditmesnbraiita 3.8.14 Haitgércs pyHKIU-
onan | € (Xgr)”, obmamarommii TeM CBOICTBOM, YTO IHIIEPILIOCKOCTD
{l = 1} B Xg pazneasier V u U u He comepxkur Touek sgiapa U. Oue-
BUJIHO, UTO | orpaHumvueH cBepxy Ha W u, crano 6eitb, | € (Xg,7) 1o
kpureputo 7.5.1. Ecm f:= Re !, To, B cBasu ¢ 3.7.5, f € (X, 7).
dAcuo, uro dyuknmonasna f — UCKOMBIA. >

10.4.9. Teopema Ma3sypa. BpiiryKJible 3aMKHYTbIe MHOXKECTBA BO
BCEX COTVIACOBAHHBIX C JBOHCTBEHHOCTBHIO TOMOJIOTHSIX OJHH U T€ JKe.

< IIpu ycusieHnn TOIOJIOIMH KOJIUIECTBO 3aAMKHY ThIX MHOYKECTB YBe-
JmauBaeTcs. 3Ha4dnT, BBuay 10.4.5 HyKHO yOEeIUTHCS JIMITb B TOM, 9TO
ecsu U BBINYKJIO U 3aMKHYTO B Tomosiorun Makku, To U cjiabo 3aMKHY-
to. Ilociennee Hecomuenno, ubo, o Teopeme 10.4.8, U ectb nepecevenne
cs1abo 3aMKHYThIX MHOXKecTB Tuna {Re f < t}, rue f — (ciabo) Herpe-
PBIBHBIH JuHEHHBIH DyHKIHOHAT, & t € R. >

10.5. Ilomsper

10.5.1. ONPEAEJEHUE. Ilycrs X, Y — HeKOTOpble MHOXKECTBA
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n F' C X xY — coorsercrue. s muoxkectB U B8 X u V B Y mo-
JIATafoT

7(U):=np(U):={yeY: Fl(y) DU},
(V)= 1 (V)= {z € X: F(u) DV},

[Ipu stom 7(U) nasbiBator (npamoti) noaspoti U, a muoxkecrso 7 (V)
— (0bpammoti) noaspot V.

10.5.2. Hmeror MecTO yTBEPIKICHHUSI:
(1) w(u):=7({u}) = F(u), 7(U) = Nuevm(u);
(2) m(UgezUe) = Neezm(Ug);
3) 7 (V) = mps (V);
(4) U, cU; = 7T(U1) D F(Ug);
B5) UxVCF=Vcnr),Ucr V)
(6) U C ' (x(U)). <>

10.5.3. Kpurepuii AxknsioBa. Muoxecrso U B X siBisercs 1o-
JIIPOIT HEKOTOPOTO MHOYKECTBA B Y B TOM H TOJBKO B TOM CJIy9ae, €CJIH
sz € X\U maitnéresy € Y, giast koroporoU C =Y (y) mx ¢ n=1(y).

< =:Ecm U =77 YV), r0o U = Nyeyn~1(v) o 10.5.2 (1).
<: Bxunouenue U C 7 1(y) osmauaer, uro y € w(U). WUrak, no
yenosuo U = Nyeranm ' (y) = =1 (x(U)). >

10.5.4. Caeacrue. Muoxecrso =t (m(U)) — a10 HamMeHbImast
(o Br/OYEHHIO) HOJISIpa, coleprKalias MHOKecTBo U. <I>>

10.5.5. OIPEJEJEHNUE. Muoxectso 5 (7 (U)) HasbBator 6uno-
Aapot MHOXKecTBa U (OTHOCHTEIBHO COOTBETCTBHA F).

10.5.6. IIPUMEPHI.

(1) TIlycrs (X, o) — yuopsijioueHHOe MHOMXKeCTBO, a U —
noxmuOKecTBO X . Torma 7, (U) — 9T0 COBOKYIHOCTD BCEX BEPXHUX I'pa-
mury U (cp. 1.2.7).

(2) Tycrs (H, (-, -)m) — rwisbeproBO IPOCTPAHCTBO K
F:={(z, y) € H®: (x, y)g = 0}. Torma mna seex U B H BbINOI-
wero m(U) = 7~ }(U) = U+. Bunonsipa U B 3TOM ciiyuae cOBIAIAeT ¢
3aMbIKaHUEM JIMHeWHoi obosouku U.
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(8) IIycrs X — HOpMHPOBAHHOE MPOCTPAHCTBO U X' — co-
upsizkéHHOe mpocrpancTio. Ilyers F = {(x, a’) : a'(x) = 0}. Torma
m(Xo) = Xg u 7~ H(20) = +20 ana nommpocrpancrea Xo B X u 1mog-
npocrpancrea 2o B X' (em. 7.6.8). Ilpu srom 71 (m(Xp)) = clXo
B cmry 7.5.14.

10.5.7. OPEAENEHUE. Ilycts X « Y. Iomoxum

pol:={(z, y) e X xY : Re(z|y) <1}
abspol := {(z, y) e X xY : |{z|y)| <1}

st mpsiMoii 1 0OpaTHO MMOJISP OTHOCHUTEIHLHO COOTBETCTBUS pol mc-
[OJIB3YIOT €MHOE Ha3BaHUE <«MOJApbl» U obosHadenus w(U) u w(V);
B CJIydae COOTBETCTBHs abspol roBopsaT 06 abcoatomHbiT NOAAPAT U TU-
myr U°u Ve (maUCXuV CY).

10.5.8. Teopema o 6unouspe. Bunonsapa n%(U):= n(r(U)) —
9TO HAUMEHBIIIHI C1a00 3aMKHYThIH KOHHIECKHH OTPE30K, CONEPXKAIIHIT
muO)KecTBO U.

< Cnenyer u3 10.4.8 u kpurepusi AkujoBa. >

10.5.9. Teopema 06 abcosroTHOMH Gumnossspe. Abcomoraast 6u-
noJisipa U°° := (U°)° — a10 HauMmeHbInee ci1abo 3aMKHYTOe abCOTIOTHO
BBIIIYKJIOE MHOXKECTBO, cojepxKaliee MHOXxkeCTBO U.

< JlocTaToYHO 3aMETUTH, YTO MOJISIPA yPABHOBEIIEHHOT'O MHOXKE-
CTBa COBIIQJIAET C €ro aOCOJIIOTHOM MOJIApOit, n mpuMeHuTh 10.5.8. >

10.6. Ci1abo KOMHOAKTHBIE BBIITYKJIbIe MHOXKECTBA

10.6.1. Ilyctp X — BemiecTBEeHHOE JIOKAJBHO BBIITYKJIO€ IIPOCTPAH-
crBo u p : X — R — HenpepbiBHBII CyOJIHHEHHbBIH (DYHKIIMOHAT Ha X .
Torpa (Tomosoruyeckuii) cy6auddepentmar O(p) KOMIAKTEH B TOHOJIO-
run o( X', X).

< Tonowmm Q= [[c x[—p(—2), p(x)] n nagemmv Q TuxoHOBCKO#H
ronoJiorueit. fcuo, yro 9(p) C () ¥ TUXOHOBCKAs TONOJIOIHs B () MHIY-
mapyer B O(p) Ty ke Tonosormio, uto u o(X’, X). Hecommenno, aro
MHOXKecTBO O(p) 3aMKHYTO B () U3-3a HENPEPBIBHOCTH p. Y IUTHIBAS Te-
nepb Teopemy Tuxonosa 9.4.8 u 9.4.9, zakiouaem, uro O(p) siBsETCS
(X', X)-KOMIIAKTHBIM MHOYKECTBOM. [>
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10.6.2. Cy6aupgepeniuai 0605 HEIPEPHIBHOH 110JIyHOPMbI CJIa-
60 KoMHIakKTeH. <|[>

10.6.3. Teopema o cTtpoenuu cyoaucgpcgepenimasaa. Ilycrs X
— BemecTBEHHOe BeKTOPHOe npoctpancTso. Muoxectso U B X7 apjis-
ercs cyonuggepennuanom (BCIOLY OIPeAe6HHOrO U IPUTOM €IUHCTBECH-
HOro) cybauneiinoro ¢pyuknuonana sy : X — R B ToM u TOJIBKO B TOM
cayqae, ecmr U memycro, Beitykao n o( X7, X )-KoMITaKTHO.

< =: Iycre U = 9(sy) ayist HEKOTOPOro Sy. EAMHCTBEHHOCTD Sy
obecrievena 3.6.6. B cBasu ¢ 10.2.12 mMOHATHO, 9TO 3€PKAJIO TOMOJIOTHH
Maxkku 7(X, X#) — 310 cunbmeiimas myabruropMa B X (cM. 5.1.10
(2)). Orciona BEIBOAMM, 9TO DYHKIHOHAN Sy Hempepbiser B 7(X, X 7).
Ha ocrosannn 10.6.1 muoxectso U kommaktro B o( X7, X). Boimyk-
JIOCTB U HerrycToTa U OYeBUIHbIL.

<: Ionoxkum sy(x) := sup{l(z) : | € U}. Beccnopho, uro sy
— cyommueitabiit yukimonan u dom sy = X. Ilo onpenenenuro U C
d(sy). Ecim ke | € O(sy) ul ¢ U, To o Teopeme CTPOroi OTALIUMOCTH
10.4.8 u Teopeme o ayanmsanuax 10.3.9 mis mekoroporo x € X Oyuer
sy(x) < l(z). Monyuaem nporusopedne. >

10.6.4. OTIPEAENEHUE. CyOauHeilHbii byHKIMOHA Sy7, TOCTPO-
ennblii B Teopeme 10.6.3, Ha3bIBaIOT 0nopHOT pyHryuel MHOXKecTBa U.

10.6.5. Teopema Kperina — Muniabmaaa. Kaxkgoe KoMIakTHOE
BBIITYKJIOE MHOZKECTBO B JIOKAJIBHO BBIITYKJIOM IIPOCTPAHCTBE SIBJSETCS
3aMbIKAHUEM BBIITYKJIOH 0O0JIOYKH MHOXKECTBA CBOUX KPAHHUX TOYEK.

< Ilycts U — Takoe MHOXKeCTBO B mpocTpaHcTBe X. MOXKHO cun-
TaTh, YTO MpoCcTpaHcTBO X — BemecrBeHHoe u uro U # &. B cu-
ay 9.4.12, U kommakrao B Tonosiornu o(X, X'). Ilockomnbky o(X, X')
ungymupyercs B X ronosorneii o(X'7, X') 8 X7 10U = 8(sy). 3necs
(em. 10.6.3) sy : X' — R nedicryer no npasuay sy (z'):= sup 2’ (U). To
teopeme Kpeitna — Munsmana st cyoanddepennmanos 3.6.5 MHOXKe-
cTBO Kpaituux Tovek ext(U) He mycro. 3aMbIKaHue BBIILYKJIOH 060109KH
mHOXKecTBa ext(U) sisrsiercst cybmuddepennmanom no teopeme 10.6.3.
Kpome Toro, 3ro MHOXKECTBO MMeeT Sy CBOeil OIOpHOI (pyHKIMel u,
craiio 6eITh, coBuagaer ¢ U (cp. 3.6.6). >

10.6.6. Ilyctp X < Y u S — rommgeckuii orpe3ok B X. Ilycrsb,
Jgasee, ps — ¢yurumuonas Murakosckoro S. Iossipa 7(S) cayzkur mpo-
o6pa3oM 1IpH KeT-0TobpaskeHnH (aarebpanieckoro) cybangdeperiaia



234 I'n. 10. /IBoiiCTBEHHOCTD U €€ MPHUIOKEHUST

d(ps), T e.
(S) = 9(ps) ) -

Ecin S — abcoJrroTHO BBIITYKJIO€ MHOXKECTBO, TO abCOIIOTHAS 110J1s1pa S°
SABJIAETCST IPOOOPA30M IIpH KeT-0TOOpazkeHuu (aarebpamdeckoro) cy6-
auggepennuaia noayaopmsr |0|(ps), T. e.

S° = 10l(ps)) ™"

< Eom y € Yg raxos, uro y € |d(ps))g's 1o |y)r BXOMMT B
d(ps). Buaunt, ;uist « € S Bomosarero Re(x |y) = (x|y)r = |y)r(x) <
ps(x) <1, ubo S C {ps < 1} mo Teopeme o dynKIMOHATE MUHKOBCKO-
ro 3.8.7. Caenosaresbno, y € m(5).

Eciu, B cBo10 04epesip, y € 7(S), 10 amement |y)r BxomuT B J(ps).
B camom gente, mist siroGoro snemenTa ¢ u3 Xg upu « > pg(x) nmeem
1> ps(atz), .e. a7tz € {ps < 1} C S. Orciona (o 'z|y)r =
Re(a 'z |y) = a ' Re(x|y) < 1. Oxonuarenbno nomyuaem |y)r(x) <
a. V3-3a mpon3BOJILHOCTH BBIGOpA (v TIOCJIE/IHEE HEPABEHCTBO O3HAYAET,
aro | y)r(z) < ps(z). Mnaue rosopst, y € |d(ps))g' - Tem cambiv paben-
crBo T(S) = | O(ps))g " yeranosieno. OcTaBiiasicst 4acTh yTBEPHKICHUS
cJIelyeT U3 CBOWCTB Komiuiekcudukaropa 3.7.3 u 3.7.9. >

10.6.7. Teopema Agaaoriay — Bypb6akwu. Ilossipa okpecTrHOCTH
HYJIST JTIOOOH COIVIAaCOBAHHOH C JIBOHCTBEHHOCTBHIO TOIIOJIOTHU SIBJISICTCS
€J1a060 KOMITAKTHBIM BBIITYKJIBIM MHOYKECTBOM.

< Ilycre U — okpecraocts Hysst B upocrpancrse X u w(U) —
nossipa U (B meoitcrBennoctn X «— X'). Tak kak U D {p < 1}
JIJIsl HEKOTOPOI HENpPEepHIBHOMN IIOJyHOPMBI p, Ha ocHoBaHuu 10.5.2 (4),
m(U) C #({p < 1}) = n(By) = B;. lpusnexas 10.6.6 u yuuTnisasd,
4T0 p ecrb (ynxuuonan Munkosckoro By, sugum, aro w(U) C |0|(p).
B cuy 10.6.2 Tonosornveckuit cy6auddepernuan mosyHopmbr |9|(p)
apisiercd o(X', X)-komnaktasim. [lo onpenenernmio w(U) — ciabo 3a-
MKHYTOe MHOXKecTBO. Ocraérest cocnarbest Ha 9.4.9, 9T00bI yOEIUTHCs
B 0(X’, X)-xomnaxraoctu 7(U). Bourykiocrs 7(U) necomuenna. >

10.7. PedrireKcuBHBIE IIPOCTPAHCTBA

10.7.1. Kpurepuii Kakyraun. HopmupoBanmoe mTpocTpaHCTBO
peJIeKCHBHO B TOM H TOJIBKO B TOM CJIydae, eCJH €JUHHYHBIH IIap B
HEM c1a00 KOMIIAKTEH.
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< = [Iycrs X peduiekcusho, T. e. ”(X) = X”. Mubimu caoBamy,
obpasz X mpu jaBoitHoM mTpuxoBaHun cosnagaer ¢ X'. Tax kak map
Bx» — 310 nonsipa mapa By npu gsoiicteennoctn X« X’ to Bxn
— 910 0(X”, X')-KOMIIaKTHOE MHOXKECTBO 110 Teopeme Asaoriay — Byp-
6aku 10.6.7. Ocraérca samerurb, uro Bx~ ecrb (06pa3 mpu JBORHOM
mrpuxoBannn) Bx, a (X, X’) ects (1poobpas npu JBOWHOM IITPUXO-
Banun) o(X”, X').

<: Pacemorpum gBoiicteennocts X < X', Tlo onpenenenuio map
Bx» npezcrasiisier coboii buniossipy Bx (TodHee roBopst, GUIIOJISIPY MHO-
xkecrBa (Bx)"). Ilpusnekas Teopemy 06 abcosoroii 6unossipe 10.5.9
" yumThIBasi, 9TO caabas romosorus o(X, X') mamynuposana B X To-
nosorueit o(X”, X'), sakmouaem, uro Bx» = Bx (u3-3a GeccriopHoii
abCOJTIOTHOM BBITYKJIOCTH W 3aMKHYTOCTH 3TOTO MHOYKECTBA, 00eCIedeH-
HOIi ycJioBIeM ero KoMmrakTHocTH). Takum obpasom, X pediekcusHo. >

10.7.2. Ciencreue. HopmupoBaHHOE mpocTpaHCTBO Oy1eT pe.ie-
KCHBHBIM B TOM U TOJIBKO B TOM CJIy9ae, €CJIH JII060€ OTpaHHIeHHOe 3a-
MKHYTO€ BBIITYKJI0O€ MHOXKECTBO B HEM CJIaO0 KOMITAKTHO. <I[>

10.7.3. CiuencrBue. Kaxkioe 3aMKHYTO€ HOJIPOCTPAHCTBO peh-
JIEKCHBHOI'O IIPOCTPAHCTBa Pe(hJICKCHBHO.

<1 ITo Teopeme Mazypa 10.4.9 paccmaTpuBaeMoe IOIIPOCTPAHCTBO,
a MOTOMYy # Imap B HeM c¢jiabo 3aMKHYThl. (CTajo OBITH, JOCTATOYHO
IBaXK bl IpUMeHNTHh Kpurepuit Kakyranu. >

10.7.4. Teopema Ilertrca. BanaxoBo IIPOCTPAHCTBO H COIPSIXKEH-
HOE K HeMY IIPOCTPAHCTBO PepIeKCHBHBI (WIH HE PEhOIeKCUBHBI) OJHO-
BPEMEHHO.

< Ecim X pedexcusuo, to o(X’, X) cosuamaer ¢ o(X', X"),
cTaJjio ObITh, yunThiBas Teopemy Ajtaoriry — Bypbaku 10.6.7, 3ak/oua-
eM, 9yr0 Bx/ — 310 0(X’, X")-KOMIAKTHOE MHOXKECTBO. 3HAYHUT, X'
pedutekcusno. Ecin ke pediekcusro X', TO 1O y2Ke JOKa3aHHOMY pe-
duexcueao X”. Ho X, Gymyunm 6aHaXOBBIM IPOCTPAHCTBOM, SBJISIET-
¢ 3aMKHYTBIM nognpocrpancreom X, Urax, X pediekcusuo B cu-
ay 10.7.3. >

10.7.5. Teopema /JI>keiimca. BaHaxoBO IPOCTPAHCTBO pPeQJIeK-
CHBHO B TOM H TOJIBKO B TOM CJIy4Yae, eCJI JII060H HelpepbIBHbL (Berie-
CTBEHHO) JIMHEHHBIH (YHKIHOHAJ IPHHAMAET HAUOOJIbIIee 3HAYCHHE HA
€TMHAIHOM IIIape 3TOr0 MPOCTPAHCTBA.
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10.8. IIpocrpancreo C(Q, R)

10.8.1. BAMEYAHUE. Bciogy B Tekymem maparpade ) — Hery-
CTOIl KOMIAKT (= HEIycToe KOMIAKTHOE XayCJaopdOBO IPOCTPAHCTEO),
a C(Q, R) — 970 MHOMKECTBO HENPEPHIBHBIX BEIIECTBEHHBIX (DYHKIMIHA
Ha ). Muoxkectso C(Q, R) 6e3 0cobbIX Ha TO yKasaHUii paccMaTpuBa-
IOT C €CTECTBEHHBLIMH <«IIOTOYEUHBIMU» aIre6panvdecKuMU OIepalusMA
U OTHOIIIEHHMEM IIOPsIJIKa, a TaKKe ¢ Tonojorueil HopMsel || - || := || - |lco,
orBevaromieil Merpuke Uebbinésa (cm. 4.6.8). B arom cMmbicie TpakTy-
1or BoickadbiBanus: «C(Q, R) — s10 BekTopHas periérkar, «C(Q, R)
— 9710 GanaxoBa anrebpa» u um nomodusie. Ecim B C(Q, R) BBOmgT
KaKue-Jn00 WHBIE CTPYKTYPHI, TO 9TO O0S3aTENLHO OrOBAPUBAIOT SIBHO.

10.8.2. OnPEAENEHUE. ITonmuoxkecrso L B C(Q, R) masbiBaior
nodpewémxoti, ecnu s fi, fo € L semomnneno f1V fo € L, fi A fo € L,
rae, Kak OOBITHO,

N1V f2(q):= fi(q) V f2(q),
fiAf2(q):= fi(@) A fa(q) (g € Q).

10.8.3. BAMEYAHUE. Cjegyer uMerhb B BUY, 9YTO OBITH [TOIPENIET-
koit B npocrpancree C(Q, R) — 310 Gosble, YeM GBITH PENIETKON OT-
HOCHTEJIBHO TopsKa, uHaynuposannoro u3 C(Q, R).

10.8.4. IIPUMEPHIL.

(1) @; C(Q, R); samMbIKaHue IOJPENIETKH.

(2) Ilepecedenue m060r0 MHOKECTBA IIOIPENIETOK — CHOBA
TIOJIPETIETKA.

(3) IIycre L — mekoropas nogpemérka u (o — HOIMHOXKe-
ctBO Q. Ilosmoxxum

Lg,:={feC(Q, R): (3geL)glq) = flg) (¢€Qo)}

Torna Lg, — nogpemérka. Ilpu stom L C Lg,.

(4) Ilycrs Qo — KOMIAKTHOE TOAMHOXKeCTBO Q. st mog-
pemérku L B C(Q, R) nosoxum

Llg, = {flg,: FeL}.
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Takum 06pa30oM, BBIITOJTHEHO
Lo, ={f€C@ R): fl|g, €L, }-

fcno, [aro L‘Qo — nozapemérka B C(Qp, R). Ecau npu srom L

— sekmopnas nodpewémra B C(Q, R), T. e. BEKTOpHOE MOIIPOCTPAH-
cTBO 1 ogHOBpeMenHo noapemérka C(Q, R), o L| Q, ~ BEKTODHAsl IOJI-

pemérka B C(Qo, R) (pasymeercsi, eciiu Qo # &).
(5) IIycrs @ := {1,2}. Torma C(Q, R) ~ R2 Jliobas

HeHnyJieBagd BEKTOpHadAd HOﬂpeH_IéTKa B RQ SaﬂaéTCH B BH/JIE
2. _
{(1‘1, IL‘Q) € R*: 1T — 0521'2}

JIsT HEKOTOPBIX avp, (g € R

(6) Ilycre L — Bekropuas nozpemérka C(Q, R). Ecuu
q € Q, To BO3HMKaeT anmbrepHaTHBa: 60 L1y = C(Q, R), mibo L, =
{feC@, R): f(q) =0} Ecuu ke q1, g2 — J(Be pa3IMIHbIE TOUKH
Qu L‘{qlm} # 0, To B cuiy 10.8.4 (5) mafimyrca yucia ap, as € Ry
Takme, 9To

Lig gy ={f€C(Q, R): a1f(q1) = aaf(qz)}. <>

10.8.5. Ilycre L — noapemérka B npocrparcrse C(Q, R). @yuk-
must f € C(Q, R) Bxoaur B 3aMmpikaHme L B TOM H TOJBKO B TOM
caydae, econ st obbix € > 0 (z, y) € Q? cymecrByer QpyHKImA
fi= fey.e € L, yoBaersopsiommast ycioBusM

f@)—flz) <e, Fly)—fly) > —e.

< =: OueBuHoO.

<: Ha ocunoBanum 3.2.10 u 3.2.11 moxkHO cumrarh, yro f = O.
Bospmém € > 0. 3adurcupyem x € @ 1 paccMOTpnM OYHKITIIO gy i=
foye € L. Ilycrs Vy:= {q € Q : gy(q) > —¢}. Torma V,, — orkpsiroe
MHOXKecTBO 1 Y € V. B cunmy xomnakTaOCTH () HAlAyTCA Y1, . .., Yn € @,
st KoTopsix @ = Vi, U... UV, . Iomoxum fr:= gy, V...V gy, . fAcHo,
uro f, € L. Tlomumo sroro, f.(x) < e u f,(y) > —e upu Becex y € Q.
ITycrs reneps U, := {q € Q : f.(q¢) < €}. Muoxectso U, OTKPBITO U
z € U,. BHOBB UCIOJIb3YsI KOMIAKTHOCTD (), MOJBIIIEM X1, ..., Tm € Q
rakue, 4T0 Q) = Uy, U. ..U, [Tonoxkum, nakonert, [:= fo, A.. . A fz,, .

LT *

Hecomuenno, uro l € L u ||| < e. >
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10.8.6. SAMEYAHUE. Ilpemroxkenue 10.8.5 Ha3bIBaIOT 0600WEHHOT
meopemots Juru (cp. 7.2.10).

10.8.7. Jlemma Kakyraun. s soboii nonpemérku L B C(Q, R)

BBIITIOJIHEHO
oL — ﬂ A (Ligany) -
(q1,92)€Q?

<1 Brunouenne cl L B cl(L{qth}) s Kaxoro (g1, q2) € Q2 Gec-
criopro. Ecm xe f € cl(L{ql’qz}) PN BCEX TAaKUX (1, G2, TO, B CHJy
npetoxkenus 10.8.5, f € cl L. >

10.8.8. CiaeacrBue. /list 0601 BekTOpHO# moapemérku L B mpo-
crpancree C(Q, R) cupaseminso npejcrapieHue

L = ﬂ Lig.ao)-
(q1,92)€Q?

< B nannom ciryvae MHOXKECTBO Lyg, 4.} 3AMKHYTO. [>

10.8.9. OnPEAENEHUE. [osopsr, uro muozxkectso U B F @ paszdens-
em mouky (Q, ecym J1jis JIFOOBIX TOYEK ¢1, g2 € () TaKuUX, 9TO ¢ 7 (2, Cy-
mecTByeT GyHKIMA v € U, IpUHUMAIONIAS PA3JINIHbIE 3HAYEHUS B 9TUX

roukax: u(q1) # u(qa).

10.8.10. Teopema CroyHna. Couepzkaliast HOCTOsIHHbIE (DYHKIHH,
paszesistioniasi TOYKH BeKTopHas mnojpeérka B npocrpancrse C(Q, R)
mwiorHa B C(Q, R).

< Eciin L — paccMaTpuBaeMast IOIPEIIETKa, TO

L{Q1,q2} - C(Q7 R){QH#D}

Juis Beskoit mapel (g1, q2) € Q2 (em. 10.8.4 (6)). Ocrasoch IpuB/Ieds
10.8.8. >

10.8.11. Ilycrs p € C(Q, R)'. Iomoxum
A (p):={f € C(Q, R): [0, |f[] Ckeru}.

Torza cymecTByer, u IPHTOM €IHHCTBEHHOEC, 3aMKHYTOE MOJMHOXKECTBO
supp(u) B Q rakoe, 4ro

feN (< fl

supp(p)
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< ITo nmemme o cymme TpoMeRkyTKOB 3.2.15

[0, [£I1 410, lgll = [0, [f]+ lgll-

Takum obpazom, f, g € A (1) = |f| + |g| € A (1). Hockompky A (1)
— nopadkoswl udean, 1. e. (f € N () & 0 < |g| < |f| = g € A (1)),
3aKJI09aeM, 94To 4 ({1) — 9TO BEKTOPHOE IOANPOCTPAHCTBO. Bostee Toro,
A (p) 3amknyTo. B camom gene, uycrs f, > 0, fn — f u fi, € A ().
Torya st g € [0, f] Bbmoarero g A fr, = gu gA fr € [0, fn]. Orcrona
cenyer, uro p(g) =0, 1. e. f € A ().

B cuiy 10.8.8, yuursiBast, 9r0o 4 ({4) — HOPSAKOBBIN UI€as, UMeeM

N () = [ A (g
q€Q

OupejiesuM MHOXKECTBO SUpp(f4) CJepyomum 06pasomM:

q € supp(p) & N (1)qy # C(Q, R) & (f € A (1) = f(g) = 0).

Hecomuenno, uto supp(u) — 3aMKHyTOe MHOXKecTBO. IIpm aToM crpa-
BEJIJINBBI COOTHOIIIEHU S

A= () A (W=

g€supp(u)
0}.

={feC@, R): f|

supp(p)

VrBepxkienue 06 eIUHCTBEHHOCTH BBITEKAET U3 HOpMAaJbHOCTU ) (CM.
9.4.14) u reopembl Ypeicona 9.3.14. >

10.8.12. OIPEAEJEHUE. MHoxKectBo supp(ii), durypupyroriee B
npegoxennu 10.8.11, naseisator nocumenem g (cp. 10.9.4 (5)).

10.8.13. SAMEYAHUE. Eciu yHKIMOHA 14 IOJIOKUTEJIEH, TO

A () ={f € C@Q, R): u(lf]) =0}

CaenroBarenbno, eciu upu 3roM p(fg) = 0 nys Beex g € C(Q, R), To

f|supp(u) = 0. Amnasoruuno supp(p) = @ < A (u) = C(Q, R) &
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p = 0. Takum obOpa3om, oOpAIIATHCSI C HOCUTEISIMU MOJOKUTETHHBIX
byHKIMOHAJIOB yI00HEee.

IIycre F' — 3aMrHYTOE TIOAMHOXKECTBO (). T'oBOpsT, uro F' HEcém i
wm aro B X \ F' nem p, eciau s BCAKO# HenpepbiBHON yHKnuu f,
y koropoii supp(f) C @ \ F, semosneno u(|f|) = 0. Hocuresns supp(p)
HECET [i, TP TOM JIFO00€E HECYIIee (1 3aMKHYTOe MHOXKECTBO B () comep-
kur supp(p). VHbIME coBaMH, HOCUTENb ff — 3TO JOIOJIHEHUE HAU-
GOJIBIIIETO OTKPHITONO MHOXKECTBaA, B KOTopoM HeT f (cp. 10.10.5 (6)).

ITonesno ysicuuthb, uTo B cwity 3.2.14 u 3.2.15 ¢ KaxKJbIM OrpaHu-
YeHHBIM (DYHKIMOHAJIOM [, MOYKHO CBfI3aTh HOJIOXKHUTEJbHBIE (& IOTO-
My U OrpaHWdeHHble) QYHKIMOHAIBI (i, [i—, ||, oupeneséHHble 1JIst
f € C(Q, R)y oueBusHbIMU PABEHCTBAMU:

pi(f) =suppl0, fl; p(f) = —infpl0, fI; |pul = py +p-.
Bouee Toro, C(Q, R)’ sisasiercss K-npocrpascrsom (cp. 3.2.16). <i>

10.8.14. Hocwuresn p u |u| coBnagaror.

< o onpenenennto A () = A (|p]). >

10.8.15. Ilyctb 0 < a < L map : f — plaf) opu f € C(Q, R)
e C(Q, RY. Toraa |au| = aly|.
< Hns f € C(Q, R). ecrb onenka

(ap)+(f) = sup{p(ag) : 0<g < f} <suppul0, af] =
= pr(af) = ap(f).

ITomumo 3ToroO,

pr = (ap+ (L =a)p) < (ap)4 + (T —a)p)y < apy + (1 —a)py = po
Buauut, (ap)+ = afiy, OTKYyJa U BbITekaer Tpebyemoe. >

10.8.16. Jlemma ge Bpanxka. Ilycts A — coxep:kalnjast IOCTOSIH-
ubie Qynxin nogarebpa C(Q, R) n p € ext(A+ N Beg,ry). Toraa
cyxkenne Jiobol pyHKIMY 03 A Ha HOCUTEIb I — MOCTOSTHHAST (DY HKIHSI.

< Ecim = 0, 1o supp(p) = & u J0Ka3bIBATH HUYErO HE HAJO.
Ecin ke p # 0, To, koneuno, ||u|| = 1. Bospmém a € A. IockoubKy no-
naJirebpa A colepKUT MOCTOsTHHBIE (DYHKIIUN, JOCTATOYHO PACCMOTPETH
ciay4ait, korma 0 < a < 1 u opu 3TOM

q € supp(p) = 0 < a(q) < 1.
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IMonoxkum g := ap u pio:= (1 — a)p. dAcuo, aro py + py = p, NIPpUIEM
GYHKIMOHAJBI 11 U (19 HEHYyJIEBbIe. BoJjiee Toro,

llall < gl + ]l =

= sup p(af)+ sup p((l—a)g) = sup  plaf+ (1 —a)g) <|pul,
IflI<1 lgl<1 I£1I<1,llgl<1

10O OYEBUIHBIM 00PA30M BBIIOJHEHO

aBe(q,r) + (1 = a)Be(g,r) € Be(q,r)-

Nrax, ||p]| = |lpea]| + |lp2ll. Caemosaresnsno, us npeacrasieHus
H1 H2
p= ||u1||||— + [lpell =
i (2|
YIUTBIBAsA, 9TO ji1, po € AL, zaxmogaem: py = ||p1||p. B emmy 10.8.15,

alil = Joge] = lsr) = yar] ). Buastn, [ (@ — [l [1)g) = O pns meex
g € C(Q, R). Ucnoubsys 10.8.13 u 10.8.14, BeiBogUM, 4T0 DYHKIUS O
[OCTOSTHHA Ha HOCUTEJIE [f. [>

10.8.17. Teopema Croyna — Betiepirpacca. Kaxxmnas conep-
JKalasi HOCTOsIHHBIE (yHKIHU pazaesistionast Toukn mogaiareopa C(Q, R)
mwiorHa B aarebpe C(Q, R).

< ITo Teopeme 06 abcosttorHoit 6unossipe 10.5.9 B ciaydae, ecu pac-
cMmarpuBaemas nojasirebpa A we wiorna B C(Q, R), mommpocrpancrso
A+ (omo e — A°) B C(Q, R) memynesoe.

IIpusiekas Teopemy Amaoray — Byp6aku 10.6.7, Bummm, aro AL N
B (q,r)y — 2T0 HelycToe abCoIIOTHO BBIYK/IOe ¢/1a00 KOMIIAKTHO® MHO-
2KEeCTBO, a TIOTOMY Ha OCHOBaHWH TeopeMmbl Kpeitna — Munbmana 10.6.5
B HEM MMEETCs KPAHssA TOIKA L.

Hecomuenno, uro 1 — nenyseBoit dyukimonaa. B To ke Bpems 1o
JieMMe Jie BpaHka HOCHTE/b L4 HE MOXKET COJEPXKAThb JIBYX Pa3InIHBIX
Touek, 6o A pasmensier Touku (). Hocuresnsb p He siBJisteTcsi OJJHOTO-
YEeYHBIM MHOXKECTBOM, ITOCKOJIBKY (i OOpalaercss B HyJIb Ha IIOCTOSH-
ubix Gysknuax. Crasno 6biTh, supp(p) — 310 Iycroe MHOXKecTBO. Ilo-
ciiepiaee oznavaer (cMm. 10.8.13), uro p — myseBoit dyukuuonas. [losy-
YUIU TPOTUBOPEYNE, MOKA3BIBAIOINIEE, YTO MOAIMPOCTPAHCTBO A ILIOTHO

B C(Q, R). >
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10.8.18. CaeacrBue. 3ambikanue job6oit mogaare6per B C(Q, R)
— BekropHas nojpemmérka B C(Q, R).

<1 ITo reopeme Croyna — Beitepriurpacca MOKHO HOIBICKATD MHOTO-
wieH P, Takoii, uro npu Beex ¢ € [—1, 1] 6yzmer

1
pult) = 1] < o
Torna |p,(0)| < 1/2n. IosToMy it MHOTOUIIEHA
Pn(t):= pn(t) — pn(0)
BeiosiHeHo [P, (t) — |t|| < 1/n npu —1 < t < 1. Ilo nocrpoenuto y P,

HeT ¢BOOOJHOTO WieHa. Ecim Teneph MyHKIUA @ JIEKUAT B MOIAITEOPE

ABC(Q, R)ula| <1, 1o

Pn(alq)) —la(g)[| < = (g€ Q).

S|

ITpu srom ssement ¢ — P, (a(q)), konedno xke, cojgepxkurcd B A. >

10.8.19. 3AMEYAHHUE. Cuencrsue 10.8.18 (Bmecre ¢ 10.8.8) maér
[IOJIHOE OllUCaHue Beex 3aMKHyThIX nonaiarebp B C(Q, R). B csoio oue-
pesb, KaK BUJIHO U3 JoKasareabcTBa, 10.8.18 jerko ycTaHOBUTH, HEIIO-
CPEICTBEHHO MPEeNbABIIAT KaKyIO-JIN00 IOCIEI0BATEILHOCTE MHOTOUIIC-
HOB, PABHOMEDHO CXOJIAILYIOCs K GyHKImu ¢ — [t| Ha oTpeske [—1, 1].
BriBectn 10.8.17, onmpasich Ha 10.8.18, He cocTaBjsgeT Tpya.

10.8.20. Teopema Turme — Ypsicona. Ilycrs (Qy — KOMIAKT-
Hoe nojmHokectBo Q u fo € C(Qo, R). Torma cymecrByer byHKIus
f € C(Q, R) rakast, uro f’Qo = fo.

< Hyers Qo # @ (uHaue Hewero J0KasbiBaTh). PaceMoTpum BIIO-
xKenue ¢ : Qg — () U BOSHUKAIOUINI OrpaHUYeHHBIN JIMHEHHBINA orepaTop
I C(Q, R) — C(Qo, R), meiicryrormuii 110 paBmy Uf:= fou Tpe-
Oyercs yCTaHOBUTDH, UTO . — saumopdusdm. [lockosbKy HecOMHEHHO,
4o im i — 3T0 pas3eldIonas TOYKY, COAepKaIlas IOCTOSHHbIE (DYHK-
nuu nogasredbpa C(Qo, R), B cuiry 10.8.17 nocrarouno (u, pazymeercs,

[e]

HeO6X0,[LI/II\/IO) IIPOBEPUTDH, ITO im¢— 3aMKHYTO€ IIOAIIPOCTPaHCTBO.
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—_ o .
Paccvorpum cHmzkenme ¢ omepaTopa ¢ Ha COOCTBEHHBIH KooOpa3

coim £ := cQ, R)/ Ker i M COOTBETCTBYIOIIEE KAHOHIIECKOE OTOGpazKe-
are . dua f € C(Q, R) nomoxum

g:= (f Asup | £(Qo)[1) V (= sup | f(Qo)[T)-

Ilo oupezesnenuto f‘Qo = g’QO, T e fi= o(f) = »(g). Bnaunr, ||g|| >
Illl. Tlomumo sToro,

17 = inf{llAll o : ih—f) =0} =
=t {[hllcm : Alg, = flo,} 2
> inf{||1] g, lem  hlo, = flo,} =
— sup |£(Qo)| = llgll = IFIl-

Taxum 0O6pa3oM, BBITOJTHEHO

IZF1 = llegll = lleglleor) =
= llg © tllc(qor = suplg(Qo)l = llgll = I 11,

T. €. T — m3omerpusd. [Ipumenss mociaenoBarensuo 5.5.4 u 4.5.15, BbI-
. o

BOJUM CHAa4aJa, 9TO coim ¢ — OAHAXOBO MPOCTPAHCTBO, & 3aTE€M — UTO

o .o L

im7 samkuyTO B C(Qp, R). Ocranock 3amerurs, uro im ¢ = im7. >

10.9. Mepsb1 Pagona

10.9.1. OPEAEJEHUE. Ilycrs {2 — 3T0 JIOKAJIBLHO KOMIAKTHOE TO-
nosiormaeckoe mpocrpanctso. lomaraior K(Q) := K(Q, F) := {f €
C(Q, F) : supp(f) — komnakr}. Ecim @ — xommakt B ), TO cun-
raior K(Q) := Kq(Q) := {f € K(©) : supp(f) € Q}. IIpocrpan-
creo K(Q) nagensior HopMOii || - |lo. IIpm E € Op(f) nmosnararor
K(E):=U{K(Q): Q € E}. (Bamucs @ € E g nonmuoxecrsa E B
Q) ozHAyaeT, 9To () KOMIIAKTHO U () JIEXKUT BO BHyTpeHHOCTH F, BbIYuC-
JIEHHO#t B mpocTpancTse §.)

10.9.2. CupaBeyiiBbI Yy TBEPKICHHSI:
(1) wsQ e u feC(Q, F) Bepro

flog =0+ (B9 K@ gly = 1))
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IIpu srom K (Q) — 6aHAX0BO HPOCTPAHCTBO;

(2) myere Q, Q1, Q2 — KOMIAKTHBIe MHOXKecTBa U () ©
Q1 X Q2. Jlubeitnas obosouka B C(Q, F) cuaenoB na
Q dynxnmit suga ui - uz(qr, g2) = u1 @ u2(q1, q2):=
w1 (qr)u2(ge) s us € K(Qs) mwroraa B C(Q, F);

(3) eciim Q@ — kommakt, To K(Q) = C(Q, F). Iycrs Q
He KoMmmakTHO. Torma IpH ecTeCTBEHHOM BJIOXKCHUH B
C(Q, F), oge Q@ := QU {00} — asekcanapoBckas KOM-
nakrupuranys §Q, npocrpancrso K () mirorHo B rumep-
miockocru {f € C(2, F): f(oo) = 0};

(4) orobpaxenne E € Op () — K(FE) € Lat (K(Q)) co-
XpaHAET TOYHbIC BePXHUE I'DAHHUIIDI;

(5) ama E', E" € Op () Tovna cireayrolas ocae/j0BATE b
HOCTb:

LB E'") O(E!,E")

0— K(E'NE") K(E') x K(E") K(E'"UFE") — 0,
rae yg gy f=(f, —f);, o en(f, 9):=f+g

< (1) I'paruna 0Q — sro u rpanuna sHemHoctu int( \ Q).

(2) Uccaeayemoe MHOXKECTBO — HOAAIre0pa. 3aK/IIOUEHHE CJIE/YeT
w3 9.3.13 1 10.8.17 (cp. 11.8.2).

(3) MoxHo cunrars, uro F = R. Yunrssasg, aro K (£2) — nopsiko-
Bblii uieas, B cuiy 10.8.8 3akinouaem Tpebyemoe (160 K (€)) pasmessier
roukn ') (cp. 10.8.11).

(4) dcro, uro K(sup@) = K(@) = 0. Ecmm & C Op(Q) u &
dbwmrpTpoBano no Bospacranuo, To A f € K(UE) byner: supp(f) C
E g mekoroporo E € & (B cuny kommaktHocTu supp(f)). Orcroma
K((U&) = U{K(E): E e &}. Ilycrs, nakouen, Fy,...,E, € Op(2) n
f € K(E1U...UE,). B coorsercruu ¢ 9.4.18 nmerorcst oy, € K(E})
takue, 9o y ., ¥ = 1. IIpm srom f = Y0 ¥ f u supp(fx) C
Ey (k:=1,...,n).

(5) memeIenHO corenyer u3 (4). >

10.9.3. ONPEAEIEHUE. @ynkumonan p € K(Q, F)” naswisaior
mepoti (bonee mosno, F-mepot) Padona wa ) n mmmyr g € A (Q) =
A (2, F), ecin u‘K(Q) € K(Q), xak tonbko @ € 2. HUcnonbsyior
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0003HAYCHUS

[ tau= [ sau= [ @) du@=utr) (7 € K@),
Q

Benuauny p(f) naseiBator unmeepasom f no mepe p. B s10it cBa3m
Mepy M UMEHYIOT UHME2PAAOM.

10.9.4. IIPUMEPHIL.

(1) Hust g € Q wmepa Jupara 6q = f — f(q) (f € K(Q))
catyzkut Mepoit Pasgona. Eé yacro 0603Ha4a10T CUMBOJIOM 04 U HA3BIBAIOT
deavma-pynryued 8 mouke q.

ITycre €2 JIOTOJHUTEIBHO HAJIEJIEHO CTPYKTYPOR TPYIIIbLI, PUIEM
obpamienne g € ) — ¢~ € Q u rpynmosoe ymuoxKenue (8, t) € QX Q —
st € ) HenpepbIBHBL, T. €. {) — A0KAALHO Komnarmuas epynna. CAMBO-
JIoM § 0603HAYAIOT O, TJe e — exuauia §. g abesneBbix (KOMMYTaTHB-
HBIX ) [PYIII UCIOJIb3YETCsl TAKYKE CUMBOJIMKA, CBI3AHHAS CO CIIOZKEHUEM.

B K(Q) miist a € Q umerorest onepamopvl (46020 u npasoeo) cdsu2o6

(o7F)(@):= of(q):= flaq),

(raf) (@)= fal@)= f(qa™")
(f € K(Q), g € Q) (cupuraerca f B Q x F). cHo, uro .7, 7, €
Z(K(£2)). BaxubiM u IiybOKEM 00CTOSTEIBCTBOM SABJIACTCSA HAJMYHE
HETPUBUAJIbHON MHBAPHAHTHOW OTHOCUTEIBHO JIEBBIX (COOTBETCTBEHHO,
npaBbix) ¢aBuros Mepsl u3 Z (£, R). (JleBo)unBapuanrusie Mepsl Pa-
noHa nponoprmoHadbHbl. (Kakyio) HeHyseByo (JleBOMHBAPUAHTHYIO)
HOJIOXKUTENbHY 0 Mepy PajioHa HasbiBatoT (nesoti) mepoli Xaapa (pexe
unmeepasom Xaapa). B ciyuae IpaBbIX CABUIOB UCHOJIB3YIOT TEPMUH
(npasas) mepa Xaapa. st abeeBbIX IPYII BCErJa TOBOPAT O MEPAL
Xaapa. B npocrpancrse RY Taxoit Mepoit ciyzxut obbranas mepa Jlebe-
2a. B cBas3u ¢ atum Jy1s 0603HaUeHus oOmMuX Mep Xaapa U UHTErpaJioB
[0 HUM HCIOJIL3YIOT CUMBOJIUKY, AHAJIOMMYHYIO IPUHATON J1JIst MephI J1e-
6era. B gacrHOCTH, yC/I0BHME JIEBOMHBAPMAHTHOCTH 3AIIUCHIBAIOT B BUJIE

/f(ailzr)d:r:/f(x)dx (f e K(Q),aeN).
Q Q

(2) Iycrs M(Q):= (K(Q), || |loo)’- Dementsr M () na-
3BIBAIOT KOHEYHbLMU WU 02PAHUNEHHbMU Mepamy Padona. fcuo, aro
orpaHMYeHHbIe Mephl B3siThl 13 npoctpancrea C'(Q, F)' (em. 10.9.2 (2)).
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(3) Ml 1 € 4(Q) womararor i*(f) — pu(f*)", vie £*(q)i—
fl@* mig g € Qu f € K(Q). Mepy p* HaspBaior apmumoso co-
npascénnot x p. Pazmumaue p* n p Bosuukaer jsmnis upu F = C. Ecin
1= p*, To roBopar o sewecmeernnoli C-mepe. fcno, uro p = py + ipe,
rIe i1, (g — €JIUHCTBEHHBIM 06Pa30M ONpeIe/IéHHbIe BerecTBennble C-
Mepbl. B c¢Boio ouepenp, BemectBennas C-Mepa MOpOXKIAETCA JBYMSI
R-mepamu (sewecmeenmnvimu mepamu uz A (Q, R)), nbo K(Q, C) —
s1o komiutekcudukanusa K (Q, R) ®iK (), R). Bemecrsennsie R-mepsi,
OYEBHTHO, COCTABAAIOT K-mipocTpancTBO. Ilpm 3TOM mMHTErpas mo me-

pe cayxuT (Tpe)MHTErPAJIOM M BO3HUKAET BO3MOXKHOCTH 0e3 0COOBIX
OTOBOPOK pacCMaTPHBATh COOTBETCTBYIOMIUE JIEOETOBBI PACIIUPCHHUS W
CBYI3AHHBIE ¢ HUMU [IPOCTPAHCTBA CYMMUPYEMBIX (B TOM YHUCJIE€ BEKTOD-
Ho3HAUHbIX) dyrkuuit (cp. 5.5.9 (4), 5.5.9 (5)).

C ka0l Mepoii Pajiona p CBA3BIBAIOT IIOJIOKUTEIBHYIO MeDY |u,
onpenenénnyio g f € K(Q, R), f > 0, coornomenuem

Il (f):= sup{|p(g)| : g € K(Q, F), [g] < f}.

YacTo MO/ CIOBOM MEphI TOHAMAIOT HOJIOKATEIBHBIE MEPBI, TPOYHE Me-
PBI B 3TOM CJIydae Ha3bIBAIOT 3apAdamu.

Mepbl 4 ¥ V HA3LIBAIOT QUSGIOHKMHbLMY I HE3AGUCUMbBLMU, €CITA
|| AJy| = 0. Mepy v Ha3bIBAIOT aBCOMOMMHO HENPEPLIEHOT OTMHOCU-
MEeABHO [I, €CJTA I HE 3aBUCAT OT Mep, HE3aBUCUMBIX OT [i. TaKyio Mepy
v MOYKHO 3aJaTh B Buje V = fu, tae f € Ly joc(p) u Mepa fu (¢ naom-
nocmoto f omuocumenvro ) neficreyer no npasuiy (fu)(g) := p(fg)
(g € K(R)) (= meopema Padona — Hukoduma).

(4) Ecom Q' € Op () u p € A (), To onpeneseHo cyorce-
HUe iy 1= “|K(Q/)' Onepamop oeparusenus i — puoy 13 A () B A ()
YIOBJIETBOPAET YCA06Ut0 cozaacosanus; musa Q' C Q' C Qu p € #(Q)
BEPHO por = (fqy )qr. DTY CUTYAIMIO BBIPAXKAIOT CJOBAMU: 0TOOpazKe-
ave /4 : E € Op () — #(F) u oneparop orpannuerust (= ¢ynrmop
M) 3ama10T npednyuok (BeKTOPHBIX NpocTpaHcTB). IlosesHo ybemrhes,
4TO OTOOparkeHwe orpaHndeHust mep PajioHa He 0653aH0 GLITH SMTUMOP-
duzMoMm.

(5) Iycts E € Op(Q) u pp € #(2). Tosopar, ato B E
nem p uin 9ro Q \ E necém p, ecin pp = 0. Ha ocnosanun 10.9.2 (4)
CYIIECTBYET HAMMEHbIIEee 3aMKHYTOE MHOXKECTBO supp (i), Hecyee fi, —
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Hocumens mepo, fi. YcraHasiausaercs, 9ro supp(u) = supp(|u|). Bse-
JieHHOe olpejiesienne corsacoBano ¢ 10.8.12. Mepa /Jupaka d, — enun-
CTBEHHAs C TOYHOCTLIO IO MHOXKUTEJsE Mepa Panona ¢ nocurenem {gq}.

(6) Ilycrb Q) — J10KAIBHO KOMIIAKTHOE IPOCTPAHCTBO U [, €
A Q) (k:= 1,2). Ha npoussenerun 2y X g CyImecTByer, u IPUTOM
eIMHCTBEHHASI, MEPa /i TaKasd, 9To miud uy € K () BeIIOTHEHO

[ w@uw iy ~ [u@daw [ daw.

Q1 XQs Q1 Qo

Ncnonb3yoT 0603HAUEHUS [11 X i = {1 @ g := . Ipusmexas 10.9.2 (4),
BuzuM, 9ro juisd [ € K (€1 x Q) suavenue pu1 X po(f) MOKHO BBIYUCIUTD
HOBTOPHBIM MHTErpupoBanueM (= meopema Pyburu as mep).

(7) Iycts G — nOKaabHO KOMTAKTHAS TPYTTIA M 3a/[aHbI
w, v € M(G). Oua f € K(G) dynxuus f(s, t):= f(st) HenpepsiBHA U
[ < ) O] < Nl 17]] 11 f ] oo- Tem cambiv onpesenena mepa Pajgona i %
v(f):= (uxv)(f) (f € K(G)), naspBaemas ceépmuoti pu u v. cnomns3ys
BEKTOPHBIE HHTETPAJIBI, TIOTYIAeM TPEICTABICHUSI:

ENZE /55*5tdu(s)dy(t):
GxG

!65*ydu(s)!u*5tdy(t).

[IpocTpaHCTBO OrPpAHUYEHHBIX MEP OTHOCUTEIBHO CBEPTKHU TPEJICTA~
BasieT coboit GaHaxoBy anrebpy — ceépmounyro aszebpy M(G). Dra an-
rebpa KOMMYTATUBHA B TOM U TOJIBKO B TOM ciry4ae, kKorga G — abeseBa
rpymnma. B HaszBaHHOM ciryuae npoctpaHcTBo Li(G), OCTPOEHHOE OTHO-
CUTEJIbHO Mepbl Xaapa m, TakXKe 00JIa/IlaeT eCTeCTBEHHOW CTPYKTYPOi
cBépTouHOii asrebpsl (noxanrebper M (G)). Ee HaswbiBaror epynnosol
anzebpot G. Takum obpaszom, s f, g € L1(G) oupenesenus cBEPTOK
dbysximit u Mep cornacosansl (cp. 9.6.17): (f*g)dm = fdmx*gdm. Ana-
JornaHo omnpenensior ceépmry € M(G) v f € L1(G) coorHOmEeHIEM
(u* f)dm := p* (fdm), 1. e. Kak IVIOTHOCTb CBEPTKU OTHOCUTEIHHO
Mepbl Xaapa. [Ipu aT0M, B 9acTHOCTH,

Ng:/%*ﬁ@mmwz/u@ﬂ@WM)

G G



248 I'n. 10. /IBoiiCTBEHHOCTD U €€ MPHUIOKEHUST

Teopema Bengesisi. Ilycrs T € B(L1(G)). Torna skBuBaJeHTHBI
CIICAYIONIAC YTBEPIKICHH:
(i) cymecrByer mepa p € M(G) rakas, auro Tf = px f npu
f € Li(G);
(ii) T nmepecranosouen co casuravu: T1, = 7,1 st a € G,
LIe T, — 9TO eAHHCTBEHHOE OrPAHMICHHOE IIPOAOIKCHHC
omeparopa c¢asura ¢ K(G) na L1(G);
(iii) T(f xg) = (T'f)*g mpu f, g € L1(G);
(iv) T(fxv)= Tf)*v gmav € M(QG), f € L1(G).

10.9.5. OnPEAENEHUE. IIpocrpancrsa K (2) u . ()) npusese-
Hbl B JIBOMCTBEHHOCTH (MHIAYIMPOBAHHYIO aBoiicTBeHHOCTBIO K () >
K(Q)*). Ipu srom mpoctpancTo . (2) HAJIEISIOT JTOKATBHO BBITYK-
Jsoit ronosiorueit o (A (), K(€2)), KOTOpy10 0OBIYHO HA3BIBAIOT WUPO-
xot. IIpocrpancrso K (£2) B cBoo ouyepepb cHabxkaior Tomosorueit Max-
Ki Tg ()= T(K(Q), .#(Q)) (mosromy, B wacrrocru, (K(2), 7)) =
A (). IpocrparcTso orpanndeHHbix Mep M () paccmaTpuBaror, Kak
upaBwio, ¢ coupsikénnoit nopmoii: ||l := sup{|p(f)|: |Iflle <1, f €
K@)} (€ M(9)).

10.9.6. TomoJorust TK(Q) — CHJIbHEHINAasi U3 TaKUX JIOKAJIbHO BbI-
mykJbIx TonoJioruii, aro saoxenne K (Q) B K () HenpepsiBHO npu Bcex
Q, mrs koropeix Q € 0 (T. e. Ty (q) — TOHOJIOIHS HHIYKTHBHOIO IIpe-
zeia (cp. 9.2.15)).

< Ecim 7 — romnosorus ueaykTHBHOrO Ipetena u p € (K (), 1),
TO 10 onpeJienenuio p € . (2), nbo p o L () HempepeIBHO HpH () € .
B cBowo ouepeny, mia pu € () muoxkecrBo Vo = {f € K(Q) :
|(f)] < 1} — okpecrrocts Hyast B K(Q). YdursiBas OLpeJescHuE T,
sBumnM, ato U{Vp : Q € Q} ={f € K(Q): |u(f)| < 1} — oxpectHOCTD
uyns B 7. Crano 6eire, p € (K (), 7)' u 7 cormacosana ¢ ABofcTBEH-
noctpio. [losromy 7 < 7 (q)-

C Apyroif CTOPOHBI, €M p — IOJyHOPMa U3 3€PKaJIa TOMOJOIMU
Makku, To p — onopuas Gyukuus cyoauddepennuana B 4 (). Cie-
TIOBATENTBHO, €& CyeHne q:= p o Lk (@) Ha K (Q) BO BeakoM ciydae Tio-
JiyHenpepbiBHO cHU3y. 11o Teopeme Tenbdanna 7.2.2 (u3-3a 6ovednoCTH
K (Q)) momyropMa ¢ HempepbIBHA. 3HAYHUT, BIOXKEHUE Lk () @ K (Q) —
(K(S2), Tk(q)) HENIPEPLIBHO U T > Tk (q) TIO OTIPEJICCHATO HHIYKTHBHOTO
npegesia. >
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10.9.7. Muoskecrso A B K(RY) orpanmaeno (s Tonmomornm mmmyk-
THBHOIO 1peea), ecau sup || Al < 400 u, Kpome TOro, HocuTeIH JJIe-
MerTOB A J1exaT B 001meM KOMIAKTe.

< Iycrs Bonpekn mokasbiBaemoMy s Q € RY me Bepro, uto A C
K(Q). Unaue rosops, mycrs g n € N umerorcs ¢, € RN na, € A, nis
KOTOPBIX A (qn) 7 0 1 |gn| > n. Baas B:= {nla,(g,)| 0, : n € N},
BUJIIM, 9ITO 9TO MHOXKECTBO Mep PajioHa mMpOKO OrpaHuveHo u, CTaJjo
6erre, nosyuopma p(f) := sup{|up|(|f]) : @ € B} mempepsisua. Ilpn
aroM p(ay) > nlan(gn)| '8y, (Jan|) = n, aTo nmporuBOpeunT OrpaHMUeH-
noctu A. >

10.9.8. 3AMEYAHUE. Ilycrs (f,) C K(RY). HumyT f, — 0, ec-
m (3Q € RY)(Yn) supp(fn) C Q & || falloo — 0. U3 10.9.7 nemeyrenno
crenyer, uro pu € K(RN)” apaserca mepoit Panona, ecm p(f,) — 0,
KaK ToJbKO fp, —» k0. OTMernM TakxKe, 9TO 3TO COXPAHAETCS IS
JII000TO  JIOKAJIBHO KOMIAKTHOTO 2, cuémmozo 6 beckonewnocmu, T. €.
[peJICTaBJISIONEero coboil 06beIMHeHne CUETHOTO ceMeiicTBa KOMIIAKT-
HBIX IIPOCTPAHCTB.

10.9.9. SBAMEYAHUE. Ha R cymiecTByIoT 1ociie/1oBaTeIbHOCTH Be-
[IECTBEHHBIX HOJIOXKUTEIbHBIX MHOTOYJIEHOB (P, ) TAKHUE, 9TO MePbI Py, dx
IIIPOKO CXOJATCS K § Ipu . — +00. PaccMmarpuBast npousBejieHust Mep,
[PUXOAMM K TAKUM IOJIHHOMaM P, na npocrpancrse RN, yro P,dz mu-
POKO cxoidarces K 0 (31ech, Kak 00bI9HO, dx:= dxry X ... X dxy — Mepa
Jlebera ma RY).

Hycrs teneps f € K(RY) u f npumamnexxur kmaccy C) B nexo-
TOpPOl OKpecTHOCTH KOMIakTa ) (T. e. UMeeT TaM COOTBETCTBYIOLIME
HelpepbIBHBIE TIPON3BOIHBIE). Paccmarpusast céprku (f * P, ), BuIuM,
9TO 9TO MOCJEAOBATEIHHOCTE MHOTOWIEHOB, PABHOMEDPHO AITPOKCUMI-
pyiomast Ha () Kak f, Tak U €€ MPOU3BOMHBIE JI0 TIOPHAIKA 17 BKIIIOYH-
TEJIBHO.

BosmoxkHOCTH O100HO pEryIsIpu3aliuu MPUHITO HA3BIBATDL 0600-
wénmoti meopemoti Betiepwmpacca 8 RY (cp 10.10.2 (4)).

10.9.10. Teopema o JioKajabHOM 3agaHun Mepbl. Ilycrs & —
orkpbiToe 1mokpbitue ) u (ug)pes — cemeiicrBo mep Pajona: pgp €
A (E), npuuém sist smo6oit naper (E', E") saemeHToB & Cy»KeHUsT Mep
pe 1 pgr #a B’ N E” coBmagaror. Torma cymecTByeT, 0 IPATOM €IHH-
crBeHHas1, Mepa | Ha (), cy>keHHe KoTopoii Ha F paBHO ug s JIIo60ro

Ecé.
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< Ipusnekas 10.9.2 (5), IOCTPOUM TI0CIIEI0BATEIBHOCTD

> KENE") S KE) - K(Q) -0,
{E}E"} Ecé&
E\E"c&E'#E"

I7le L TIOPOZK/IeHO CYMMUPOBAHUEM «KOODJMHATHBIX> BJIOKEHUM L(f/, frr),
a 0 — obbranoe cioxkenue. IIpsiMbre CyMMBI 110 OOIIEMY TPABHUILY TOIO-
JIOPM3UPOBAHBI KAK UHJYKTUBHBIE 11pejesibl (cp. 10.9.6).

Vb6enuMcst B TOTHOCTHU TOCTPOEHHO TTOCJIe10BaTEeIbHOCTH. [10CKOIBb-
Ky BbinosHeHo K () = Ugea K (Q), ¢ yuérom 10.9.2 (4), MOKHO orpanu-
YUTHCS CJIy9IaeM KOHEYHOr'O MOKPBLITUSI U YCTAHOBUTH TOYHOCTH BO BTO-
pOM dJIeHe.

Urak, nycrs jyist mokpbiTuii u3 n snementos {Ey, ..., E,} (n > 2)
JIOKa3aHO, 9TO TOYHA ITOCJIEI0BATEIbHOCTD

n

K, [ K(Ex) = K(EyU...UE,) =0,

k=1
rje i, — «cyenne» . Ha K, a oroGpaskeHue o, — CyMMUPOBaHUE U
K, := H K(EkﬂEl).
k<l
kJle{1,...,n}

Ilo pomymenuro ime, = kero,. Ecmm 0n+1(f, fns1) = 0, Toe f::
(fh Ce 7fn); TO O'nf = 7fn+1 u fn+1 S K((El U...u En) n En+1).

Ha ocroBanuu snumopdHocTu o, obecredennoit 10.9.2 (5), cyrme-
creytor 0 € K(E, N E,y1) Takue, aro mis 6 := (01,...,60,) Gyger
o = —fni1. Orcrona (}’vf 0) € kero,, u 110 JOIYIIEHUIO MOXKHO HOJIO-
opare » € K,,, 1151 KOTOPOIO Ly = f— 0. dcuo, aro

n
Kn+1 =K, x H K(Ek N En+1)
k=1
(¢ TounoCTBIO 110 M30MOpdU3MAa), 32:= (3¢, O1,...,0,) € Ky g Uty 172 =

(]?7 fn+1)'

ITepexons Kk conpsizKeéHHON auarpamme (cp. 7.6.13), umeem TOUHYTO
II0CJIEJOBATEJIBHOCTD

0.2 [l aE -~ [  #ENE".
Eeé& {E' E"}
E/,E“Eg,E/#EN

910 u TPebOBAIOCH YCTAHOBUTD. [>
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10.9.11. BAMEYAHUE. B TomoJioruu mpeirydku, JOIIyCKAOIIIe Ta-
KYI0O BO3MOXKHOCTBH JIOKQJIbHOTO 3a/IaHUsI CBOUX 3JIEMEHTOB, Ha3bIBAIOT
nyukamu. B 3Toit cBasm yrBepxkenue 10.9.10 BbIpakaroT CJIOBaMU:
npeaydok mep Pajgona Q — # () — s1o mydyok wim, Gosee Kare-
ropuuHo, ¢pyHKTOp A — nywox (cp. 10.9.4 (4)).

10.10. IIpocrpancrea 2(2) u 2'(S2)

10.10.1. OOPEAENEHUE. Ochoshoti wau npobHotl HA3bIBAIOT (HU-
HuTHYI0 raanakyio dyekmmo f : RY — F. Ilpum srom mmmyr f €
P(RY):= (RN, F). Ina Q € RY u Q € Op (RY) nomararor 2(Q):=
{fe2RN): supp(f) CQ} u 2(0):=U{2(Q): Q€ Q}.

10.10.2. CupaBeayiuBbI yTBEPIKICHUSI:

(1) 2Q) =0 intQ = g;
(2) mycrs Q € RN u

1 lng= D 10*fllow@ =

lal<n

=Y swp (0™ 0% Q)
ae(Z)N
ay+...+an<n
JuIst rIaJiKort (B okpectHocTH Q) pyHkumu f (kak 06bId-
mo, Z1 = NU {0}). Mymsruaopma Mg = {|| - ||ln.q :
n € N} npespamaer 9(Q) B npocrparcrso ®petie;

(3) mpocrpancreo rimaaknx dyaknuii Coo(2) == &(Q) Ha
Q € Op (RY) ¢ myaprunopmoit Mo == {|| - |no : n €
N, Q@ € Q} — upocrpancrso @pente. Ilpu srom Z(Q)
mioTHO B Co (2);

(4) mycts Q1 € RY, Qs € RM uw Q € Q x Qo. JIn-
mefinasi obosiouka B P(Q) caeqos na @ Gynkuuii Bu-
aa fifo(qr, @2) = f1 ® folqr, q2) = fi(q1)f2(qe), nae
gk € Qk, fr € 2(Qk), wiorna B (Q);

(5) orobpaxenne E € Op (Q) — P(F) € Lat (2(Q)) coxpa-
HSEeT TOYHBIC BEPXHHE I'DAHHUIIBL:

2(E'NE") = 2(E'YN 2(E"),
9(E'UE") = H(E') + (E");
P(UE) = L(U{2(E): E€&)) (&CO0p(Q)).
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ITpu 5TOM TOUHOIT SBJIACTCS CIIEAYIOMIA ITOCICOBATEb
Hoctp (cp. 10.9.2 (5)):

YBB) a(BlE")
—_ e

0— 2(E'NE") 2(E") x 2(E") 2(E'"UE") — 0.

< (1) u (2) oueBuIHBL.

(3) Beibupaem nocsieqoBaTeabHOCTh (@ )meN, A1 KOTOPOi @y, €
Q, Qm € Qm+1; UnenQm = Q. Ilpu srom mynsrunopma {||-||n,q,, : 7 €
N, m € N} cuérna u sxsusasentna Mg. Ccpuika Ha 5.4.2 060CHOBBIBA-
€T METPHU3yeMOCThb. II0JIHOTa COMHEHMIT He BBI3BIBACT. JIJIs yCTaHOBJIe-
uust wiotHocTH Z()) B Coo (€2) paccMOTPUM MHOMKECTBO Cpes3uisamenct
Tr () :={y € 2(Q) : 0 <y < 1}. Ilpespamaem Tr () B nanpas-
aenue, nosarag Y1 < g < supp(¥1) C int{¢o = 1}. dcuo, yro s
[ € Cou () cerb (Y f)yetr () AMIPOKCHMEDYET f HyKHBIM 00Da3OM.

(4) ycrs a(q’, ¢"):=d'(¢")a" (¢"), vue a’, a” — ycpenusionue sapa
B RY u 8 RM coorsercrrenno, a ¢ € RN u ¢’ € RM. Jlna f € 2(Q),
m € Nu e > 0 nogbepém x u3 ycsosus || f — f* ay|lm,o < €/2. Yauroi-
Basl PABHOCTEIIEHHYIO HEMPEPHIBHOCTH ceMelicTBa & = {0% f(q)14(ay) :
o] < m, ¢ € Q1 X Q2}, Haiiném xoueunnie muoxecrsa A’ C @1,
A" C Q2 Tak, 9TOOBI MHTErpa KaxKaoi QyHKIUA U3 % ¢ TOIHOCTHIO
10 1/2 (N + 1)™™e anupokcumupoBasics cymmoit Pumana, orsevaromieit
rouxkam w3 A’ x A”. Bosmuxatomas npu srom bynkuus f u3z 2(Q)
tpeGyemas, T. e. ||f — fllm.q < e.

(5) ycranasnusator kak 10.9.2 (4) ¢ 3amenoit 9.4.18 Ha 9.6.19 (2). >

10.10.3. BAMEYAHHUE. Tus nposepku 10.10.2 (4) MoxKHO mpume-
HUTH 0600IIEHHYI0 TeopeMy BefiepmTpacca, COeAUHEHHYIO CO CPE3bIBa-
HUeM, obecrednBaronM (PUHUTHOCTh KOHCTPYUPYEMBIX IPUOJINKEHUIA.

10.10.4. ONPEAEIEHUE. @yrkmmonan u € (), F)” nasbsa-
10T 0000wéHKol Pynkyueld uam pacnpedeaenuem (MHOTIA JTOOABIIAIOT
CCBUIKY Ha npupoiy nojd F) u numyr u € 2'(Q) := 2'(Q, F), ecau
ulgQ) € 2'(Q):= 2', xak Tompro Q € . Ucnonbsyior obbranbe 06o-
suadenns (u, f):= (f|u):= u(f), a unorja n HauboJIEe BHIPA3UTEIIHHBII
€JIMHBbIIT CUMBOJT

/ f@u(x) de:=u(f) (f € 2()).
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10.10.5. IIPUMEPHI.

(1) Iycts g € Ly j0c(RY) — HexoTOpas J0KATLHO HHTETPH-
pyemasi dysKIiwmst. Torma orobparkeHue

ug(f) = / f@g(@)dz (f € D)

331261 pacupeseseHue uy. O606mEHHBIe (DYHKINI TAKOTO BUJIa HA3BIBA-
10T pe2yaaprvimu. s 0b03HaUEHNS PETyIapHOil 0000ménHO0M dyHKIUN
Uy MCHOJB3YIOT OoJiee yHMOoOHBIN cuMBOJI g. B 210l cBA3M, B 9aCTHOCTH,
mumryt: 2(2) C 2'(Q2) nug = | g).

(2) Kaxpnast mepa Pagona — pacupegesnenne. Besikoe no-
aootcumenvroe pacnpedeserue u (T. e. takoe, uro f > 0 = u(f) > 0)
3a1aHO IIOJIO?KUTEJIbHON Mepoil.

(3) Tosopsr, uro pacupezenenue u obaadaem nopadkom He
evuue m, ecam jyis moboro Q@ € RY cymectsyer unciio tg Takoe, 9TO

[u(f)l <tollfllma  (f € 2(Q)).

EcrecTBennbiM 06pa3oM BBOIST HOHATHUS NOPAJKA Pacnpedeschus  pac-
npedenenus Konewnozo nopadka. Pasymeercs, He KaxKJ0e pacipeiesie-
Hue 00sI32HO UMETh KOHEUYHBIH TOPSJIOK.

(4) Tycrs o — mymbrumagexc: o € (Z )N u u — pacnpese-
nerne: u € 9'(Q). s f € 2(Q) momaraior (0%u)(f) = (—1)1*lu(d*f).
Bosuukaromee pacnpeziesierne 0%u Ha3bIBAIOT NPouseodnoti u (Topsi-
ka «). ToBopsaTr Takxke 06 0b606wenHoMm Judepenyuposaruu, 0 npous-
BOOHBLT 8 CMDBICAC MEOPUL PACHpPedeseHus W T. TI., TIPUMEHsIsT OObIIHBIE
CUMBOJIBI.

ITpoussonuas (HerysaeBoro nopsizika) mepsl Jupaka — 310 He Mepa.
B 1o xe Bpemst § € 2’(R) cayxur npousBonHol @yrkyuu Xesucatioa
61 := H, e H : R — R — xapakrepucrudeckas dpyukims R, . Ec-
JI1 IPOU3BOIHAsL (PEryJisipHOii) 06OBIEHHON (DYHKIMN U — DEryJsipHOe
pacIpesie/ieHne Ug, TO § Ha3BIBAIOT Npousscodnoti u 6 cmuicae Coboresa.
Ils1st OCHOBHOMI (DYyHKIIMU TaKas TPOU3BOIHAS COBIAIAET C OOBITHOM.

(56) s w € 2'(Q2) nomarator vw*(f) := u(f*)*. Bosuuka-
OIlee  paCHpeiesieHne U* HAa3bIBAIOT (3PMUMOB0) CONPAHCEHHBIM K U.
Hasmaue nHBOMIIONMK * 1O3BOJIsIET, KaK 00braHO (cp. 10.9.3 (3)), roso-
PHUTB O 8EULECTNEEHHBIT PACTPEIENEHUAT T O TIOPOKIEHUH C X TIOMOIIHIO
KOMNAEKCHOIT 0000WEHHDIT PYHKUUT.
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(6) Ilycts E € Op(Q) uu € 2'(Q). Hua f € P(E), oue-
BUJTHO, onpeenién ckasp u(f). Tem caMbIM BOBHWKAET paclpeesienne
ug € 9'(E), naseiBaemoe cyorcenuem u wa E. Ouennno, uro dyHK-
TOp %’ — 3TO IpeyyoK.

Ipuu € 2'(Q) u E € Op () rosopsr, uto B F nem u, ecomm ug = 0.
B cury 10.10.4 (5), pacupe/iesieHust u HET U B OO'bEJIMHEHAN TE€X OTKPbI-
TBIX TIOJ]MHOYKECTB B 2, B KOTOpbIX u oTcyTersyer. Jlonomenne (no RY)
HArOOJIBIIEr0 OTKPBITOIO MHOXKECTBA, B KOTOPOM HET U, HA3BIBAIOT HOCU-
mesem u 1 0603Ha4aroT supp(u). Ormernm, aro supp(0“u) C supp(u).
Kpowme Toro, pacnpeesenue ¢ KOMIAKTHBIM HOCHTEIEM UMeeT KOHeIHBIiI
MOPAIOK.

(7) Oyctb u € 2'(Y) u f € Coo(). iz g € 2(2) Gymer
fg € 2(Q). Honarator (fu)(g):= u(fg). BosHukatomee pacipeeneHne
fu naseBaior npoussedenuem f na u. Ilycrs Teneps Tr (2) — nanpas-
Jenne cpespiatesieit. Eciu cymecrsyer npesen limyery (o) u(fv), To
FOBOPAT, YTO U Npumerumo % gynkyuu f. fIcno, 9ro pacupesenenue u
¢ KOMIIAKTHBIM HOCHTEJIEM HPUMEHUMO K Jt000i dyukiuu u3 Coo(€2).
IIpu stom u € &'(N) := Coo (). B cBOW0O 0uepeib, KaKIbIH 3JIeMeHT
u € &'(Q) (em. 10.10.2 (3)), oueBUAHO, OFHOZHAUHO OIPEJIEIISET PAC-
npegesienne u € 2'({)) ¢ KOMIAKTHBIM HOCUTEJIEM.

Ecmu f € Co() 1 ao‘flsupp(u) = 0 mpu Beex «, JyIst KOTOPBIX |ar] <
m, TlIe U — pacupeeseHle ¢ KOMIIAKTHBIM HOCUTEJIeM IIOPsIKa He BhIIIe
m, TO, KaK MOXKHO ymocroBepurbes, u(f) = 0. B wacrnocru, orcioma
CJIEJIy€eT, 9TO TOYEUHBIN HOCHTEIh UMEIOT TOJIBKO JIMHEHAHbIC KOMOMHAIIIH
Mepbl JIupaka u e€ Mpon3BOJIHBIX. <I[>

(8) Ilycts O, Q2 € Op (RY) w up € 2'(Q%). Ha mpoms-
Begenun ()3 X (g CyIIECTBYeT, U HPHUTOM eIMHCTBEHHOE, paclipejeJie-
HEe u Takoe, 9ro Juist fr € P(Qy) Bemonneno u(fifa) = ui(f1)ua(fa).
D10 pacupeneieHre 0603HAYAIOT U] X Uy WA Ke U] @ ug. lIpusiiekas
10.10.2 (4), Bumum, uro gusa f € P(21 x Qo) 3Hauenuwe u(f) MoxHO
Ha{THU MOCJIeI0BATEILHBIM IIPUMEHCHIEM U1 U Ug. LO4YHee rosops,

u(f) = u2(y € Q2 = ur(f(-, v))) =
=ui(x € Q1 — ua(f(z, -))).

B 6outee obpasubix 0b603HAUEHUAX TMeeM meopemy Pybunu das pacnpe-
deaeruti:

/ / Fa, y)(us x uz)(w, y) dedy —

Ql XQQ
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_ / / Fl, y)ur () dv | ua(y) dy =

Qs Q1

J Zf(x, Y)ua(y) dy | ui(z)dz.

ITosiesno oTMeTUTH, ITO

supp(u1 X uz) = supp(u1) X supp(uz).
(9) Mycrs u, v € 2'RY). Hna f € Z2(RY) nomoxum
+

+
f = fo+. dcno, uto f € Cx(RY x RY). Tosopar, uro pacmpe-
JIEJICHUS U W U CEPMBLBALMbL, KOHBONOMUBHDL WITH CE0PAHUBALEMbL, €CITU

+
npouseedenue u X v TpuMerEMO K mio60it dyrkmn f C Co (RN x RY)
nna f € 2(RN). Jlerko sugers (cp. 10.10.10), 9T0 BO3HUKAIOMIMIT JIH-

HeftHbIll dbyHKIHOHAT [ — (U X v)( ]‘L) (f € 2(RN)) smnsercs pacipe-
JeneHneM. Ero HasblBaloT ce€pmkol u u v U 0bo3HaUAOT U * v. Heco-
MHEeHHO, 9To cBEpTKE dyHKkmmit (em. 9.6.17) m mep na RY (cm. 10.9.4
(7)) UpeacTaBIISIFOT YACTHBIE CIyYan CBEPTKH PaclpejeneHuii. B Heko-
TOPBIX MHOXKECTBAX JII00asd Hapa paclpe/eseHnil ceopadnsaeMa. Hanpu-
Mep, npocmparicmeo &' (RN) pacnpedeneruti ¢ xomnaxmmoLmu nocume-
AAMU C Olepanueil CBEPTKH B KadeCcTBe YMHOYKEHUs] IPEeJICTABJISCT CO-
6oit (acconmmaTUBHYIO, KOMMYTATUBHYIO) airebpy ¢ eJIMHATEH — JIeTbTa-
dbynximeii §. pu srom 0%u = 0% * u, 0%(u *v) = I%u * v = u x O%v.
Kpome Toro, mMeer MecTo 3aMevaTesbHOe PABEHCTBO (= meopema Jlu-
OHCA 0 HOCUTNEAAT):

co (supp(u * v)) = co (supp(u)) + co (supp(v)).

IToguepKHEM, 9TO MONAPHAsA CBOPAYUBAEMOCTDb pacIlIpe/iesleHnii He obec-
TednBaeT, BOoOIe TOBOPs, accomuaTusHocTn cBEPTKH ((1%46”) (1) = 0
w1k (6 +6C1) =1, rae 1:= 1p).

Kaxknoe pacmpenenenne u cBOpaduBaeMo ¢ OCHOBHOH yHKIme f
110 peryasipaoro pacupegenenust (ux f)(z) = u(r,(f7)), toe = f — om-
paoicenue f,T.e. flx):= f(—x) (x € RN). Oneparop u* : f +— uxf neii-
cryer u3 Z2(RY) B Coo (RY), HenpepsIBeH 1 mepecTanoBOYeH CO CABHTa-
Mit: (ux)Ty = Tpuk aas x € RV, Jlerko BujieTsb, 9To Ha3BaHHBIE CBOCTBA
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xapakTepucrtimdeckue, T. e. ecau oneparop T us Z(Z(RY), Cu(RY))
HeITPEepPEIBEH 1 TIePeCTaHOBOYEeH CO CABUTAMM, TO CYIEeCTBYeT, W ITIpH-
TOM eIUHCTBEHHOe, paclipejieieHue % Takoe, 4To 1 = u% — UMEHHO

u(f):= (T'0)(f) ma f € 2(RY) (cp. ¢ Teopemoit Benesns).

10.10.6. OnPEAENEHUE. IIpocrpancrea Z(2) u Z'()) cumraior
[PUBEIEHHBIMUA B JIBOMCTBEHHOCTH (MH/YIIMPOBAHHYIO JBOHCTBEHHOCTHIO
D(Q) « 2(Q)7). Ilpm srom npocrpancrso 2'() magexsior mono-
aozuell npocmparcmea pacnpedesenuts — o(2'(Q), 2(9Q)), a 2(Q) —
MONnoAo2uet NPOCTMPAHCMEA 0CHOSHULT HYHKYUG — Tomoorueii Makku
T = Ty = T(2(), 2'(Q)).

10.10.7. Iycrs 2 € Op (RY). Torza

(1) romosorusi T9 — cuibHEHIIIAS U3 TAKAX JOKAJIBHO BbI-
IYKJIBIX TOIOJIOrHH, dTo Biaoxkernune 9(Q) B Z(§2) uenpe-
pbIBHO 1IpH Q) € §) (T. €. T — TOHOJOTHSI HHIYKTHBHOT'O
npesesa);

(2) muOMK)CECTBO A B P(S)) OrpaHHYEHO B TOM H TOJIBKO B TOM
cydae, ecyu Jjisi Hekoroporo ) € ) MHOXKecTBO A 110-
magaer B 9(Q) u orparndeno B 2(Q);

(3) mocrenosarenbrocts (fy) cxomures k f B (2(R2), 79)
B TOM H TOJIBKO B TOM CJIydae, €CJIH UMEETCs] KOMIIAKT
Q  © raroii, 110 supp(f) C Q, supp(f) < Q 1 (9° f,)
paBHOMEpHO Ha, () cxonurcest K 0% f jist Bcex MyJIbTHHH-
JIEKCOB (v (CUMBOJIHYECKU: fr, — [);

(4) omeparop T € L(2(2), Y), rge Y — JIoKaJIbHO BBIILYK-
JIOE MIPOCTPAHCTBO, HEIPEPBIBEH B TOM U TOJBKO B TOM
cayyqae, ecoiu T f,, — 0, Kak Tojpko f, — 0;

(5) kakmas gepTOOGpa3HAS TOCIEJOBATEIBHOCTD (by) CIIy-
KUT (CBEPTOYHON) alllPOKCUMATHBHON €MHUIICH KaK B
D(RN), rak u B 2'(RN), . e. gna f € IRY) u
u € P'(RN) sepro: by * f — f (B 2(RN)) mb, xu — u

(8 2'(RN)).
< (1) ycranasmuBaercs Kak 10.9.6, a (2) — no anagoruu ¢ 10.9.7
¢ yuérom mpejcrasienust ) B Buje obobeaunerust ) = UpenQn, TIe

Qn & Qn+1 JJISL 1 S N
(3) Cremyer 3aMeTUTD, YTO CXOJASIIASICS IOCIEI0BATEIHLHOCTD OIPa-
HUYeHa, a 3areM npusiedsb 10.10.7 (2) (cp. 10.9.8).
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(4) B cury 10.10.7 (1) menpepbiBHOCTh T' pABHOCHJIBHA HEIIPEPHIB-
HOCTU CY2KEHUI T‘@(Q) i @ € Q. B cuiy 10.10.2 (2) mpocrpanCcTBO

2(Q) merpuzyemo. Ocranoch cocaarbes Ha 10.10.7 (3).

(5) fdcno, uro Hocuresu supp(by, * f) sexKaT B HEKOTOPOH KOMITAKT-
noit oxpecraoctu supp(f). Ilomumo sroro, aua g € C(RY) ouesnn-
HO, 4TO b, * ¢ — ¢ PABHOMEPHO Ha KOMIIAKTHBIX MOjMHOMKecTBax RY.
IIpumensisi ocsienHee yreepxKaeHne K 0%f u yuurbBas (3), BUIUM:
by x f— f.

C yuérom 10.10.5 (9) mra f € Z(RY) mmeem

ul ) = (s £)(0) = lim(u * (b, = ))(0) =
= lim((u* by) # £)(0) = lm(by ) (). &

10.10.8. 3AMEYAHUE. B cpssu ¢ 10.10.7 (3) a1a Q € Op (RY)
um € Z, uwacto spessior npocrpanctso 2 (Q) == C{™(Q), co-
craBjieHHOe n3 (PUHUTHBIX DYHKIMH f, BCe MPOU3BOJHBIE KOTOPBIX 0% f
npu |a| < m menpepsisuer. [Ipocrpancreo 2™ (Q):= {f € 2™ (Q) :
supp(f) C Q} nis Q € ) cHabxkaT HOPMOIL || - ||;m,0, IpeBpaIas ero
B 6anaxoBo. Ilpu sTom :@(m)(Q) HA/IeJIAI0T TOIIOJIOTHEN MH/IYKTUBHOI'O
npesenna. Takum ob6pazom, 2(0(Q) = K(Q) u 2(Q) = Npmen2™(Q).
Cxommvocts B 2™ (Q) nocneiosaresbuoct ( f,,) K HyJI0 03Ha4aeT paB-
HOMEPHYIO CXOJIUMOCTD C IPOU3BOIHBIME J0 HOPAIKa m Ha Q € (Q, rie
supp(fr) C @ i Bcex JOCTATOYHO GoJbIEX 1. Ilom4epKHEM, YTO
.@(m)(Q)' COCTaBJIEHO pacnpedescHuamu nopadka ne eviwe m. CooTser-
CTBEHHO

7%= |J 2@

meN

— NPOCMParcmeo 8cex 060OULEHHBLT GYHKUUT, UMEIOULUT KOHEYHBLT NOo-
PAIOK.

10.10.9. IIycrs 2 € Op (RY). Torza
(1) mpocrparctBo 2(S)) 609euHO, T. €. Kaxgoe abCOJIOT-
HO BBIILYKJIOE 3aMKHYTO€ HOIVIOIAIONEE MHOXKECTBO (=
604Ka) B HEM — OKPECTHOCTD HYJIS;
(2) Jroboe orpanmyeHHOE 3aMKHYTOE MOAMHOXKECTBO 2(S))
KOMIIAKTHO, T. €. P({)) — MOHTeIeBO IPOCTPAHCTBO;
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(3) Besikoe abeosroTHO BHIIyKJI0e MHOXKecTBO B (), mo-
IIOHIAIoIee Kazk[0e OrpaHHIeHHOE MHOXKECTBO, SBJISET-
¢sT OKPECTHOCTDIO HyJsis, T. €. D({)) — 6opHOJIOruecKoe
TIPOCTPAHCTBO;

(4) ocHoBHBIE DYHKIMU IJIOTHBI B HPOCTPAHCTBE 0600IIEH-
HBIX (DYHKITUL.

< (1) Bouka V B 2(Q2) Taxosa, uro Vg := VNZ(Q) — bouxa B Z(Q)
upu @ € Q. Crano 6bITb, Vi — okpecTHOCTD HyIsa B Z(Q) (cMm. 7.1.8).

(2) Takoe mHOKeCTBO J1ezkuT B Z(Q)) Au1st HeKoTOporo @ € Q B cuity
npeoxkennst 10.10.7 (2). Ha ocrosanuu 10.10.2 (2), 2(Q) merpusyemo.
VuursiBas 4.6.10 u 4.6.11, mocsie10BATEIBHO IPUXOIUM K TPEOyeMOMYy.

(3) cnenyer 3 GoprosornyHocTn 2(Q) upu Q € .

(4) Iycrs g € | 2(02))°, tae yka3aHHAs TOJISAPa BBIYUCIISETCS JIst
JBoiicteennoct Z(Q) «— 2'(Q). dcno, uro g f € 2(§2) BbmosnaeHo
ur(g) =0, r.e. [g(x)f(z)de = 0. Urak, g = 0. Ocraéres cocnarbes
Ha 10.5.9. >

10.10.10. Teopema IIIBapua. ITycrs (uy)ken — HOCTEIOBATEN -
HOCTB pacipeesenuii u s kaxiaoro [ € () umeercs cymma

)i= > uk(f)
k=1

Torza u — pacmpegesaeHne, IPAIEM

o
0% = Z 0%uy
k=1
LIS BCSIKOI'O MYJIBTHHHJICKCA, (X.

< Henpepsisaocts u obecriedera 10.10.9 (1). ITomumo sToro, npu
f € 2(Q) no oupenenennto (em. 10.10.5 (4))

Ou(f) =

:u(( |a\3a) i“k( \a|3af)f

k=

= Z 8auk f
k=1

10.10.11. Teopema. ®@yuxrop 9’ — my4ox.
< Ouesnzpo (cp. 10.9.10 1 10.9.11). >

=
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10.10.12. 3AMEYAHUE. Bo3MOXHOCTL 3aJlaHUs PaCIpeIeeHus
JIOKAJIbHBIMY JAHHBIMU, T. €. NPUHUUT LOKAGAUSAUUY OA% 0000ULEHHDIT
Pyrxryul, koacrarupoanubiii 10.10.11, jgomyckaer yroYHeHe BBULY I1a-
pakommaxTaoctn RY. Wmenno, ecim & — OTKpPBITOE HOKpBITHE () 1
u € 2'(Q) — pacupezesienue ¢ JIOKAJbHBIMUA JaHHBIMA (UE)Ees, TO
MOKHO B34Tbh HOJYUHEHHOE & C46éTHOE (JOKAJIbHO KOHEYHOe) pasbue-
Hue exauHunpl (Vg )gen. Buimo, 4ro u = 21?;1 Yruk, TIe Ug = Upg, 1
supp(Yrur) C Ex, (k € N).

10.10.13. Teopema. O606ménrast ¢pyHKImst u Ha §) HOpsijiKa He
BBIIIIE M, JIOIIYCKAeT MpeJCTaBJICHUE B BHJE CYMMBI IMPOHU3BOJHBIX MED

Pasona:
u= > 9,

lal<m

e pa € A ().
< Ilycrs cnagana u obJsajaeT KOMIAKTHBIM HocuTeseM supp(u)

u @ € ) — KommnakTHas oKpectHOCTH supp(u). Io yciosuio 6yzer (cp.
10.10.5 (7) 1 10.10.8)

()<t > 110%flle (f € 2(Q))

lal<m

pu HeKOTOpoM ¢ > 0.
IMpusnekast 3.5.7 u 3.5.3, ¢ yaérom 10.9.4 (2) nmeem

u=t Z Vaod% =t Z (—1)'“‘6aua

lal<m la]<m

TS TIOJXOJIAIIETO CeMeficTBa (Vo )|a|<m, € Va € [O[(] - [lco)-

ITepexoms Temnepn K 001IIEMY CITy9ai0, PACCMOTPUM HEKOTOPOE pa30u-
enne enuHATHI (V) )keN, 00pasoBanHoe TakuMu ¥y, € Z2(1), 910 OKpecT-
Hoctu () HOCUTE el Supp (1)) COCTABIISIOT JIOKAJILHO KOHEYHOE IIOKPbI-
tue Q (em. 10.10.12). Inst pactpenesennii (1,u)geN HA OCHOBAHUH yiKe
JIOKa3aHHOT'O UMeeM

Yru = Z 0% ik,

la]<m

rae pk,o — Mepsl Pajgona Ha ), npuaém supp(fk,a) C Qk.
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IIpusnekas teopemy IlIBapma 10.10.10, cpady BuauM, 9TO omIpee-
JIeHa CyMMa

palf) == Z Pke,a(f)
k=1

s f € K(§) u BO3HHKAmOIIee pacupejiesieHne [, — Mepa PajioHa.
Buoss amemmupys k 10.10.10, momygaem:

k=1 k=1

k=1 |a|<m la|<m |a]<m

9T0 U TPebOBAJIOCEH. [>

10.10.14. 3AMEYAHUE. YrBepxkienue 10.10.13 gacTo Ha3bIBAIOT
meopemoti 06 obulem sude pacnpedeseruti. OHa HOMycKaeT pazHoobpas-
Hble 0000IIEHNST 1 yTOYHeHNsI. Hanpumep, MOXKHO yOeuThCsl, UTO Mepa
Pamona ¢ KOMIAKTHBIM HOCHUTEJIEM CJIYXKUT ODOOIIEHHON TTPOM3BOIHOMN
(HOZIXOSIIIEro TIOPsi/IKA) HEKOTOPO HempepbIBHON (DYHKIMU, 9TO 1103-
BOJISIET JIOKAJIbHO PAaCCMATPHUBATH JIFOOYIO ODODIIEHHYIO (DYHKIIHIO KakK
pe3yabTaT 0000IEHHOTO TudHepeHIMPOBaHIT OOBITHON (DYHKITAN.

10.11. IIpeobpaszoBanue Pypbe yMEepEeHHBIX
pacopegeseHuin

10.11.1. Ilycrs x — HeHyseBOH (DYHKIIHOHAJ, 3a/JaHHDBIH HA IIPO-
crpancrse L1(RY):= L1(RY, C). DxBuBaIeHTHBI yTBEPIK ICHHS:
(1) x — xapaxrep rpymmosoii amre6psr (Li(RY), *), T e.
X 70, x € Li(RY) n

xX(f*g9) =x(H)x(g) (f, g€ Li(RY))

(cumpomraeckn: x € X(L1(RN)), cp. 11.6.4);
(2) cymectByer, m npuToM emguHCTBeHHBIH, BekTOp t € RY
rakoii, aro ps kaxaoro f € Ly(RY) pemommero

~

X() = F)i= (Fr )= [ fla)e da,

< (1) = (2): yers x(f)x(g) # 0. Ecom z € RY | 1o
X(0z 5 [+ g) = x(8a * f)x(9) = x(02 x 9)x(f)-
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ostoxum (x) = x(f) " 1x (0 * f). TeM caMbIM KOPPEKTHO OIIpe/IeJIeHO
HerpepbiBHOE oToOpaskenne 1 : RY — C. Ilpu srom must x, y € RY
Oymer

Y(r+y) =
x(f 9)” 1x( oty * (frg) =
= x(f)"x(9) ™" x(6x *f*<S *g) =
XU X)X )
=Y()Y(y),

T. e. 1 — rpymnmnopoii (ymmrapueii) xapaxrep: ¥ € X(RY). Anamus
[OKA3bIBAET, UTO 1) = €4 JJIsl HEKOTOPOro (OUeBHHO, €JMHCTBEHHOTO)
t € RN, IIpu srom ¢ yuérom cBoiicTs muTerpaJa Boxnepa

x(f)x(g) = x(f*g) =x ( /(5 «g)f(z) dm) .

:/x(éz*g dm—/f =
/f

Takum obpaszom,

/f vde (f € Li(RY)).

(2) = (1): PaccmarpuBag f, g u f * g Kak pacupeiesieHus, s
t € RN BeBOUM:

—

Frg(t) = upegler) =

://f(ai)g(y)et(a:+y) dxdy = /f(ﬂ?)et(m) dm/g(y)et(y) dy =

RN RN RN RN

= ug(er)ugler) = f(H)g(t). >
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10.11.2. 3AMEYAHUE. IIpoBejeHHBIE PACCyKIEHNUS B CYIIECTBEH-
HOM COXPaHSIOTCS JJIsI JIF00O0# JIOKAJIbHO KOMITAKTHOI abesieBOi I'pyIi-
uet G. Xapakrepsl rpynuoBoii anrebpsl u3 X (L1 (G)) oiHO3HAYHO CBsI-
3aHBL C (YHUMAPHLLMU) 2pYnnosumu rapakmepamu G, T. €. ¢ HelPepbIB-
HbIMU oToOpakeHustmu ¢ : G — C, 111 KOTOPBIX

(@) =1, ¥(x+y)=v@)ly) (=, yeq).

OTHOCHTEILHO TIOTOUETHOT0 YMHOKEHIs MHOKECTBO (5 1= X(G) rakux
XapakTepOB MPeJICTABIISET KOMMYTATUBHYTO Ipytry. [[0CKOIbKY 110 Teo-
peme Anaority — Byp6aku X (L1 (G)) m0KaIbHO KOMIIAKTHO B ¢1aboii To-
nosormu o((L1(G))’, L1(G)), 1o G MOKHO PacCMATPUBATE KAK JOKA/Ib-
HO KOMIAKTHYIO abesieBy rpyimny. Eé Hasssaior epynnoti xapaxmepos G
IR0 deoﬁcz@eemwﬂ x G epynnoti. Kaxxprii aslement g € G onpejessier
xapakTep ¢ : § € G — q(q) € C npoiicTBEHHON I'PYyIIIBI G. Bozukaio-

mee Biiokerne G B G — n30MopdU3M JIOKAJTHHO KOMIAKTHBIX abesIeBhIX

rpynn G u G (= meopema deoticmsennocmu Howmpsaeuna — ear Kam-
nexa).

10.11.3. OnPEAEIEHUE. s dynxmuu f € Li(RY) orobpaske-
mue f:RY — C, onpenenéunoe mpasmiom

F(£):= [7(0):= (f ) (0),
Ha3BIBAIOT npeobpadosaruem DPypve f.

10.11.4. BAMEYAHUE. Tepmun «upeobpazoBanne Oypbes» TpakTy-
0T PaCHIMPUTENBHO, JIOIyCKast YI00HYIO BOJBLHOCTHIO. BO-TIEPBBIX, €ro
COXPAHAIOT Kak A omepartopa . : Li(RY) — (CRN, JleficTBYIOIIIEe-
ro 1o npasmiy % f = f, Tak U Jjis MOAU(UKAIUN 3TOr0 olepaTropa
(cp. 10.11.13). Bo-BTOpBIX, IpeobpasoBaHue % OTOXKIECTBIAIOT C OIle-
paropom Fy f 1= fo 0, tae 0 — asmomopdpusm (= uzomoppusm na ce-
65) RYN. Ocobenno wacro ucnonbsytor dbynxmun: 0(z) = (1) 1= —z,
0(z) = op(z):= 272 u O(x) := _ar(2):= =272 (x € RY). Uubmu ciio-
BaMmu, npeobpazosanne Pypbe BBOAAT OTHON U3 CIETYIOMMX (HOPMYJI:

Fof(t) = [ f(z)e '@ da,
/
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an—f / f 271'1(3: t) d.’IJ

T 27rf /f 7271'1(9:15

I[TockosbKy IpyHIIBI XapaKTepoB N30MOPMHBIX TPYIIT U30MOPMHEI, €CTh
OCHOBaHHsI, JIOIyCKasl BOJBLHOCTb, HMPHUMEHSITh €JuHOe obo3HadeHue f
JJTs1, BOODIIE TOBOPst, pa3nudubix dyuknuit F f, Ff, Fionf. Boibop
cuMBOJia i Fon (wnm F_on) MUKTYET HOIAXOJslIee 0003HAUEHHEe
115 F_on (COOTBETCTBEHHO, st Fa,) (cp. 10.11.12).

10.11.5. [IPUMEPHI.
(1) Hycrs f(z) =1mpu —1 <z <1wu f(z) =0 mia uHBIX
r € R. Ilpu stom f(t) = 2t 1sint. Ormerum, uto npu km > to > 0
OyeT

oo

[ fole= [ Feow-> [ (folez
[t0,+00) [k, +00) =k [, (nt1)x]
2| smt| > 1
> d = —_— = .
z;c / z;c (n+ 17w oo
n [nm,(n+1) ] n=

Takum 06paszom, fgé Li(R).
(2) s f € L1 (RY) ¢pynxmus fHerepHBHa, IIpAIEM BBI-
nostaero HepaBeHCTBO || flloo < || fll1-

<1 HempepsiBHOCTS 0becnieuena Teopemoit Jlebera o mperesbHOM 11e-
pexolie, a OTPAHUYECHHOCTh — OYE€BUHON OIEHKOI

ol < [If@lde =7l (¢eRY). o

(8) st f € Ly(RN) mpu |t| — +o00 Gyzer | f(t)| — 0 (= reo-
pema Pumana — JleGera).

< Tpebyemoe oueBUAHO il (PUHUTHLIX CTYIEHYATHIX (DYHKIUIA.
Ocradérest cocarbes Ha 5.5.9 (6) u o, uto . # € B(L1(RY), loo(RY)). >
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_ (4) Hycrs f € Li(RN), e > 0 u fo(x) = f(ez) (x € RV).
Torma f.(t) = e Nf(Y/.) (t e RY).

:/f(sz)et(x)dx:E_N/f(sz)et/e(sx)dsz:
RN RN

()
€
(5) y(f*) - (wa)*, (Tzf)/\ - ew}: (ezf)/\ = Tzf
(f € Li(RY), x € RN).
< TIposepum TOsIBKO HIepBoe paseHcTBO. Ilockonbky a*b = (ab*)*

g a, b € C, To, upuBJIeKasi Hy>KHbI€ CBONUCTBa COIPSIZKEHUsSI U WHTE-
rpana, gaa t € RY poisommm

- e (e
- ( [ @0 a) .

(6) s f, g € L1(RY) Bemommero

(f+9) =713 /fg:/fﬁ-
RN RN

< Ilepsoe papercTBo oueBuHO B cBsizu ¢ 10.11.1. Bropoe — «gop-
MYAL YMHOIHCEHUA> — ODECIEIEHO CJEAYIOMNM IIPUMEHEHUEM TEOPEMBbI

DyGumm:
/fg—//f w)er(z) dug(t) dt —

RN RN

- /</g(t)et(x)dt>f(l’)d$ /f§~ >
BN

RN RN

(7) Ecom ]/”\, f,9€ Li(RY), 1o (J?g) = fTx7q.
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< Ipu z € RN umeem

(Fo) (@) = / o(t) FB)en(x) dt — / / 9(t) F(W)er (y)er () dydt —

[ [ 1wtvents 1 ) ey -

RN RN

/f 3@ +1) dy—/f 23 dy = £ g(). >

(8) st f € P2(RN) na € (Z,)N Bomosmeno
F(0°f) =il gz f, 0%(Ff) = illz (2 f);
Fon(0°f) = (2m0) 1" For f, 0 (Farf) = (2m0)*| For (2 f)
(3TH paBEHCTBA UCIOJB3YIOT NIMPOKO PACIPOCTPAHEHHYIO BOJBHHOCTD B
oboznavennsax = t*:= () 1y € RN iy - L. yi).
< Hocrarouno (cp. 10.11.4) ycranosutb hopMyIIbl U3 mepBoii cTpo-
ku. ITockonbky 0%, = il®t%e;, To
F(OCf)(t) = (et * 8“]”)(0) =
— (0%, * £)(0) = il91t% (e, = £)(0) = ilole f(1).

Amnayornano, guddepeHnupysi Mo/l 3HAKOM HHTErpaJia, BbIBOIIM

0 F l(It) o
e FNW atlff d =

= /f(x)ixlei(z’t) de = F(iz1f)(t). >

(9) Ecmu fy(z):= exp (—1/2|z|?) npu x € RY, To oo

neno fy = (2m)N/2 f.
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< HcHo, uro
N 2
-~ ; 1
fN(t) _ H /ezthkefg\z\k dzy (t c RN)
k:lR

CaenoBaresibHo, nesio ceogutcsd K ciay4daio N = 1. IIpu stom g y € R
nMeeM

fily) = /67%1262-“’ dx = /efé(x*iy)t%(lf) dx =

R R

~ hi(w) / 3?4y

R

Jj1st BBIMUC/IeHns: MHTepecyomiero naTerpaaa A pacemorpum B Cr ~ R?
(OMHAKOBO OPMEHTUPOBAHHDIE) NAPAJIIENLHBIE BEIECTBEHHON OCH TIpsi-
MbIe A1 1 Ag. IIpumenssa kinaccudeckyio reopemy Komm x rosomopdHoit
dbysxpn f(z):= exp (—22/2) (z € C) u npsAMOYTrOJIbHUKAM C BEPIINHA-
MU Ha A1 B Ao U IPOHU3BOMA HOIXOIANMN IIPeIeIbHBINA MEPEX0l, 3aKIII0-
qaem: [, f(2)dz= [y, f(2)dz. Orcroma oo

A= /e_%(g”_iy)2 dx = /e_%(xz)dm =27 >

R R

10.11.6. OOPEAENEHUE. IIpocmpancmeom Illeapua MpUHSITO Ha-
3BIBATH MHOXKECTBO 0bicmpo ybuearowux (MHOTIA TOBOPSIT YMEPEHHDLT,
cp. 10.11.17 (2)) dynryud

SRV =
= {feCx(®RY): (Va,8 € (Z:)N) |z| = +00 = z°0° f(z) — 0}

(paccMaTpuBaeMoe Kax sjement pemérku byukmmit n3 RY B C) ¢ Mysb-
THHOPMO# {po g : o, € (Z )N, te Pa.p(f):= 12908 f || -

10.11.7. CupaBeijiuBbl yTBEDIK ICHHUSI:
(1) .Z(RN) — mpocrpancrso @perre;
(2) omeparoper yMHOXKEHHsI Ha MHOTOWIEH H Ju(depeHIu-
poBanust — HenpepbiBHETE 3H70MopdusMbl . (RY);
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(3) romosornio . (RY) samaér crenyromas (sxsupasentHas
uCX0nHOH) MysbTHHOPMA {py © N € N}, e

pa(f)i= D N+ |- )9 flles  (f € L (RY))
la]<n
(xax Bcerma, |x| — exmzroBa mmHHA BekTopa T € RN );
(4) npocrpancrso 2(RYN) mrorro 5.7 (RY); mommmo sroro,
proxxerne P(RY) B .7 (RY) wmenpepoisro u .7 (RN)' C
7'(RY);
(5) S [RYN) C Li(RY).
< YeranosuMm (4), n6o npovre yTBEPKEHUsI TIPOIIE.
Iycrs f € .Z(RY) u ¢ — cpeswisarens u3 2(RY) raxoit, uto B C
{3 =1}. Jna x € RN u € > 0 noaoxum

Ye(x):=¥(Ex),  fe = el
Ouesnmno, fe € P(RY). Bosemém ¢ > 0 u o, 3 € (Z;)N. Buumo,
gro mpu 0 < & < 1 Bemonueno sup{||07(¢Ye — 1)|lo : v < B, v €
(Z )N} < +oo. Vuurwsas, uro x20° f(2) — 0 mpu |z| — +o00, HaiigéM
r > 1 Taxoe, uro |z*0%((ve(z) — 1)f(x))| < €, Kak ToaBKO |T| > 7.
Kpowme Toro, fe(z) — f(z) = (¥(éx) — 1) f(z) = 0 npu |z| < L. Takum
obpazom, 1pu € < 7! 6yzer

Pas(fe — f) = sup [220°((ve(x) — 1) f(2))] <

|z|>£—1
< sup [2°9%((e(z) = 1) f(2))| < e.

|| >r
Craio 661Th, pos(fe — f) — Ompu € — 0, . e. fe — f B S (RY).

Tpebyemasi HEIPEPHIBHOCTH BJIOXKEeHUs HeccropHa. >

10.11.8. IIpeobpazoBanne Pypbe — HEOPEPBIBHBIH SHIOMOPGU3M
S (RN).
< Hna f € 2(RY) B cumy 10.11.5 (8), 10.11.5 (2) u mepasencTsa
Ténbuepa 5.5.9 (4)
1t Flloo = 107 f) lloo < 10%fllr < K[0%floo-
CraJio ObITh,
[t0° Flloo = 1E%(@” f) lloo < E'[[0%(2” f)l|co-

Orcrona BUIHO, 9TO f € S RN) u cyxenme .F ma 2(Q) mpu Q € RN
HenpepbiBHO. Ocragres cocnarbes Ha 10.10.7 (4) u 10.11.7 (4). >



268 I'n. 10. /IBoiiCTBEHHOCTD U €€ MPHUIOKEHUST

10.11.9. Teopema. IloBropHOoe mpeobpasoBanue Pypbe, paccMmar-
puBaeMoe B 11ipocrpascrse IIsapua & (RN ), IIPOHOPIHOHATIBHO OTPaXKe-
HHIO.

< Hycers f € Z(RY) u g(z):= fn(x) = exp (—1/2]z|?). C yuérom
10.11.8 m 10.11.7 Buamm, uaro f, f, g € L1(RY) u, cramo 6eITh, Ha

ocuosanuu 10.11.5 (7), (fg)A = f7xg. Tonoxum g.(x) := g(ex) s
z € RN ue > 0. Torna npu Tex xxe z uz-3a 10.11.5 (4)

/ g(et) F(t)es () dt =

in
. EiN/f(y_m)g(g) dy — /f(sy—x)ﬁ(y)dy-
RN RN

Ucnonbays 10.11.5 (9) u npussekast reopemy JleGera o npesesbHOM mie-
pexoge 1pu € — 0, nosrydaem:

4(0) / Fhyen() dt = f(~x) / G(y) dy =
RN

RN

— 0¥ @) [ do— 2mY f(-a)
RN
Oxonuarensro F2f = 20)N 7 >

10.11.10. Caencrue. 73, — orpaxenne u (Far) ' = F_op.
< na f € S(RY) ut € RY umeem

f(=t) = (2m)N / '@ f(z) dow = / 2@ £(2) da =
RN RN
- (gZZﬂ'(y%rf))(t)'

VuureiBas, 9T0 Fon f = F_on f, osyuaeMm Tpebyemoe. >

10.11.11. Caeacrsue. ./ (RY) — cpéprounas amrebpa (= amre6-
D& OTHOCHTEJIBHO CBEDTKH).

< na f, g € (RY) npomssenenne fg — amement . (RY) n, cramo
6bITh, f § € Z(RN). C yuérom 10.11.5 (6) Bumum, uto For (f * g) €
S (RN) n, snaumt, ma ocnosanmm 10.11.10, f * g = .F o (Far(f * g)) €
S (RN). >
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10.11.12. Teopema obpainenus. IIpeobpazopanue Pypre § :=
For CIYKHT TOIOJOIHIECKHM aBTOMOpgu3MoM npocrpanctsa IlIsap-
na . (RY). Ilpu srom ceéprra mepexomur B npomnssegerme. O6parHoe
npeobpazopanne §~ ' cosmagaer ¢ F_o, U IepeBOIUT MpOH3BEleHNe B
cBéprkKy. Kpome Toro, umeer mecro papercrso IlapceBais:

/fg* - /fa* (f, g€ FRY)).
RN RN

< B cBszu ¢ 10.11.10 u 10.11.5 (5) Hy»K1al0TCsI B IPOBEPKE JIUIITH
HCKOMBIE paBeHcTBa. Ilpu sTom, Ha ocHoBaunu 10.11.5 (7) u 10.11.7 (4),
(fg) (0) = (f* 9)(0) pist pacemarpusaembix f u g. IIpussekast ycraHos-
sennoe B 10.11.5 (5), 3akmogaem:

/ o' = GE N 0) = (31 ) 3g7)(0) =

/Sf%g dzf/sfsw dz—/%f%'g >

10.11.13. BAMEYAHUE. B cBazu ¢ meopemoti 10.11.9 o nosmoprom
npeobpasosaruy, Pypove, THOTIA HAPSLY C § PACCMATPUBAIOT CJIEIYIONIIE
B3aNMHOOODPATHBIE OIEPATOPHI:

= zzt)d
30 = oy /f r,

——1

T) = —% e @b gt
5 f(=) (%)%le(t) dt

IIpu sTom mmeer mecto anasor 10.11.12 npu yc/ioBUH I1epeorpe/ie/IeHust
ceéprru f¥g:= (2n)"N2fxg (f, g € L1(RN)). Yaobersa § §_1
CBsI3aHBI ¢ HeGOJIBIIMME yripomienusiMu dhopmya 10.11.5 (8). B cayuae F
AHAJIOTHYHYIO MeJTb JOCTHTAOT BBegenneM aua o € (Z. )N ciemyiomero
nuddepenmmatbHoro oneparopa: D := (2mi)~ 19w,

10.11.14. Teopema IlnanmrepeJsi. IIponosrkeHne npeobpa3oBa-

mast @ypre B .7 (RY) 10 msomerpuueckoro asromopgusma mpocTpan-
ctBa Lo(RY) cymecTsyer, m mpuTom eamHCTBEHHO.

<1 O6ecnieweno 10.11.12, 4.5.10 u mrornoctwio . (RY) B Ly(RY). >
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10.11.15. BAMEYAHME. 3a IpOJ0JI2KEHHEM, 06€CIIEUeHHBIM TeOpe-
Mot 10.11.14, coxpaHSIOT TpeKHWE Ha3BaHMe U OOo3HadeHus. Pexe
(Ipy 2KeJIAHUK [OJYEPKHYTh Pa3/Indusl U TOHKOCTHU) TOBODPAT O Npeod-
pazosaruy Pypve — Ilaanwepeas nnu xe 06 La-npeobpasosanuu Dy-
pve U YTOUHSIIOT IIOHMMAHME HHTErpPajbHBIX gopmyn g §f u L f
mpu f € Lo(RY) kax pesysbTaToB MOIXOASAIIEr0 TIPeIebHOTO MePexoia
B L2 (RN)

10.11.16. ONPEAENEHUE. Ilycts u € ' (RY) := Z(RVN). Ha-
MMEHOBAHUE U — MeOAEHHO pacmywee pacnpedenenue (BAPUAHTBL: 0606-
WEHHAA PYHKUUA YMEPEHHOZ0 POCTNG, YMEPEHHOE DACTPEOCAEHUE T T. TI. ).
IIpocrpamncTso ./ (RY), cocrapaentoe n3 Beex yMepeHHBIX 0600MEHHBIX
byukimii, HajenstoT caaboit ronosorueit o (. (RY), . (RY)) u unorma
HazwpBAIOT npocmparcmeom Llsapya (xkax u .7 (RY)).

10.11.17. IIPUMEPHI.
1) L,RN) c ' (RN) mpu 1 < p < +oc.
A Ilyers f € L,RY), v € SRY), p < +oom 1/g+ 1/p = 1.

C momompro HepaseHceTBa L'énbaepa 5.5.9 (4) s nonxomsiux K, K/,
K" > 0 nocyieoBaTeIbHO BLIBOIIM:

Il <
1/p 1/p
<(fwr) ([ st o) a) <
IB/ RZ\{]BS
<K/ 1 2\N dx 1/p<
<KWl 10+ Pl [ ) S
RN\B
< K"pi(¢).

BuoBp mpusiekast nepaBencTBo ['épaepa, nveem

lus (D) = (@1 )] = ‘ /fw Q‘ < 1£llp 1¥llg < Kpi().
RN

Ciy4ait p = +00 He BBI3bIBAET COMHEHMIA. [>
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(2) ZRYN) mrorwo B . (RV).
< Crenyer us 10.11.7 (4), 10.11.17 (1), 10.11.7 (5) u 10.10.9 (4).
(8) Mycts p € A4 (RN) — mepa Padona ymepenrozo pocma,
T. €. TaKasl, 9TO JJist HEKOTOPOro n € N BBIOIHEHO

dl@)
ﬂuww“'
RN

Mepa p — 310, OECCIOPHO, YMEPEHHOE paCIIpeie/IeHue.

(4) Ecmu € S'RY), f e YRY)u a € (Z.)N, 1o fu €
S (RN) m 0%u € ' (RN) B ey 10.11.7 (2). Tlo moxoskum mpuauHaM,
nomaras Du(f):= (=1)l*luD®f mpu f € Z(RY), Bumum, aro D €
S'(RN) u Do = (2mi) 1192w,

(5) Kazxkoe pacipesiesienue ¢ KOMIAKTHBIM HOCUTEJIEM YMe-
PEHHO.

< Takoe u € 2'(RY) B coorerctsum ¢ 10.10.5 (7) MOKHO OTOXK-
nectsuth ¢ dnementom &' (RYV). TlockobKy TOMOJIOTHS B TPOCTPAHCTBE
S (RN) cunbree mnymuposannoit BioxkenueM B Co (RY), 3akmodaem:
ue ' (RY). >

(6) Iyctb u € ' (RY). Ecm f € S (RY), 10 u copaun-
Baemo ¢ f, mpmaém u * f € (RY). Moo mposepuTh, 9TO 4 CBO-
paumBaeMo TakkKe U C JobbiM pactpeeenneM v u3 &' (RY), mpuwaém
uxv e S (RY).

(7) Oyctbu € 2'(RY), 2 € RN urpu:= (7_2)'u = uor_p —
COOTBETCTBYIONMIA cdéuz u. PacupeiesieHue u Ha3bIBAIOT Nepuodute-
ckum (C TEPHOJIOM ), eciid T,u = u. llepuogmyeckue pacupeieseHus
UMeIOT yMepeHHBI pocT. IlepuogudnHocTh coxpansercs npu quddepen-
IIUPOBAHUN U CBEPTHIBAHUML.

(8) Ecmn u,, € ' (RY) (u € N) u a1 xaxoro f € .7 (RY)
umeercst cymma u(f):= 37 u,(f), To u € ' (RY) u npu srom 9% =
>0 0%uy (cp. 10.10.10).

10.11.18. Teopema. JIroboe ymepeHHOE pacIpeieseHne — CyMMa
IIPOU3BOJHBIX YMEPEHHBIX Mep.

< Iyers u € ' (RY). C yuérom 10.11.7 (3) m 5.3.7 1151 HEKOTOPBIX
n € Nu K > 0 umeem

(A <K D@+ Procfll, (f e ZRY)).

jal<n
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IIpuBnekas 3.5.3 u 3.5.7, Jj11 HEKOTOPBIX o € M(RN) I10JIy4aeM

u(f) = D e (4] )"0%f)  (f € Z®RY)).

lal<n

ycts vg:= (=11 +| - |2)*1te. Toraa v, — yMepennast Mepa, Hpaém
u = Z‘cﬂgn aal/a. >

10.11.19. OUPEAENEHUE. [Ipeobpasosaruem Pypoe (uim, mosuee,
@ypve — Ilsapuya) ymepennoro pacipesenenns u us . (RY) naspisator
pacrpenenenune Fu, geficreyromee no npaswiry: (f |Fu) = (Ff |u) nost
Beex f € S (RV).

10.11.20. Teopema. IIpeobpaszoBanune Pypre — IllBapia § — 310
eJIMHCTBEeHHOe TpoJio/iKenHe peobpaszopamis Pypre 5. (RY) a0 Tomo-
Jsormgeckoro asromopusma . (RY). O6parnoe orobpaskenme F~1 —
€IMHCTBEHHOE HENPEPBHIBHOE MPOAOJKEHHE OOPATHOTO MPeobpa3OBaHH
®ypre 5.7 (RY).

<1 IIpeobpazoBanne @ypne — IIBapia npeacrasiisier coO0it coOmpsi-
JKEHHBIH onepaTop K npeobpazosanuio Pypbe B npocrpanctse [Isapna.
Ocraércs anemmmposars k 10.11.7 (5), 10.11.12, 10.11.17 (2) n 4.5.10. >

10.11.21. 3BAMEYAHUE. IIycts n € N, a, € F s Beex |af < n.
IIycts, namee, P := Z|a\ <n 0o, 0% — aunetnold Jugdeperyuarviu one-
pamop mopsaka He Bbime n B npoctpanctee Z(RY). Torma ms mexo-
toporo u € Z'(RN) 6yner Pu = §. Pacnpesesnenne u uMenyoT ¢y-
damenmanvorom pewenuem P. PaxT cymecTBoBaHUsi (DyHIAMEHTAIb-
HOTO DEIIeHUsI y MPOU3BOJILHOIO YPABHEHNST B YACTHBIX TTPOU3BOHBIX C
[MOCTOSTHHBIMU KO3 purimeHTamMu ObLT 0OHAPYXKEH B CEPEIUHE ITPOIILIO-
ro BeKa W M3BeCTEH KakK meopema Manvepanoica — Ipeunpatica. Dta
TeopeMa crajia TpUyM(pOM aOCTPAKTHON TEOPUU JIOKAJIBHO BBITYKJIBIX
mpocTpaHcTB. fBHas popMma DYHIAMEHTAIHLHOTO PEIIEeHNs B TEPMUHAX
npeobpazoBanus Pypbe ObL1a Haiifena ciycrs copok Jjier H. Opraepom
u I1. Baraepowm.

YnpakHeHUst

10.1. IlpuBecTu npuMepbl JUHERHBIX TOIMOJIOTUYECKUX ITPOCTPAHCTB U JIOKAJIb-
HO BBIIIYKJIBIX IIPOCTPAHCTB M KOHCTPYKIUM, IIPUBOASAIIUX K HUM.

10.2. [/Iokasarb, 4TO XaycAOpdOBO TOIOJIOrMYECKOe BEKTOPHOE IIPOCTPAHCTBO
KOHEYHOMEPHO B TOM M TOJIbKO B TOM CJIydae, €CJIM OHO JIOKAJbHO KOMITAKTHO.
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10.3. OxapakTepn3oBaTh C1ab0 HENPEPLIBHbIE CyOInHEHHbIE (DYHKIMOHAIIBI.

10.4. /Iokasarb, 4TO HOPMHUPYEMOCTh WM METPU3YyEMOCTb CJIAOON TOIMOJIOTUH
JIOKAJIBHO BBIITYKJIOTO IIPOCTPAHCTBA PAaBHOCHUJIBHA €0 KOHEYHOMEPHOCTH.

10.5. BoisicHUTBh CMBICT CJ1abO CXOAUMOCTH B KJIACCHYECKUX OAHAXOBBIX IMPO-
CTPaHCTBaX.

10.6. /lokasaTp, 4TO HOPMHPOBAHHOE IIPOCTPAHCTBO KOHEYHOMEDHO B TOM H
TOJIBKO B TOM CJIydae, ecsu c1abo 3aMKHyTa eiuHnTHas cdepa (= cuibHas rpaHnAna
€IVHUYIHOTO I1apa).

10.7. Ilycre oneparop T nepeBoauT cJ1abO CXOSIIAECS CETU B CETH, CXOISIIU-
ecs 1o HopMe. JlokasaTh, 4TO 1" KOHEYHOMEpDEH.

10.8. Ilycrs X, Y — Ganaxosbl npocrpancrBa u 1T € £ (X, Y) — suneitubrit
onepaTop. JlokazaThb, uTo T OrpaHHYeH B TOM U TOJIBKO B TOM Ciiy4ae, ecau 1 ciabo
HenpepbiBeH (T. e. HempepblBeH Kak orobpaxkenue (X, (X, X)) B (Y, o(Y, Y'))).

10.9. Ilycrs || - ||1 u || - ]2 — &Be HOpMBI, npeBpamaiomue X B 6GaHAXOBO IIPO-
crparcrso, mpuuém (X, || -[1) N (X, || - |l2)" pasmensier Toukm X. [okasaTs, ITO
HCXO/IHBIE HOPMBI SKBUBAJICHTHBI.

10.10. ITycts S geiicteyer uz Y/ 8 X’. Korma S cilyKUT CONPSXKEHHBIM OIIe-
paTopoM K HEKOTOPOMY OTOOpaykenuio X B Y7

10.11. Kakosa Tomosorus Maxku 7(X, X#)?

10.12. IIycrs (X¢)eez — 9TO HEKOTOPOE CEMEHCTBO JIOKAJIBHO BBIILYKJIBIX IIPO-

crpanctB. Ilycrs, nasee, X :=
BEJIJIUBBI [IPEJICTABICHUS

o(X, X') = Ha(xg, X0; T(X, X) = HT(Xg, X0).

£eE 135S

¢es X¢ — ux npoussenenue. [lokazaTh, 9TO crpa-

10.13. Ilycrs X u Y — GamaxoBbl mpocrpancTBa, 1 — asement B(X, Y)
uimT =Y. Jlokasarb, u3 pediiekcuBHOCTH X cjenyer pedJIeKCUBHOCTb Y .

10.14. lokazatb, uro npocrpanctsa '/ (X') u (" X)' copmamaior.

10.15. [lokazarh, ITO B IPOCTPAHCTBE C) HET GECKOHEIHOMEPHBIX pedJIEKCHB-
HBIX IMOJIIPOCTPAHCTB.

10.16. Ilycts p — HenpepbIBHBII CyOauHeNHBIH GyHKIMOHAT Ha Y, a T €
% (X, Y) — HenpepbIBHBIN JIMHEAHBIH OIepaTop. YCTAHOBUTH, YTO JJIS MHOXKECTB
KpaliHuX To4ek crupaseiuso Briodenue ext(T”(0p)) C T (ext(dp)).

10.17. Ilycth p — HenpepbiBHas MoJiyHOpMa Ha X U 2 — NOAIPOCTPAHCTBO X .
Hokasatb, uro f € ext(Z ° N Op) B TOM U TOJIBKO B TOM CJIy4ae, eCJIH CIPABEIJIUBO
PaBEHCTBO

X=cdZ+{p-f<1}-{p-f<1}.

10.18. [lokazarh, YTO aOCOIIOTHO BBIIYKJIasl 060I0UKa BIIOJHE OIPAHUIEHHOIO
TIOAMHOKECTBA JIOKAJIHHO BBIILYKJIOIO IPOCTPAHCTBA TAaK Ke BIIOJIHE OUDAHUYEHA.

10.19. YcraHOBUTH, YTO GOPHOJIOTMYHOCTH COXPAHSIETCS IIPU IIepexoje K HH-
AyKTUBHOMY mpesesny. Kak o6CTosT jesia ¢ MHBIMU JIMHEHHO TOMOJIOTUYECKUMU CBOIA-
crBamMu’?
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BanaxoBbl ajaredpsbt

11.1. KanoHu4eckoe omepaTopHOe
IpeacTaBJIeHUE

11.1.1. OIPEAEJEHUE. DJieMeHT e aareOpbl A HA3BIBAIOT eduHUY-
HoLM I eduHuyel aarebpel, eciau e £ (0 ¥ IPH 9TOM ea = ae = @ JIJIst
Bcex a € A.

11.1.2. 3AMEYAHUE. Kak npasujo, 6e3 0coObIX Ha TO yKa3aHUIA,
MBI OyJIEM PAcCMaTPUBATH TOJIBKO areOphl C eMHUIIAMY HaJl OCHOBHBIM
mosiem F. Ilpu 5TOM MpOCTOTHI paju, eciu SIBHO He OTOBOPEHO ITPOTUB-
Hoe, Oyzem cumtarh, 9To F:= C. Ilpu uzydyenun npejcraBiieHUil TaKUX
ajirebp eCTeCTBEHHO YCJOBUTHCSI, YTO €JMHUIBI COXPAHAIOTCsI. VHbIMEI
cJIOBaMH, B JIaJIbHEIeM IpejcraBieHne aaredopsl Ay B aarebpe As —
9TO Takoi MOpPGhU3IM (: MYJIbTUIINKATUBHBIA JIMHEHHDbII onepaTop) Ay
B Ay, KOTODBIN eUHUILY aaredpbl A mepeBouT B eUHAILY aareOpsl As.

st ajrebper A 6e3 eIUHUIBI IPOBOMIAT «NPOUECC NPUCOCOUHEHUS
edunuywy. menno, mpoctpanctBo &, ;= A x C npespamaior B ajrebpy
¢ enununed, nosarast (a, A)(b, p):= (ab + pa + Ab,A\u), vae a, b €
Au A\ p € C. B HOpMUPOBAHHOM CJjIy4dae JOMOJHUTEIHHO CUYUTAIOT
(@, Mllur, == llalla + Al

11.1.3. ONIPEAEJIEHUE. DjeMeHT a, € A Ha3bIBAIOT NpPagvim 00-
PAMHBM K @, €CTTH A, = €. DJEMEHT a; € A HA3BIBAIOT Ae6blM 00pam-
HOLM K @, €CTTH Q10 = €.

11.1.4. Ecum y 3/€eMeHTa €eCTh JIeBble U IpaBble 0OpATHBIE, TO OHI
COBII&TAIOT.

<q ar = (ma)a, = ai(aa,) = are = a; >
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11.1.5. ONPEJEJIEHUE. DJyeMeHT a ajredpbl A Ha3bIBalOT 06pa-
mumvim 1yt o € Inv(A), ecin y a umeercs JeBblil u IpaBblil 06-
parmerit. Ilomaraor a™':= a, = a;. daement a~ ! masLIBAIOT 06paMHBLM
K a. Ilomanre6py (c enununeii) B anrebpnl A Ha3bIBAIOT cep8anmmoll
(wn wuemot, umm nanoanennoty) B A, econ Inv(B) = Inv(A) N B.

11.1.6. Teopema. Ilyctb A — 6anaxosa aJurebpa. Jlist a € A
mosoxuM Ly : x — ax (x € A). Torza orobpaskerne

Ly-=L:a— L, (a€A)

SIBJISIETCST TOYHBIM OIEPATOPHBIM IIpejcTaBienneM. Ilpu stom L(A) —
cepBaHTHAas 3aMKHyTast nogaarebpa B(A) u L : A — L(A) — ronosorn-
JeCKHIT H30MOPQDHU3M.

< Hnst ©, a, b € A umeem
L(ab) : x — Lgp(x) = abx = a(bx) = Lo (Lpx) = (La)(Lb)x,

T. e. L — npexcrasienne (ubo auneitnocts L oueBnana). Ecim La = 0,
10 0 = La(e) = ae = a, Tak uro L — TouHOe npexcrapienue. s
JIOKa3aTenbeTBa 3aMKHyTOCTH 06pasa L(A) pacemorpum anrebpy A,
COBIAJAIONLYIO ¢ A «KaK ¢ BEKTOPHBIM IIPOCTPAHCTBOM» U € IIPOTHBOIIO-
JIOXKHBIM yMmHOXKeHuneM ab:= ba (a, b € A).

Iycts R:= La,, T.e. Ry:= Ra:x+— za nna a € A. Ilposepum,
qro L(A) coBnanaer ¢ yenmpaausamopom obpasza R(A) — ¢ 3aMKkHYyTOl
oaIredpoit

Z(mR):~ {T € B(A): TR, = R,T (a € A)}.

B camom sieste, eciu T € L(A), v e. T = L, st HEKOTOPOro a € A,
TO myist Kaxkaoro b € A 6yner LoRp(x) = axb = Rp(Lo(x)) = RyLa(x)
uT € Z(R(A)). Ecmm, B cBoto ouepens, T € Z(R(A)), To npu a:= Te
oIy YaeM

Loz = ax = (Te)x = Ry(Te) = (R,T)e = (TRy)e =
=T(Rye) =Tx

s Beex @ € A, Buaunr, T = L, € L(A). Takum o6pazom, L(A) —
Banaxosa nogairebpa B(A).
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Ilycts Teneps g T = L, naitnérea T 8 B(A). s b:= T~ te
mveeMm ab = Lob = Tb = TT e = e. Kpome toro, ab = ¢ = aba =
a = T(ba) = Lyba = aba = a = L,e = Te. Orciona ba = e, u6o T —
monomopdusm. Urak, L(A) — cepsanrHas nogairebpa B A.

B cuity onpenenenns 6anaxoBoit aareOpsl 5.6.3 BBIIOIHEHO

LIl = sup{[[La] = llal| <1} = sup{]lab] : [lal] <1, [Ib]] <1} <1.

ITpussiekast Teopemy Banaxa 06 m3omopduszme 7.4.5, 3akjrodaeM, 9TO
L — rononorudecknit uzomopdusm (T. e. L' — HenrpepuIBHBIit omepaTop

n3 L(A) va A). >

11.1.7. OnPEAENEHME. Ilpencrasnenue L 4, mocTpoennoe B 11.1.6,
HA3BIBAIOT KAHOHUYECKUM (AEBbIM) ONEPATNOPHDbIM NPEOCTNABACHUEM ATT-
rebpor A.

11.1.8. BAMEYAHUE. KaHoHn4yeckoe omepaTopHOe MpeICTaBICHIE
[I03BOJISIET OIPAHUIUTHCS B JAJIbHEHIIIEM PACCMOTPEHIEM DAHAXOBBIX aJl-
rebp, B KOTOPBIX €JIMHUYHBIE 3JIEMEHTHI HOPMUPOBAHBI — UMEOT €JIMHIY-
HYIO POPMY.

st anreOpbl A yKa3aHHOTO THIIA KAHOHUYECKOE OIIePATOPHOE IIPE/I-
craBjienne L 4 ocymecrsisier uzoMerpudeckoe Bioxkenne A B B(A) wiu,
KOpOYe roBops, uzomempuueckoe npedcmasaenue A B B(A). B sroi
XKe curyarun L4 9acToO HA3BIBAIOT U3OMEMPUUECKUM UOMOPHUMOM
anre6p A u L(A). Ty Ke eCTeCTBEHHYI TEPMHHOJIOTHIO YHOTPEOIISIIOT
U TIPY PACCMOTPEHUH MTPEJICTABICHI TPOU3BOJIBHBIX OAHAXOBBIX AJredp.
OTMernM 371eCh K€, ITO CYIIEeCTBOBAHNE KAHOHMIECKOTO OMEPATOPHOTO
npejicraBienust Ly, B 9aCTHOCTH, ONPAB/BIBACT UCIIOJIL30BAHIE 0603HA~
venust A BMecTo Ae quia A € C, re e — equnnna A (cp. 5.6.5). VabiMu
cnoBami, B Jasbreitiiem C oroxaectsieno ¢ nojasrebpoit Ce anredps
A TOCpeICTBOM N30METPUIECKOTO TIPEJICTABICHUST A — Ae.

11.2. CrekrTp 3jieMeHTa aJireopbl

11.2.1. ONPEAEJEHUE. Ilycte A — GanaxoBa ajrebpa u a € A.
Ckainsip A € C Ha3BIBAIOT PE3OALEEHMHBIM 3HAYEHUEM ¢ (BAINCHIBAIOT:
1 . -1

A € res(a)), ecu cymecTByer pesoaveenma R(a, \):= == (A—a)™".
MmuozxectBo Sp(a) := C\res(a) HA3BIBAIOT CNEKMPOM IAEMENMNG A, & TOU-
ku u3 Sp(a) — cnexmpasvhomy snavenuamu a. Eciu ects neobGxonu-

MOCTb, UCHOJIB3YIOT Gotee OApOoGHBbIe 0603HAYeHUsT TUIA SP 4 (a).
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11.2.2. /list ss1emeHTa 6 € A crpaBeiInBo:

Spa(a) = Spp(a)(La) = Sp(La);
LR(a, \) = R(Lg, A) (X €res(a) =res(L,)). <>

11.2.3. Teopema I'eabcpanga — Mazypa. Ilojie KOMILIEKCHBIX
YqHCces — 9TO €AUHCTBEHHOE (C TOYHOCTHIO JIO H30METPHIECKOIO H30MOD-
¢usma) banaxoBo reso (T. e. Kaxkjas KOMIUIEKCHas GaHaxoBa ajrebpa
¢ HOPMHUPOBAHHOI euHnIel, B KOTOPOH HEHYJEeBble 2JIeMEHThl OODATH-
MBI, HMeeT H3oMeTpuieckoe npejacrasiaenne B C).

< Hyctb ¥ : A — Xe, tie e — equanna A u A € C. dcno, uro
VU — mpejycrasinenne C B A. Bozpmém a € A. B cuny 11.2.2 u 8.1.11,
Sp(a) # @. Buaunt, Haiigércs uncio A € C rakoe, 9ro smement (A — a)
HeoOpaTuM, T. €. IO ycJIoBHIO TeopeMbl a = Ae. CienoarenbHo, W —
summopdusm. [Ipu srom [[T(A)|| = |[Ae|| = |A] |lell = |A|, Tax gr0 ¥ —
n3oMeTpus. >

11.2.4. Teopema IllunoBa. ITycrs A — 6anaxoBa ajrebpau B —
s3aMKHyTas nogajarebpa A (¢ exuuuneii). JList sgementa b € B BbImoJi-
HEHO:

Spp(b) D Spa(b), O0Spa(b) D ISpp(b).

< Ecm b:= A — b € Inv(B), To Tem 6omee b € Inv(A4). Orcroma
resp(b) Cresa(b), T e.

Spp(b) = C\ resg(b) D C\resa(b) = Spy(b).

Ecmu xxe A € 0Spp(b), 10 b € dInv(B). Iosromy maiinéres mo-
caenosarenbHOCTh (by,), by € Inv(B), cxopsimasicst k b. Ilosmoxus t :=
sup, |0y ||, mveen coorromenue

bz = b, 1||*||b = bab)|| =
= [ 1H<t2Hb = b

’H’L
Uubivu clioBaMu, ecyin t < +00, To B B cymecTsyer npejen a:= lim b, L.
YuuThIBask OYE€BH/HYIO HENPEPHIBHOCTH YMHOXKEHHsI 110 COBOKYIIHOCTH
IEPEMEHHLIX, BEIBOJIIM, 9TO B 3TOM ciiydae ab = ba = 1, 1. e. b € Inv(DB).
IMockonbky Inv(B) oTkpeITO 10 Teopeme Banaxa 06 O6paTI/IMI>IX orepa-
Topax u 11.1.6, mpuxoauM K IPOTUBOPEYNIO C BXOXK/IEHIEM be 0Inv(B).
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Taxum 06pa30M, MOXKHO CYUTATH (IIEPEXOJisl, €CJIM Hy?KHO, K IIO-

b1 1I — |lp=L 71b71

caeoBaresnbHOCcTH), 910 ||b || — +o00. IMonoxkum a, = ||b, B
Torna

[Baall = 6~ bo)an + b <
< 15 bl ol = 1" " =

Orcrozia BBITEKAET, 9TO djieMeHT b HeoOpaTuM. B camom jeiie, B IpOTUB-

HOM cJlydae [ a:= 5! HOJIY9IJIOCH GBI
1=an| = HGEGnH < |lal] HEC‘”H — 0.

OKOHUATENILHO 3aKJII0UaeM, 9TO 3JeMeHT A — b He Jiexkut B Inv(A),
T. e. A € Spy(b). IlockombKy A — rpaHndHas TOYKa OGOJIBIIETO MHOXKE-
crBa Spg(b), npuxomaum K coorHomenuto A € 9 Sp 4 (b). >

11.2.5. Caegcreue. Ecimu Spg(b) He nmeeT BHyTPEHHHX TOYEK, TO
Spp(b) = Sp (D).
< Spp(b) = 9Spp(b) C ISpp(b) C ISpa(b) C Spa(b) C Spy(b) >

11.2.6. 3AMEYAHUE. Teopemy [IluyioBa 9acTo Ha3bIBAIOT Mmeope-
MOT 0 mocmoancmee 2paHuYb, CNEKMpa W BBIPAXKAIOT CIOBAMH: <T'Da-
HUYHOE CIIEKTPaJIbHOE 3HAYeHHe — HEyCTPaHMMasl CIIeKTpajbHas TOY-
Kay.

11.3. TosromopdHOe PyHKIMOHATIBHOE
ucYNCIeHne B ajiredbpax

11.3.1. OPEAENEHUE. IlycTh a — snement 6anaxoBoii ajaredpbr A
u h € J(Sp(a)) — pocrok rosiomopduoii dyHKIMK Ha cuekrpe a. [lo-

JIOZKUM
Bohie f{ LION
211 zZ—a

QuiemenT X h 3 A naspBaoT unmezpasom Pucca — angopda poct-
ka h. Ecmu, B wacrnocru, f € H(Sp(a)) — dbyukius, rosomopduas
B OKPECTHOCTH CIEKTPa @, TO nojaraior f(a):= X f.
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11.3.2. Teopema I'eabcparga — laacgopaa ayiast anrebp. Ha-
rerpaJi Pucca — angopia X, sABJIsS€TCs IPECTaBICHUEM aJreOphl POCT-
KOB ToJIOMOP(HBIX (DYHKIUE Ha CIEKTpe djieMenTa a u3 A B ajre6-
pe A. Ilpu srom ecan f(z):= .7 c,2" (B okpecrrocru Sp(a)), To
fla)= 3207 ena™.

<1 N3 onpenenennit 11.2.3 u 8.2.1, npusiekas 11.2.2, umeem

L Ly = =
(LZoh)(b) = Loag,nb = (Zah)b 2mj{h (a,z)dzb =
- h(z)R(a,z)bdz = —7{ z)bdz =

T omi
2mj{h 2V dzb — %1 h(b)

Juist Beex b € A. B uacrrOCcTH, mOIyvaeMm, uro obpas Zr, (7 (Sp(a)))
sgekut B im L. Takum 06pa3omM, n3 KOMMYTATHBHOCTH JTHATPAMMBI

H(Sp(a))
Ry, Ha
B(A) L4
BBITEKAET KOMMYTATHBHOCTD JIHATPAMMBI
H(Sp(a))
Ry, Ha
L) Ly

Ocraércs npussieus 11.1.6 u Teopemy l'enbdanga — Handopma 8.2.3. >

11.3.3. SAMEYAHUE. B nasipHeiiiemM B CHIy y2Ke yCTAHOBJIEHHO-
I'0 B IIPOU3BOJIBHBIX OAHAXOBBIX aJredpax MOXKHO HCIIOJIb30BaTh (haKThl
roJIoMOP(MHOTO (PYHKIIMOHAJBHOIO MCYNUCIEHUsI, JIOKA3aHHbIE B 8.2 JIst
anrebpsl B(X), rage X — 6aHaxoBO IPOCTPAHCTBO.
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11.4. Npeanbl B KOMMYTAaTUBHBIX ajiredpax

11.4.1. OOPEAEJEHUE. Ilycte A — HEKOTOpas KOMMYTATHBHAS
ayrebpa. Ilommpocrpancrso J B A maswBaiorT udeasom A u mwimryT

J <A, ecm AJ C J.

11.4.2. MHuoxecrso J(A) Bcex mueanoB B A, ymopsigoueHHOE IO
BKJIIOYCHHIO, IPCACTABJIACT COOOH MOIHYIO pemuéTKy. Ilpm aToM mIs JIio-
6oro muOXxecTBa & B J(A) BImosHeHO

SUp j(a) & = SUPLag(a) & s

inf_](A) & = infLat(A) é",

T. e. J(A) Biaoxeno B nosnyio pemérky nomupocrpancrs Lat(A) ¢ co-
XPAHEHHEM TOYHBIX BEPXHUX M TOYHBIX HUXKHUX I'DAHHI] MTPOU3BOJIHHBIX
MHO>KECTB.

< dcuo, aro 0 — 310 HAaMMEHbIHi, a A — 5T0 HANOOJIBIIIHI UIEeAJIbI.
ITomumo 3TOTO, TIEpECEUEHNE HCAJIOB U CyMMa KOHEYHOTO MHOXKECTBA
nieanos — uupeati. Ocraérea cocnarbes Ha 2.1.5 u 2.1.6. >

11.4.3. Iycrs Jo < A. Ilycrs, mgamee, ¢ : A — A/Jo — kanomme-
ckoe orobpazkenne A na ¢axrop-aaredbpy A:= A/Jy. Torua

J<a A= p(J) <4

J<A=p 1)< A

< TockoubKy 1o onpesenenuio ab:= @(o~ (@)~ (b)) s a, b € A,
TO omeparop ¢ Myiabruiumkatuser: p(ab) = @(a)p(b) aist a, b € A.
3HauuT, moJIyIaeM MoCIeA0BaTeIbHO

o(J) C Ap(J) = p(A)p(J) C o(AJ) C o(J);
e '(J) C Ap~ (J) C o Hp(A)) = o (AT) C o' (J). >

11.4.4. Ilycrs J < A u J # 0. DKBUBaJIEHTHDI yTBEPK ICHUS:
(1) A#J;
(2) 1¢J;

(3) ausremenTsr 3 J HE HMEIOT JIEBBIX OOPATHBIX. <Il>
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11.4.5. ONPEAEJEHUE. Wnean J B A Ha3BIBAIOT cobCMEEHHbIM,
ecim J ornmuen or A. MaxcuMmaJsibHBIE 3JIEMEHTHI B MHOXKECTBE COO-
CTBEHHBIX UJIEAJIOB, YIIOPSJIOYEHHOM 110 BKJIFOUEHUIO, HA3BIBAIOT MAKCU-
MAALHBMU UOCANAMU.

11.4.6. KomMmyraTuBHAS ajredpa sIBISETCS HOJIEM B TOM H TOJIHKO
B TOM CJIydae, €CJIH B Hell HeT COOCTBEHHBIX HJIEAJIOB KPOMeE HYJIEBO-
ro. <>

11.4.7. Ilycre J — coberBennsiii uiean B A. Torma (J — makcu-
MmaJgien) < (A/J — moJe).

< =: Hyers J < A/J. Torma, mo 11.4.3, ¢~ 1(J) < A. Tax
kak, Hecomnenno, J C @~ H(J), To mabo J = o 1(J) u 0 = ¢(J) =
(e '(J) = J, mbo A = o~ '(J) u J = p(p~'(J)) = p(A) = A/J B
cuty 1.1.6. 3nauut, B A/J HET OTAMYHBIX OT HyJIsl COOCTBEHHBIX HJI€a-
soB. Ocrajocs npuieds 11.4.6.

<: Hycrs Jo < A u Jo € J. Torma, no 11.4.3, o(Jy) < A/J.
Ha ocroBanun 11.4.6 mu6o ¢(Jo) = 0, smbo ¢(Jy) = A/J. B nepsom
ciayaae Jg C ¢ Lo p(Jy) C 9 1(0) = J u J = Jy. Bo Bropom ciyuae
QD(J()) = QD(A), e A=Jy+J C Jy+Jy=Jy C A Urak, J —

MaKCHUMAaJIbHBIN naeaJs. >

11.4.8. Teopema Kpysas. Ka>kiaprii cobCTBeHHBIH H€as colep-
JKUTCSI B HEKOTOPOM MaKCHMAaJIbHOM HJieaJie.

< Ilycre Jy — cobcrBennsblit uieas ajredbper A. Ilycrs, nanee, &
COCTOUT W3 COOCTBEHHBIX HyeasioB J anreopsl A takux, aro Jy C J.
Besikast enib 8y B & umeer B cuity 11.4.2 TOYHYIO BEPXHIOI I'DAHMUILY:
sup& = U{J : J € &}. Ilo 11.4.4 unean sup &y cobcrBennslii. Takum
obpaszoM, & UHIYKTUBHO U Tpebyemoe obeciiedeHo jemmoii KypaToBcko-
ro — Hopua 1.2.20. >

11.5. Ugeansr B anrebpe C(Q, C)

11.5.1. Teopema o MmuHUMAaJIbHOM HzAeaJse. Ilycrto J — mpous-
BoustbHbI upeas B airebpe C(Q, C) HenpepbIBHbIX KOMIIIEKCHO3HAYHBIX
¢yHarnmii Ha komnakre Q. Ilycrs, najee,

Qo:=n{f10): feJ)
o= {f €C(Q, ©): int f1(0) > Qo}.
Torga Jo < C(Q, C), npuuém Jy C J.
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< Iyers Qq := cl(Q \ f71(0)) nns bynxuuu f € Jo. Ilpusiexas
yeioBust, BUiMM, 910 Q1 N Qo = . s 1okasarebcTBa BXOXKIEHUST
f € J meobxomumo (1, pasyMeercs, JOCTATOYHO) MNOCTPOUTH (DYHKIHIO
u € J rakyio, uro u(q) = 1 miga Beex ¢ € Q1. eiicrBurenbHo, B 9TOM
ciaydae uf = f.

g mocrpoerns GpyHKINNA % 3aMETHM CHadasa, 9To JIsd ¢ € Q1
maitnéres dynxmms f, € J, mrs xoropoit fy(q) # 0. Homaras gq:= f; fq,
rjie, KaKk OOblMHO, fy @ T — fq(x)* — KOMIIEKCHO conpsikéHHAs K f
dbyskuus, umeeM g, > 0 u, kpome T0r0, ¢g4(g) > 0. fcuo Takxe, 4TO
gq € J maa g € Q1. Cemeiictso (Ug)geq,, tae Ug:={z € Q1 : gq(x) >
0}, obpa3syer orkpbiToe OKpbiTHe Q1. VCHO/B3yst KOMIAKTHOCTD (1,
BBIGEPEM KOHEUHOE MHOXKECTBO {q1,. .., ¢y} B Q1 Takoe, uro Q1 C Uy U
...UU,,. Oboznauum g:= gq, + ...+ gq,. Hecomnenno, g € J, upuuém
g(q) > 0 nna ¢ € Q1. Homoxum ho(q) = g(q)~t mia ¢ € Q1. o
reopeme Turne — Ypeicona 10.8.20 naiinéres dyuxknus h € C(Q, R),
JI7IsT KOTOPOIA h|Q1 = hg. Ilycrb, HakoHer, u:= hg. Dr1a QYHKIMA U —
HCKOMAas.

Urak, ycranosseno, uro Jy C J. Kpome Toro, Jy — wumean B
C(Q, C) mo oueBUHBIM 0OGCTOATENLCTBAM. [>

11.5.2. /Ins xaxzgoro 3amkHyToro miueasa J B aarebpe C(Q, C)
HaligéTcs, 0 IPHTOM eJHHCTBeHHOe, KOMIIAKTHOe ITOJMHOXKecTBo (Qy Ta-
KOe, 9TO

J=J(Qu):={feC@ C): g€ Qo= flg) =0}

< EamncrBennocTs obecrnedena Teopemoit Ypoicona 9.3.14. Oupe-
nennM (o tak ke, kak u 11.5.1. Torga 3asegomo J C J(Qp). Bosbmém
f € J(Qo) u aya n € N nosioxkum

S (T SR (Ve

BHoBB npuBiekast Teopemy Ypbicona 9.3.14, Haiiném h, € C(Q, R) Taxk,
qaro 0 < h, < 1lu h”|Un =0, h"‘vn = 1. Paccmorpum f, := fhy,.
[Tockosbky

int £,71(0) D int U,, D Qo,

To B cuity 11.5.1 cupaseggmuso f,, € J. Ocrasoch 3ameTurs, 4aro f, — f
II0 IIOCTPOEHUIO. >
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11.5.3. Teopema o makcuMaJbHOM wuaeasie. Ka>kiplii Makcu-
masbabId upeas B aarebpe C(Q, C) umeer Bui

J(q):=J({q}) ={f €CQ, C): f(q) =0},

e ¢ — HeKoTopas Touka ().

<1 Cneryer w3 11.5.2, ubo 3aMblkaHue wjeaja — UIEAJ. [>

11.6. IIpeobpaszoBauue I'enbdanga

11.6.1. Ilycrr A — koMMyTaTHBHAS baHax0Ba ajarebpa, a J <1 A —
9T0 3aMKHYTHII nieas, e papaeiii A. Torga ¢akrop-aarebpa A/J, Ha-
JIeIéHHAsT (paKTOP-HOPMOIi, siBjsieTcst 6aHaxoBoii aarebpoi. Ecanm mpu
sroMm ¢ : A — A/J — Kanoumdeckoe orobpazkenue, 1o p(1) — exununa
B A/J, oneparop ¢ MyaprummkatuseH u ||| = 1.

< Hnst a, b € A umeem, yuursisas 5.1.10 (5),

le(@)e®)llays = mf{[[a'd]4: pa') = ¢(a
< inf{[ja’|al[t'][a = ¢(a’) = w(a), (b
= ||80(a)||A/J||80(b)||A/J-

Wubivu ciioBamu, nopma B A/J cybmynbruiuiukarusia. CiiegoBaTesib-
no, 6yaer ||o(1)]] > 1. Iomumo storo,

le(llays = inf{llalla = @(a) = (1)} < [[1][a =1,

T. e. |lp(1)|| = 1. Ilocaenuee, B 9acTHOCTH, OOECIICUNBAET PABEHCTBO
llell = 1. Ocrapimecst yTBepKieHnsT HECOMHEHHBI. >

~

) =)} =

11.6.2. 3AMEYAHUE. Ilpemnoxkenue 11.6.1 ocraércss BepHBIM st
HEKOMMYTaTHBHOM 0aHAXOBOI ajreOpbl A IpHU JIOMOJHUTEILHOM JIOITY-
mennn, 9o J — deycmoponnut udean A, 1. e. J — MOAIPOCTPAHCTBO
A, ynosnerpopsitoriee ycaopuio AJA C J.

11.6.3. Ilycrp x : A — C — HeHyseBOi MyJIbTHILITHKATHBHBIH JIH-
Heitublit pyaknuonan va A. Torma x Hempepsiser u || x|| = x(1) = 1
(B wacrHocTH, X — npexcrasaenne A B C).

< Ilockompky x # 0, To juis HEeKOTOpOrO G € A BBIIOIHEHO 0 #
x(a) = x(al) = x(a)x(1). Bmaunt, x(1) = 1. Ecim remeps a € A u
A € C rakosel, uto |A| > |lall, To A — a € Inv(A) (em. 5.6.15). meem
1= x()x(A —a)x((A —a)™t). Orcrioma x(A —a) # 0, . e. x(a) # .
Craito Gomw, [x(@)] < Jlafl w Jix|| < 1. Yemrsimas, wro x| = |l 1] >
[x(1)| = 1, zakiouaem: |x|| = 1. >
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11.6.4. ONIPEAE/IEHUE. HenyneBble MyJbTHILINKATHBHBIE JIMHETH-
Hble (PYHKIIMOHAJBI Ha ajrebpe A HazbBaoT zapakmepamu A. Muo-
JKECTBO BCex xapakTepoB A obosnauaror X(A), cHabxKaror Tonosorued
HOTOYEYHOM cxomuMocTH (nHIyupoBanHoil B X(A) craboit Tonosorueit
o(A’, A)) n HABBIBAIOT NPOCMPAHCMBOM TAPAKMEPOS AIreOphl A.

11.6.5. IIpocTtpaHncTBo XxapaKTepOB — KOMITAKT.

< Xaycmopdosocrs X(A) He BBI3bIBaeT comHeHnil. B cuiy 11.6.3,
X(A) — a0 o(A’, A)-3amkryTOE IOMMHOXKECTBO mapa Ba . Ilocaennmit
o(A’, A)-kommnakren mo reopeme Asaoriay — Bypbaku 10.6.7. Ocranoch
cocnarbes Ha 9.4.9. >

11.6.6. Teopema 06 maeasrax um xapaktepax. MakcumaJjbHbIe
nJieasIbl KOMMY TaTHBHON 6aHaxoBo#H aare6per A CyTh B TOYHOCTH siipa €6
xapakrepoB. IIpu sTom orobpazkenne x — ker x, jgeficTByromiee u3 mpo-
crpancrBa xapakrepoB X(A) na muoxkecrBo M(A) Bcex MAKCHMAJIbHBIX
neasioB A, sIBISI€TCs B3AaHMHO OJHO3HATHBIM.

< IIyers x € X(A) — 310 xapakrep anarebpor A. OgeBuiHO, 94TO
ker y <« A. U3 2.3.11 Boirekaer, uro cauxkenue X : A/ ker y — C — mo-
Homopduam. B eeszu ¢ 11.6.1, X(1) = x(1) = 1, 1. e. X — uzomopdusm
A/ ker x u C. Cuenosaresbno, A/ ker y — sro nosie. Ilpusiexas 11.4.7,
JleJiaeM BBIBOJI, 9TO nieas ker y MakcumadsieH, 1. e. ker y € M (A). Ilycrb
renepb m € M(A) — kakoii-Huby b MAKCUMAJIBHBIA uieal ajreopor A.
Scno, o m C clm, clm < A u npu srom 1 ¢ clm (u6o 1 € Inv(A), a
TOCJIe IHee MHOYKECTBO OTKPBITO IO TeopeMme Bamnaxa 06 06paTuMbIX ore-
paropax 5.6.12 u 11.1.6). Takum oGpa3om, umeas m 3aMKHYT. PaccMoT-
puMm dakrop-airebpy A/m u kKanonudeckoe orobpaxkenue ¢ : A — A/m.
Ha ocnosanuu 11.4.7 u 11.6.1 daxrop-anrebpa A/m — 310 6aHAXOBO MO~
se. ITo Teopeme 'esibdanga — Mazypa 11.2.3 umeeTcss n30MeTPHYIECKOE
upescrasienue ¢ : A/m — C. Tlonoxum x := 1 o ¢. Buuo, uro
X € X(A) u npu srom ker x = x1(0) = o1 (xp71(0)) = ¢ 1(0) = m.

st 3aBepIiieHnst J0Ka3aTeIbCTBA OCTAJIOCH IIPOBEPUTH B3aUMHYIO
OJIHO3HAYHOCTH OoTOOpakenust ¥ — ker xy. Wrak, mycts ker x1 = ker x»
i x1, X2 € X(A4). B cuny 2.3.12 mia mekoroporo A € C BobinosiHe-
HO X1 = Axe. Iommmo storo, mo 11.6.3, 1 = x1(1) = Ax2(1) = A
OkoHYaTesbHO X1 = X2. >

11.6.7. BAMEYAHUE. B cBsi3u ¢ Teopemoii 11.6.6 muOXKecTBO M (A)

9acTo HaJENSIOT Tonosorueii, mepenecénnoit B M (A) u3 X(A) ykazan-
HBIM OTOGpazkeHneM X — Ker x, 1 TOBOPST 0 KOMIIAKTHOM NPOCMPAHCMEE
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MAKCUMANOHBLT U0eano6 A. VIHBIMEU CJIOBAME, TPOCTPAHCTBO XapaKTe-
POB H MPOCTPAHCTBO MAKCUMAaJIbHBIX MJICAJIOB OTOXKJIECTBJISIOT TaK, KaK
310 csenano B 11.6.6.

11.6.8. ONIPEAEJEHUE. Ilycts A — KoMMyTaTHBHAsT OaHAXOBA AJ-
rebpa u X(A) — ee upocrpancTso xapakrepos. Jis a € A u x € X(A)
nostoxkuM a(y):= x(a). Bosuukaromtyio dyuknuio a : x — a(x), oupe-
nenérnyio Ha X(A), HasbIBAIOT npeobpasosaruem I esvdanda snemerma
a. OrobpaxKkenne a — a, rae a € A, HasbIBAIOT npeobpasosaruem Ienb-
garda aneebpor A u obosHadaior ¥4 (mmm ).

11.6.9. Teopema o mpeobpazoBanuu lesabcganga. IIpeobpa-
soBanue lenbpanga G4 : a — @ ecTb HPEJCTABJICHHE KOMMYTATHBHOMH
6anaxoBoii anrebpol A B anrebpe C(X(A), C). Ilpu sTom

Sp(a) = Sp(a) = a(X(4)),
[all = r(a),

rze r(a) — cHeKTpaJIbHBIH pajuyc 3JIeMeHTa a aarebpsl A.
9 To,uroa € A=aeCX), C),1=1ua be A= ab=

63, obecrieueno onpeaenerausymu u 11.6.3. JIuneiiHocTs 44 He BBI3BLIBAET
comuennit. CremoBaTenbHO, OTOOPaKeHne ¥4 NeHCTBUTEIBHO SIBISETCS
MIPEJICTABJICHAEM.

IIycte A € Sp(a). Torma snement A — a HeoGpaTHM, a IIOTOMY
unean Jy_q := A(N — a) — cobersennsiit B cuny 11.4.4. Tlo Teopeme
Kpymasa 11.4.8 cymecTByerT MakcuMasIbHbIN uiean m < A, yioBiaeTBo-
psttoruit ycsioBuio m O Jy_,. Ilo Teopeme 11.6.6 s momxomsimnero
xapakrepa x Oyzmer m = kery. B wgacrmoctn, x(A —a) = 0, T. e.
A =Xx(1) = x(\) = x(a) = a(x). 3uauur, A € Sp(a).

Ecin, B cBoto ouepenp, A € Sp(a), ro (A — a) — HeoGpaTUMBbLii
ssiemenT npocrpadcTBa C(X(A), C), 1. e. Hafinércs xapakrep x € X(A4),
st Kotoporo A = a(y). Waeimu caosamu, x(A — a) = 0. Craso 6bITS,
nonyienue A — a € Inv(A) upuBoguT K NPOTUBOPEYHIO:
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ITpusnexast popmyny Bépamnara — Teabdanma (em. 11.3.3 u 8.1.12),
BUJIVIM:

r(a) = sup{|A|: XA € Sp(a)} =sup{|A\|: XA € Sp(a)} =
=sup{|A|: A €a(X(A4))} =sup{la(x)]: x € X(4)} = |[all,

9TO U HYy2KHO. >

11.6.10. IIpeobpa3zosanue I'enbhanga KOMMYTATHBHON OAHAXOBOIT
ayrebpbl A sIBJISIETCSI H30METPUIECKIM BJIOXKEHHEM B TOM H TOJIBKO B TOM
cayuaae, ecmn ||a?|| = ||a||? ars Beskoro a € A.

< =: YunrhBag, 4ro oTobpakenue t — t2, paccMaTpEBaeMoe Ha
R, BO3pacTaeT u uMeeT Bo3pacTaoliee 0bpaTHOe, onpenesennoe Ha R,
B cmry 10.6.9 momygaem

la?|| = la*|lcxcayc) = sup [a*(x)| = sup [x(a®)| =
XEX(A) XEX(A)

= sup [x(a)x(a)] = sup |x(a)]® =

XEX(A) X€X(A)
2 ~
= ( sup |x(a))” = [[al* = [la]*.
XEX(A)

<: Ilo dopmyse lenbdanma 5.6.8,

r(a) = lim [|a™|*/™.

Nmeem, B wactioctn, ||| = |lal|?”, T e. 7(a) = |la||. o 10.6.9,
omMumo sroro, r(a) = ||al|. >

11.6.11. BAMEYAHUE. WHoria NHTEPECYIOTCS HE CBOHCTBOM H30-
MeTPUIHOCTH IpeobpazoBanus ['enbdamnia, a ero TOTHOCTHIO. S apo mpe-
obpazoBanust [enbdanga ¥4 — 5T0 mepecedeHrne BCeX MaKCHUMAJIbHBIX
UJEeasoB, T. €. padukans aareOper A.

Takum 06pa30M, yCJIOBHE TOYHOCTH HpejcTaBienust ¥4 anreopsr A
B asrebpe C(X(A), C) moxno dopmynupoBars cjoBamu: <ajirebpa A
noaynpocma (T. e. pagukas A TPUBHAJIEH)>.
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11.6.12. Teopema. /s sjaeMeHTa o KOMMYTATHBHOI OaHAXOBOIT
ajre6pbl A KOMMYTATHBHA CJACIYIONAST JHATPAMMA IPEJCTABICHUI:

A (Sp(a)) = A (Sp(a))

R, Ka

Ga

A

IIpu s1oMm f(a) = foa = f(a) g f € H(Sp(a)).
< Bosbmém x € X(A). st kaxxa0r0 2 € res(a) BBIIOIHEHO

(hae-0) =) s

NupiMu ciios aMu,

C(X(4),C)

Ria, )00 = 200 = 7= = 7500 = R@ 2.

Taxum 06pazom, yuuTbiBas cBoiicrBa unrerpasia Boxuepa (cm. 5.5.9 (6)),
s f € H(Sp(a)) nmosydaem

~—
I

f(a) = Ga o Buf = Ga <i7{f(z)3(a 2)dz

2m?{f )94(R(a, z) dz__j{f _
2mf{f (@, z)dz = Za(f) = f(a).

ITomuMmoO 3TOrO, IpPHUBJIEKAs KIACCHIECKYI0 Teopemy Kommm, BuauM, 9TO
st x € X(A) crpaseiuBbl COOTHOIIEHHS

foa(x) = f(a(x)) = f(x(a)

)
27”}{ f(zz d%j{x(f())d

g (f L8 @) - Faeo - ra.

Q
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11.6.13. 3AMEYAHUE. Teoputo npeobpasosanust 'esibdania ode-
BHJIHBIM 00Pa30M MOXKHO PACIPOCTPAHHUTDH HA CJIyYail KOMMYTATHBHBIX
b6anaxoBbix asrebp A 6e3 equaunpl. Onpenenenns: 11.6.4 u 11.6.8 coxpa-
uuM Jocsosro. Xapakrep y € X(A) nopoxkgaer xapakrep X, € X(o7)
o npasuiy: Xe(a, A):= x(a) + A (a € A, X € C). Muoxkecrso X () \
{xe : x € X(A)} cocrouT U3 eAUHCTBEHHOTO ITEMEHTA Xoo(@, A):i= A
(a € A, A € C). Takum obpazom, npocTpaHcTBO X(A) JIOKAJIBLHO KOM-
makTHO (cp. 9.4.19), n6o orobpakenune x € X(A) — xe € X() \ {Xoo}
gaBjasierca romeoMopdusMoM. Ilpu srom ker xoo = A x 0. Ciemosa-
TesIbHO, TTpeobpazoBanue [enpdanga KoMMyTATHBHON OaHAXOBOI AJIres-
DBl 6€3 eIMHUIBI CIIY2KUT €€ IpeJICTaBICHIEM B ajarebpe orpeeéHHbIX
Ha JIOKAJIHbHO KOMITAKTHOM IIPOCTPAHCTBE HEIPEPBIBHBIX KOMIIJIEKCHBIX
QYHKIANE, «CMPEMAUULCA K HYAI0 HG beckoneunocmuy. s rpymnmo-
Boit anre6pnr (L1 (RY), *) ma ocmosammu 10.11.1 m 10.11.3 mpeobpaso-
Banne Pypbe coBnaaer ¢ mpeodpazopanueM [enbdania u IpuBeIEHHOE
yTBEPIKJIEHUE COIEPKUT Kak Teopemy Pumana — JleGera 10.11.5 (3), rak
u dopmyiy ymaoxkenus 10.11.6 (3).

11.7. Cuektp 3nementa C*-anredpsl

11.7.1. ONIPEAEJIEHUE. DJIeMEHT a HHBOJIOTUBHON ajreOpsr A Ha-
3BIBAIOT IPMUMOBHLM, €CIIA @* = @. DJIEMEHT a n3 A HA3bIBAIOT HOPMAND-
HuLM, ecu a*a = aa®. HakoHel, 3JeMeHT a HA3BIBAIOT YHUMAPHHIM,
ecm aa* =a*a=1(r. e a, a* €lnv(A) na™! =a*, a*! =a).

11.7.2. DpMHUTOBBI 3JIeMEHTHI HHBOJIIOTHBHOH aJjrebpbl A obpasy-
10T BelecTBeHHOe roimpocrpanctso A. Ilpu stom mis jmoboro a € A
CYIECTBYIOT, U MPUTOM €IHHCTBEHHBIE, SDMUTOBBI 3JIEMEHTHI T, Yy € A
TaKme, 9T0 a = x + 1y. Hmerno,

1
= glata), y=ola-a”)

Ilpm sTom a* = x — iy.

<1 Cremyer NMpOBEPUTH TOJBKO yTBEPXKJjeHHE 00 eIMHCTBEHHOCTH.
Eciu a = x1+iy1, To B cuity cBoiicTs uusosnonuu (cu. 6.4.13) Boinosneno
a* =zt + (iy1)* = 27 —iy] = x1 —iy1. Crano ObiTh, T1 = T U Y1 = Y. >

11.7.3. Eaununia — 3pMHUTOB 3JIEMEHT.

9 IF=11=1"1"=(1*1)*=1" =1 >
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11.7.4. a € Inv(A) < a* € Inv(A). IIpu sToM nHBO/IIOLHUS H 06pa-
I{eHHe — KOMMYTUDYIOIIHE ONEPAIHH.

< Umeem aa™! = a7la = 1 qa a € Inv(A). 3nauur, a~*a* =
a*a™1* = 1*. Vuurbsag 11.7.3, sumum, uro a* € Inv(A) u a*~! =
a~'*. TloBTopss NIpHBeIéHHOE pacCcyXKIeHne IPH @ = a*, IOIydaeM

Tpebyemoe. >

11.7.5. Sp(a*) = Sp(a)*. <>
11.7.6. Cuekrp yHurapHOro sjemenra C*-ajarebpbl — HOJMHOXKE-
CTBO €IMHHUYHOH OKPY>KHOCTH.

< B cuny onpenenenust 6.4.13 it TpOU3BOJILHOTO 3JIEMEHTA G TMe-

em ||a?| = |la*al| < ||a*]| ||a||. Unaue rosops, ||la|| < ||a*|]. Taxum obpa-
30M, MOCKOJIBKY @ = a**, zaxmmouaem: |la| = ||a*||. Ecim a* = a™ !, 1. e.
a — ynurapublii anement, To [|al|? = [|a*a| = |la~la|| = 1. Crenosarenn-
o, |la|| = |la*|| = |Ja~!|| = 1. Orcrona BBITexkaer, uro Sp(a) u Sp(a™?!)

Jexkar B euHIaHOM Kpyre. Ilommmo storo, Sp(a~!) = Sp(a)~!. >

11.7.7. Cuekrp spmuroBa sjiaemenTa C*-ajrebpbl BelleCTBEH.

< Ilyctb a € A. Tlo Teopeme lenbdanga — Jlandopiaa s aj-
rebp 11.3.2 BbIIOTHEHO

exp(a)* = <Z Z—T) = Z (a:!)* = Z (a;!)n = exp(a™).

n=0 n=0

Ecyiz Tertepp h = h* — 3pMuTOB 371eMeHT A, TO 1JIst 9JIEMEeHTa @ :=
exp(ih), BHOBB puBJIeKasi roJoMopdHoe QyHKIMOHATIBHOE UCINCIEHE,
IIOJTy 9aeM

a* = exp(ih)* = exp((ih)*) = exp(—ih*) = exp(—ih) = a'.

Buaunt, a — ynurapubiii smement C*-anrebpsr A, u no 11.7.6 cuexp
Sp(a) — 3ro nmommHOXKecTBO exuHWYHON OokpyxkHOocTn T. Ecm A €
Sp(h), To no Teopeme 06 orobpazkenuu cuekrpa 8.2.5 (em. Takxke 11.3.3)
exp(iA) € Sp(a) C T. Urak, 1 = |exp(i\)| = |exp(iRe X — Im )| =
exp(—Im ). Oxonuarensao ImA =0, . e. A € R. >

11.7.8. OONPEAENEHUE. [lycts A — mekoropas C*-anrebpa. Ilo-

nanrebpy B anrebper A HasweiBaror C*-nodanzebpoti A, ectu b € B =
b* € B. Ilpu sTom B paccMaTpuBaioT ¢ HOPMOU, HHIyIUPOBAHHON u3 A.
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11.7.9. Teopema. Kaxxnas 3amxayTas C*-mogaaredpa C*-aireb-
DBl CEPBAHTHA.

< IIycre B — »ro 3amkuyras C*-mnoganrebpa (¢ emununeir) C*-
anrebpel A u b € B. Ecin b € Inv(B), To necomuenno, uro b € Inv(A).
ITycrs reneps b € Inv(A). Ha ocHopannu 11.7.4 umeem: b* € Inv(A).
Buaunt, b*b € Inv(A) u npu sTom smement (b*h)~1b* aBasercs meBbM
obparabiM K b. B cumy 11.1.4 ato osnauaer, aro b~ ! = (b*b)~1b*. Cie-
JIOBATEJILHO, JIJIS 3aBEPIIEHNAS JIOKA3ATeIbCTBA HyKHO YCTAHOBUTD TOJIb-
Ko, uro ssement (b*b)~! Bxomur B B. Tak kak siement b*b 3pMUTOB B
B, To BBIIONHEHO cooTHOIIEHne Spp(b*h) C R (em. 11.7.7). Ilpusie-
kas 11.2.5, Bugum, 9ro Sp4(b*b) = Spp(b*b). Ilockonbky 0 ¢ Sp 4(b*b),
to b*b € Inv(B). Okonuarensro b € Inv(B). >

11.7.10. CaexcrBue. Ilycrs b — snement C*-anrebper A u B —
Kakas-HHOYIb 3aMKkHyTass C*-nmojgaarebpa A, npuuém b € B. Tornga

Spp(b) = Spa(h). <>

11.7.11. BAMEYAHUE. B cBsizu ¢ 11.7.10 Teopemy 11.7.9 gacro na-
3BIBAIOT TEOPEMOIl «O IOCTOSIHCTBe criiekTpa B C*-ajrebpax». Mmeercs
B BH/Iy TO, 9TO MOHSATHE CIEKTpa djaemenTa C*-aaredpbl «abCOTIOTHOY,
T. €. He 3aBHCHUT OT BbIOOpa C*-momarebphl, coaepKalieil JaHHbII 31e-
MeHT paccmarpuBaemoii C*-aareOpsi.

11.8. KommyTaTuBHasi TeopemMa
Teasdanaga — Haiimapka
11.8.1. Banaxosa aurebpa C(Q, C) ¢ ecrectBeHHOT HHBOJIFOIHEH
f f* rme f*(q):= f(q)* aust q € Q, apiasiercs C*-anrebpoii.

< I fl = sup{lf(@)* f(@)| : g€ Q} =sup{[f(@))*: ¢€Q} =
(sup [F(Q))? = [IfI* >

11.8.2. Teopema Croyna — Beiiepurrpacca aast C(Q, C).
JTrobast C*-nionanrebpa (¢ exunnneit) B C*-amrebpe C(Q, C), pasnens-
fomast Touku @, wioraa B C(Q, C).

< Ilycrs A — rmakas mopasrebpa. Ilockonbky f € A = f* € A,
o f € A= Ref € A u, crano 6bTh, MHOKeCTBO Re A := {Re f :
f € A} upencrasisier coboil BemecrBennyio noxaiarebpy B C(Q, R).
Hecomuenno, uro Re A comepkur nocrostHAbIe (DYHKIMU W Pa3IesseT
rouku (. Ilo Tteopeme Croyna — Beitepmrrpacca 10.8.17 mojasrebpa
Re A wiorna B C(Q, R). Ocranocs npusjeus 11.7.2. >
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11.8.3. ONPEAEJEHUE. IIpeacrasienue x-ajrebp, coryiacOBAHHOE
C MHBOJIIONNEH *, HA3BIBAIOT *-npedcmasaenuem. VIHBIMU CJIOBaAMH, €CJIN
(A, %) u (B, %) — unBooruBHbIE anredpsl u R : A — B — MyJIbTHUILIN-
KATUBHBIN JIMHEWHBIN OmepaTop, TO R HA3BIBAIOT *-NPedcmasieHuem B
cJIy4ae KOMMYTATUBHOCTH JIMAIDAMMBI
%
A—B
* | | *
%
A—B

Eciyiz ipu 370M R — uzoMopdusm, T0O SR HA3BIBAIOT *-u30MopPudmom A
u B. Tlpu Hajmuuu HOPM B PacCMaTPUBAEMBIX ajrebpax HMCHIOJb3yIOT
TaKK€ TEPMHUHBI <U30MEMPUUECKOE *-NPEOCMaAsACHUE> T «U3OMEMPU-
weckul *-u3omopPudm», BKIAIBIBAS B HUX OYEBUTHOE CONEPIKAHME.

11.8.4. KommyraruBaasi teopema l'enbgpanga — Harimap-
ka. Ilpeobpazopanue l'enbgpanma kommMyraruBHoit C*-ajarebper A ocy-
mecrsiisier uzomerpuieckuii x-uzomopguszm A u C(X(A), C).

< Hns a € A nveem
la?| = I(a®)*a?||"/> = ||a*aa*al| /> = [|a*a]| = ||a]®

Ha ocnosanun 11.6.10 npeobpasosanue Lenbdania &4 — 3ro nsomerpus
anrebpol A u 3amkuyToit noganrebper A B C(X(A), C). Hecomuenuo,
uro A pasuessier 109Ky X (A) U colepKUT HOCTOsiHHbIE (DYHKIHUU.
 Benny 11.6.9 n 11.7.7 ana spvuTosa snementa h = h* B A umeem
h(X(A)) = Sp(h) C R. Ilycrb Temepb ¢ — NPOU3BOJIBHBIN 31eMeHT A.
IIpuBnekas 11.7.2, 3anummem: a = x -+ 1y, /e SJIEMEHTHI T, i SPMUTOBBI.
VuurbiBasg, 4TO JJisd IPOU3BOJILHOrO Xapakrepa Y u3 X(A) BbIIOJHEHO
x(z) € R, x(y) € R, nocienoBaresibHO oIy IaeM

Ga(a)"(x) =a"(x) =a(x)" = x(a)" = x(z +1iy)" =
= (x(2) +ix(y)" = x(x) —ix(y) = x(=z —iy) = x(a*) =
- a’)(x) (x € X(A4)).

Q)
*

=
]

N

Taxum obpazom, npeobpasosanne lenbdanya G4 siBisieTcst *-npejcras-
JeHueM u, B yactHocTH, A — 3ro C*-nonanrebpa C(X(A), C). Ocranocs
npussiedsb 11.8.2) urobsl 3akmounts: A = C(X(4), C). >
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11.8.5. Ilycte R : A — B — 3710 *-upezcrapieane C*-ajarebpper A
B C*-amrebpe B. Toraa ||Ra|| < ||la|| 4 a € A.

< Hockomeky R(1) = 1, To R(Inv(A4)) C Inv(B). 3mauwr, s
a € A cupaseymso Brioderne Spp(MR(a)) C Spy(a). Orcioma B cuiy
dopmysr Bépaunra — lesbdanga 1 ClIeKTPAJILHBIX PAJITYCOB BbITE-
Kaer, 410 7 4(a) > rp(R(a)). Ecniu a — spmuros smement A, To R(a) —
spMuToB teMeHT B, ubo R(a)* = R(a*) = R(a). Ecam renepsr Ay —
HamMeHbInas 3amMkayTas C*-momanrebpa, comepxkamas a, u By — ana-
JIOPMYHBIM 00PA30M [IOCTPOEHHAsI oaredbpa, cogepxaiasd R(a), To Ag
u By — kommyrarusabie C*-anrebpbl. Takum obpasom, u3 Teopem 11.8.4
u 11.6.9 nonyuaem

1R(a)]| = [[R(a)ll B, = (|98, (R(a)|| = rB,(R(a)) =

= r8(R(a)) <rala) = rag(a) = [Fay(a)]| = [la].
71t TPOM3BOJILHOTO 3JIeMEHTa @ € A BUIHO, UTO 3JEMEHT a*a SPMUTOB.
Craso 6BITh, C YIETOM y2Ke JTOKA3AHHOTO UMEEM

1%(a)]|* = [R(a) R(a)]| = [R(a*a)|| < [la*al| = [lal®. >

11.8.6. Teopema o HenmpepbIBHOM (DYHKI[HOHAJIbHOM HCYHC-
geaun. Ilycre a — HOpMasbHbLE semenT C*-aare6per A u Sp(a) ero
cextp. CymecTByeT, U IPUTOM €UHCTBEHHOE, H30METPHIECKOE *-IIPEJI-
crapenne R, aaredper C(Sp(a), C) B A Takoe, uro a = Ra(Isp(q))-

< Ilycrs B — mammenbinas 3aMmkuyTas C*-nioganarebpa A, comep-
Katas a. ¢lcHo, 9ro anrebpa B KOMMyTaTuBHA B CUJIy HOPMAJIBHOCTH G
(aTa anrebpa npecraBiaser coboii 3aMbIKaHIe aJreSpbl MHOTOUYJIEHOB OT
a un a*). Ilpu sToM Ha ocroBanun 11.7.10 Bemmosaeno Sp(a) = Spy(a) =
Spg(a). IIpeobpazosanue lenbdanna a:= Y (a) sseMerTa @ JefcTByeT
u3 X(B) ua Sp(a) B cuity 11.6.9 1, HECOMHEHHO, B3AUMHO OJHO3HATHO.
IMockonbky X(B) n Sp(a) — xommnakTsl, npusiekas 9.4.11, saxkmoda-
eM, 9T0 @ — 910 romeomopdusm. OTCIoa HEMOCPEJICTBEHHO BHITEKAET,

(o)

gro orobpaxkenne R : f — f oG oCylIeCTBIsIeT U30METPUIECKUIA *-
nzomopdusm anrebper C(Sp(a), C) n anrebper C(X(B), C).

Ucnons3ys teopemy 11.3.2 u cBs3p mpeobpazoBanus lenbdanma
u unrerpaja Pucca — landopma, ycranosiennyto B 11.6.12, jist ToX-
JIECTBEHHOT'O OTOOPAXKEHUS TTOJIYIaeM

a:%@ﬂc:[@oa:]@ oa =

a(X(B))

o

= Iclgy(q) 0@ = Isp(a) ©@ = Rllsp(a))-



11.8. KommyTraTuBHast Teopema Ienppanna — Hatimapka 293

[e]
IMonoxnm teneps R, := Y5 ! . Bumno, uro R, — 9T0 m30MeTpHUe-

-1
ckoe BjIOxenue u *-npejcrapienue. Kpome Toro, Ry (Isp)) = Y5 ©

[e]

R(Ispa) =95 (@) = a.

EnuacTBeHHOCTH TaKOTO IIpejcraBiieHus R, obecrnedena 11.8.5 u Tem,
qro, no Teopeme 11.8.2, C*-anrebpa C(Sp(a), C) — 310 cBOS HaMMEHb-

mast 3aMKHyTast C*-rojanarebpa (¢ euHUIEH), cofepKalast Isp(a)- >

11.8.7. ONPEAENEHUE. IIpexacrasienne R, : C(Sp(a), C) — A,
nocrpoennoe B 11.8.6, Ha3BIBAIOT HENPEPLIEHHIM PYHKUUOHAALHOLM UC-
wucaeruem (s HOPMAJIBHOTO dyteMenTa a anrebpel A). Ecsm npu sTom

f € C(Sp(a), C), To amement R, (f) oboznauator f(a).

11.8.8. BAMEYAHUE. [lycts f — romomopduas GyHKIUSA B OKpe-
CTHOCTH CIIEKTPa HOPMAJBLHOTO 3JIeMEeHTa @ HeKOoTopoit C*-anrebpor A,
T. e. f € H(Sp(a)). Torma ¢ nomoipio roaomopduoro GbyHKIMOHAIb-
HOI'O MCYHCJICHUs OpeeséH seMent f(a) aurebper A.

Eciu coxpamuts cumBos f 3a cyxkenmem yHKIuu [ Ha MHOXKE-
cTBO Sp(a), TO ¢ MOMONIBHIO HENPEPHIBHOIO (YHKINOHAIBHOIO UCIHCIIE-
HUs olpeesieH sseMeHT R, (f) = R, ( f‘Sp(a)) anrebpet A. Tocstemamit

9JIeMeHT, Kak orMedeHo B 11.8.7, o6oznauator f(a). Vcnonb3oBanue onu-
HAKOBBIX 0003HAYEHNN 37eCh He CJIydailHO U KOppeKTHO B cumiry 11.6.12
u 11.8.6. B camom zese, crpaHHO ObLIO ObI 00sI3aTE/IBHO 0DO3HAYATH
PA3HBIMU CHUMBOJIAMHU OJIMH M TOT K€ SJIEMEHT. Y Ka3aHHOE O0CTOSTE b~
CTBO MOXKHO BBIPa3uTh B HariagaHoit dpopme. Nmenno, mycrn - ‘Sp(a) —
oTobpazkeHue, colocTaBsdomee poctky h u3 € (Sp(a)) ero cyxenue Ha
Sp(a), 1. e. mycrhb h‘Sp(a) B TOYKE z — 9TO 3HAYEHUE POCTKA h B TOUYKe 2

(em. 8.1.21). dcHo, [To - ’Sp(a) : A#(Sp(a)) — C(Sp(a), C).
CBsi3b HEMPEPBIBHOTO U TOJIOMOPMHOrO (DyHKITMOHATBHBIX HCIIC-

JIEHU# JjIs HOPMAJIbHOTO 3JIEMEHTa ¢ paccMmarpuBaeMoit C*-anredbpsr a
03HaYaeT KOMMYTATUBHOCTD CJIEIYIOMIEN THUarpaMMbI:

A#(Sp(a)) 9L c(p(a), ©)

Ha
Ha
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11.8.9. 3AMEYAHUE. Teopema 11.8.6, kak u Teopema ['minbepra
— IMImuara 6.8.6, packpsiBaeT deHOMEH OJUG20HAAUZAUUU OMEPATOPA.
VTBep:KIeHus MOA00HOI0 COPTa IPUHATO O0'bEIUHSTE ODIIUM TEPMIHOM
«CIIEKTPaJIbHAsT TEOPEMAS.

11.9. Oneparopusie *-mipeacraBjieHuss C*-anredGp

11.9.1. ONPEAENEHUE. IIycrs A — Ganaxosa asrebpa (¢ equHu-
neit). Duement s € A’ nasbiBaor cocmoanuem A (mmmyr s € S(A)),
ecin ||s|| = s(1) = 1. [asa snemenra a € A muoxkectso N (a):= {s(a) :
s € S(A)} Ha3BIBAIOT “UCAOBVIM 00PA3OM .

11.9.2. Yucuosoii o6pa3s nonoxurenpnoii ¢yuknuun u3z C(Q, C)
Jgexur B R .

< IIyerb a > 0 u ||s|| = s(1) = 1. Hyxkno nokasars, uro s(a) > 0.
Bosbmém z € C u e > 0 rakume, uaro kpyr B:(z) := z + D conepxur
a(Q). Torma |la — z|| < e u, caegosarensro, |s(a — z)| < . 3Hauwnt,
[s(a) — z| = |s(a) — s(2)| <&, . e. s(a) € B(2).

Bamernm, 4TO

N{B:(z): B:(z) D a(@)} = clco(a(Q)) C R.
Taxum obpazom, s(a) € R,. >

11.9.3. Jlemma o yucss0BOoM obpasze 3pMHUTOBA djieMeHTa. ljs
9PMHTOBa 3JI€MEHTa a B Jit0060it C*-aarebpe HMEIOT MECTO Yy TBEDK ICHHS:
(1) Sp(a) C N(a);
(2) Sp(a) CRy & N(a) CR..
< Ilycrs B — namMenbinas 3amkayTas C*-1moganarebpa paccMat-
puBaeMoit anrebpel A, cojepzkarias 3jJeMeHT a. Bugno, 9ro anreod-
pa B xomMmyrtaruBHa. B cuiny 11.6.9 s npeobpazosanus enbdania
a := 9Yg(a) semoisneno a(X(B)) = Spg(a). Ha ocmoBanuu 11.7.10,
Spp(a) = Sp(a). Wnaue rosops, mig A € Sp(a) umeerca xapaxrep X
anre6pel B, yposserpopsitonuit yeaosuio x(a) = A. Ilo 11.6.3, ||x|| =

x(1) = 1. Tlpusnekas 7.5.11, Hafiném npogoskeHne s QyHKIMOHA~
ga x Ha A c coxpanenumem HOpMBI. Torma s — cocrosimme A u npum
stom s(a) = A. OxonuaressHo Sp(a) C N(a) (B wacTtHOCTH, ecan

N(a) C Ry, 1o Sp(a) C Ry). Ilycrh Temepb § — HPOU3BOJBHOE CO-
crosinue aJirebpbl A. fcHo, 9To CcyKeHue s’ p — cocrosinue ajarebpsl B.

Hec105KHO yCTAHOBUTB, UTO @ B3aMMHO OJJHO3HAYHO oTobpaxkaer X(B)
Ha Sp(a). CremoBaresbHO, aarebpy B MOXKHO paccMaTpuBaTh Kak aji-

rebpy C(Sp(a), C). 13 11.9.2 BeBomuM: s(a) = s’B(a) >0 opu a > 0.
Urax, Sp(a) C Ry = N(a) C R, 9r0 1 3aBepIuaer J10Ka3aTeabCTBO. >
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11.9.4. ONIPEJEJIEHUE. jiemenT a B C*-ajrebpe A Ha3bIBaOT no-
Aootcumenvrbim, ecan a 3pMuToB u Sp(a) C Ri. MuoxkecTBO Beex 1O-
JIOXKUTEJIbHBLIX 3J1eMeHTOB B A obozHavaoT A .

11.9.5. Muoxkecrso Ay — 310 ynopspiounBatomuii kounyc B C*-
asrebpe A.

< Iounsrno, yro N(a + b) C N(a) + N(b) u N(aa) = aN(a) upu
a, be Ana e Ry. ITosromy 11.9.3 obecrreunBaer BKIOUeHE (1 Ay +
agAy C Ay nna ag, ae € Ry, Crano 6wite, Ay — xonyc. FEcian
a€ Ay N(—AL), ro Sp(a) = 0. YuurbiBasi, 9T0 3JIEMEHT @ IPMUTOB, 110
reopeme 11.8.6 3akmogaem: |ja|l = 0. >

11.9.6. /[is1 siroboro spmuroBa sjaemenTa a u3z C*-ajarebper A cy-
IMECTBYIOT 9JIEMEHTHI 4+, a_ u3 A, Takwme, 4T0

a=ay—a—; aja_ —a_ay —0.

<1 Bcé HemeiiteHHO clleIyeT U3 TeOpeMbl O HEITPEPBIBHOM (DYHKITHO-
HaJIbHOM ucuucjienun 11.8.6. >

11.9.7. Jlemma Kaniaackoro — @ykamMusi. DJIeMEHT @ IPOU3-
BoJibHOI C*-ajrebper A MOJIOXKUTEJIEH B TOM H TOJBKO B TOM CJIydae,
ecau a = b*b myist HeEKoroporo b € A.

<4 =:IIyctrba € A, 1. e. a=a*uSp(a) C Ry. Torga (cm. 11.8.6)
umMeercs Kopenb b:= \/a. Ilpu atom b = b* u b*b = a.

<: Ecim a = b*D, 10 3stemeHT @ 9pMUTOB 1 ¢ TOMOITHI0 11.9.6 MOXK-
HO 3anmcarh: b*b = u — v, tne v = vu = 0umwu > 0, v > 0 (B yuo-
psiZioueHHOM BeKTOpHOM mpocrpancTe (Ar, Ay)). IIpocroit mogcuér
MOKA3bIBAET:

(bv)*bv = v*b*bv = vb* by = v(u — v)v = (vu — v¥)v = —v>.

[Mockombky v > 0, To v3 > 0, T. e. (bv)*bv < 0. Ilo Teopeme o criek-
Tpe npomnsBeneHns 5.6.22 muoxecrsa Sp((bv)*bv) u Sp(bv(bv)*) moryr
OTMYATHCsS JHIIb HynéM. loaromy bu(bv)* < 0.

Ha ocmoBanunu 11.7.2, bv = aq + ias AJ19 TOAXOAAIINX IPMUTOBBIX
37eMeHTOB a1 u az. Odesnmno, uto ai, a3 € A, u (bv)* = a1 — iaz.
HBaxkapl ucosib3ys 11.9.5, npuxoauM K OIEeHKaM:

0> (bv)*bv + bu(bv)* = 2 (af + a3) > 0.
Io 11.9.5, a1 = az = 0, . e. bv = 0. 3mauur, —v> = (bv)*bv = 0.

Bropuunas anenmsanus xk 11.9.5 maér v = 0. Haxomer, a = b*b = u—v =
u>0,1e.a€Ap. >
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11.9.8. B C*-anrebpe A Ka>kioe COCTOSIHHE S SPMHUTOBO, T. €.
s(a*) = s(a)" (a € A).

< TTo semmam 11.9.7 u 11.9.3 npu Beex a € A 6yuer s(a*a) > 0.
[Tonmarast a:=a + 1 u a:= a + ¢, IOCJIEAOBATEIHHO IOy IAEM

0<s((a+1D*(a+1)=s(aata+a*+1)=

= s(a) + s(a”*) € R;
0<s((a+i)*(a+1)) =s(a*a—ia+ia" +1)=
= i(—s(a) + s(a*)) € R.

WNabivu citoBamu,
Im s(a) + Im s(a™) = 0;

Re(—s(a)) + Res(a™) = 0.

Orcroma BBITEKAET
s(a*) = Res(a*) +iIms(a*) = Res(a) —iIms(a) = s(a)*. >

11.9.9. Ilycrs s — cocrostaue C*-amrebper A. st a, b € A obo-
suaunM (a, b)s:= s(b*a). Torga (-, -)s — cKrajsIpHOE HpoU3BEIEHUE B A.

< W3 11.9.8 BBIBOIUM
(a, B)s = s(b"a) = s((a"b)") = s(a"b)" = (b, a)}.

CueroBarenpho, (-, +)s — 910 3pMuTOBa popMa. Tak Kak g a € A,
B cuiy 11.9.7, a*a > 0, 1o, mo 11.9.3, (a, a)s = s(a*a) > 0. 3nauwur,
(-, )s — HOJIOKUTEIbHAs SpMUTOBA hopMa. >

11.9.10. Teopema o cocrosauu C™-aarebpspl. [Ijis Kaxkmaoro
cocTostHHsL § Npou3BoabHOI C*-aarebpol A HMeEIOTCs rHIB6EPTOBO IPO-
crpancrso (Hg, (-, *)s), o1eMenT x4 € Hg n x-nipejcrapienue Ry : A —
B(H;) rakme, uro s(a) = (Rs(a)zs,xs)s 411 Bcex a € A H MHOXKECTBO
{Rs(a)xs : a € A} miorno B H,.
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< Ha ocuosanun 11.9.9, nomnarast (a, b)s := s(b*a) nyst a, b € A,
nostygaeM npeirusibbeproso npocrpanctso (A, (-, +)s). Ilyers ps(a):=
(a, a)s — MONIYHOPMa B 9TOM IPOCTPAHCTBE, & @, : A — A/ kerps, —
KaHOHHYecKoe oTobpazkenne A Ha xaycaopdoBo NpearuibbepToBo Ipo-
crpancTBo A/ ker ps, acconuuposannoe c¢ srum A. Ilycrs, nasee, g :
A/kerps — Hs — BJoxenue (HalpuMep, ¢ MOMOMIBIO JBORHOIO IITPU-
XoBaHUs) npocTpancTBa A/ ker pg B KauecTBe BCIOY IJIOTHOIO HOJIIPO-
CTPaHCTBA B THIBOEPTOBO IPOCTPAHCTBO Hg, acCONMMPOBAHHOE C IIPO-
crpancteoM (A, (-, -)s) (cm. npumep 6.1.10 (4)). CkansipHOe mpousse-
JIeHWE B TIpocTpaHcTBe Hy 0603HAYUM MPEXKHUM CUMBOJIOM ( -, -)s. Ta-
KIM 00pa3oM, B 9aCTHOCTH,

(Lspsa, Lspsb)s = (a, b)s = s(b*a) (a, b€ A).

Iyt snemenrta a € A pacemorpuMm (06pa3 OpuU KAHOHHMYECKOM OIle-
paTopHOM npejcraBiernn) L, : b — ab (b € A). YcraHoBuM npexje
BCEro, 4TO CyIIeCTBYIOT, U IIPUTOM €JIMHCTBEHHBIE, OTPAaHUYIEHHBIE OIle-
paropsl L, u MRs(a), npeBpamaronye B KOMMYTATUBHYIO CJIEIYOILYIO
MarpamMmy:

A5 A ker p—H,
Lal 1 La | Rs(a)
Aﬁnﬁl/ ker ps—=Hg

Wckowmpbrit oneparop L, cyKUT perieHneM ypaBHeHUA X = ©gL,.
[Tpusnekast 2.3.8, BuauM, 9T0 HEOOXOANMOE U JIOCTATOIHOE YCJIOBHUE Pa3-
PEIIMMOCTH YKA3aHHOTO yPABHEHUS B KJIACCE JTUHEHHBIX OIIEPATOPOB CO-
CTOWT B MHBAPUAHTHOCTH IIOJIIPOCTPAHCTBA ker ps OTHOCUTENBHO L.

Urak, nuposepum Briovenue L,(kerps) C ker ps. dug aroro Bosnb-
MéM ssemeHT b u3 kerpg, T. e. ps(b) = 0. Vcmonn3yst onpejeseHus
u HepaBencTBo Komu — Bynskosckoro 6.1.5, momygaem

0 < (Lgb, Lgb)s = (ab, ab)s = s((ab)*ab) =
= s(b*a”ab) = (a*ab, b)s < ps(b)ps(a™adb) = 0,

T. e. Lgb € kerp,. EmmucrBennocts L, obecrmeuena 2.3.9, u6o s —
stmMopduszM. OTMeTHM TakKe, YTO s — 3TO OTKPBITOE OTOOpaKeHNe
(cp. 5.1.3). Orcrona HEMeIEHHO CJie/lyeT HeIPEPBIBHOCTD onepaTopa L.
Taxum 06pazon, B cury 5.3.8 cooTBeTcTBHE Ls 0 Ly 0 (15) ! MOKHO pac-

CMATPHUBATh KAaK OTPAHUYEHHBIH JIMHEeHHBbIH onepaTop u3 ts(A/ ker py)
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B 6aHaxoBo mpoctpancTBo Hg. B cBsizu ¢ 4.5.10 Ttakoii omepaTop J0-
[yCKAeT, U IPUTOM EJUHCTBEHHOE, IPOJIOJIKeHue 10 oleparopa Rg(a)

u3 B(H;).

VYeranoBuMm Tenepb, uto R : a — Ry(a) — aro TpeGyemoe mpes-
crasjenune. B cuiy 11.1.6 Beimosueno: Loy, = LoLy mist a, b € A.
Suagur,

(PsLab - (PsLaLb - La(PsLb - La Lb(Ps-
HockosbKy Lap, — eMHCTBeHHOe pemienne ypasHeHHs X@s = ¢sLap,
MPUXOAUM K cooTHomenwio L., = L, Ly, obecriequBaiomeMy My/IbTH-

IMKaTUBHOCTL Rs. To, uro Ry — JUHENHHBIH OmepaTop, IMPOBEPSIETCS
anasiornano. [Tommmo sToro,

L1<Ps - <P5L1 - QOSIA = Ps — IA/kerpSQOs - 1905”

T. e. R(1) = 1.

O60o3HauNM U151 yII00CTBA Y5 1= Lsps. Torma ¢ yaéToM onpeie/ieHnii
cKaJjisipHOro npoussesennst B Hy (em. 6.1.10 (4)) u naBosmonuu B B(Hy)
(cM. 6.4.14 u 6.4.5) st 977€MeHTOB a, b, y € A nMeem

(9“5(&*)1/1593, wsy)s = (wsLa*x; %/sz)s =
= (Larz, y)s = (a™z, y)s = s(y*a*x) = s((ay)*z) = (z, ay)s =
= ($, Lay)s = (%I, ¢3Lay)s = (%I, E)C{‘s‘(a)wsy)s =
= (ms(a)*¢s$7 1/159)5
Orcioma uz-3a wiornoctu im s B Hy BoiTekaer, uro Ry(a*) = Rs(a)*

JUTsT KaxKJI0r0 a € A, T. e. Rg — 9TO *-IIPeJICTABJICHUE.
ITomoxum Teneps x,:= ;1. Torma

Rs(a)zs = Rs(a)sl = YsLel = sa  (a € A).

CrenoBarenbro, MuHOKecTBO {Rs(a)zs : a € A} mnorno B H,. ITomumo
9TOTO,

(%s(a)xsa xs)s = (7/)5047 1/151)5 = (av 1)5 - S(l*a) - S(a)' >
11.9.11. 3AMEYAHUE. IlocrpoeHue u3 j0Ka3aTe/bCTBa TEOPEMBI

11.9.10 nazpiBator 'HC-xoncmpykyuets (mm pa3BépHyTO: KOHCMPYKUU-
et eavpanda — Hatimapra — Cuzana).
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11.9.12. Teopema I'enbpanga — Haiimapka. Kaxxmas C*-aJi-
rebpa mMeeT m3oMeTpHIecKoe x-mpeacrapaenne B C*-aarebpe sHI0MOp-
pU3MOB [TOAXOSIIIErO IUJIbOEPTOBA IPOCTPAHCTBA.

< ITycrs A — pacemarpuBaemast C*-arebpa. Cireyer HARTH THIIb-
6epTOBO MPOCTPAHCTBO H M M30METpHIECKOe *-IIpeacTaBienne R aared-
pet A B C*-asrebpe B(H). C 3T0ii b0 paccMOTPUM TI'HIILOEPTOBY
cymmy H cemeficTBa rumb6epTOBBIX TPOCTPAHCTE (H)seg(4), CYTIECTBO-
BaHIE KOTOPBII TAPAHTUPOBAHO TeOpeMoii 0 coctostanu C*-aymredpsl, T. €.

H— & H,—
sES(A)

= q hi=(hs)ses(a) € H H, : Z ||h5||%( < +oo
s€S(A) s€S(A)

OTMernM, 9TO CKAJISIPHOE MPOU3BeJeHne CeMeicTB h =

(hs)ses(a) 1
9:= (9s)ses(a) B H Boranciserca no npasuiy (cp. 6.1.10 (5)

u 6.1.9):

(hv g) - Z (h57 gs)s~

se€S(A)

IIycrs, manee, Rs — 310 *-mpexacrasienne A B upocrpancree Hg,
coorsercrByommee cocrosuuio s u3 S(A). Tak xax B cuiny 11.8.5 s
Kazk10ro a € A Bemosnnena onenka ||Rq(a)l|pa,) < l|al|, To mua h € H
CIIPABEIJILBO

Yo IR@hlll, < Y 1R:(@) B, sl <

s€S(A) s€S(A)

<llal®> > lhsl,.

s€S(A)

Orcioza BeITEKaer, uto coorHomernue R(a)h : s — Rs(a)hs oupe-
nessier snemenT R(a)h w3 H. Bosukaromuii oneparop R(a) : h —
R(a)h — snement npocrpancrsa B(H). Bosee Toro, otobpakenue R :
a — M(a) (a € A) — 910 UCKOMOE M30METPHUIECKOE *-IIPEICTABIICHAE
aredbpsr A.

B camowm sieste, u3 onpezenenust R u csoiicts R, 1yist s € S(A) serko
BbIBeCTH, 4TO SR — 910 *-upezcrasienune A B B(H). Ybenumcsi, Harpu-
Mep, uTo R corIacoBaHo ¢ uHposronueil. st 370ro BO3bMEM JIeMEHTHI
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a€Auh, ge H. Torna

R h, g) = 3 (Rula)he, g2 =

seS(A)

- Z (ms(a)*hsv gs)s - Z (hsa ms(a)gs)s -

sSES(A) SES(A)
= (h, R(a)g) = (R(a)"h, g).

U3-3a upoussosabuoctu h, g € H nonxygaem R(a*)=MR(a)*, 4ro u HyxKHO.

OcTanoch IpOBEPUTH TOIHKO H30METPHIHOCTD *-IpeICTaBICHHS R,
T. e. pasencrsa ||PR(a)|| = ||| npu Bcex a € A. Ilycrb nasa magana
@ — ITO NOJIOKUTEJHHBIH 3s1eMeHT. VI3 HenpephIBHOrO (DYHKIMOHAIBHO-
ro ucUucaeHus n TeopeMbl Beitepmirpacca 9.4.5 crenyer: ||a|| € Sp(a).
Ha ocnosanmn 11.9.3 (1) cymecrsyer cocrosinme s € S(A), mis Koto-
poro s(a) = ||al|. YuureiBas csoiicTBa BEKTOPa I, COOTBETCTBYIOLIEIO
x-ripejcrasienuio Ry (em. 11.9.10), u upusiekas nepaBencrso Komun —
Byuskosckoro 6.1.5, momygaem

lall = s(a) = (Rs(@)zs, 25)s < [[Rs(a)as|la, s, <

< 1R (@)l B lzslFr, = [19%s(@) | a) (@, 24)s =
= [IRs(a) B (Rs(Dzs, x5)s = [1Rs(a) | ) s(1) = [1Rs(a) | 5a.)-

Henomays onenxn [R(a)]| > [Ro(a)|pa,) 1 Jall = [R(a)], nep-
Basl U3 KOTOPBIX OYEBHUJIHA, & BTOpas yKa3aHa B 11.8.5, BBIBOIUM:

lall = [R(@)]] = [Rs(@)l By = llall-

Bosbmém, HakoHelr, mpou3BoibHbI 3j1eMeHT a u3 A. Ilo lemme Karuran-
ckoro — Pykamus 11.9.7 snement a*a mosoxkuresen. Takum obpazom,
MOXKHO 3aKJIIOYUTh:

1R(a)[|* = |%R(a) R(a)|| = [R(a")R(a)]| = [R(a"a)|| = [la"al| = [|a]*

HamnbHeiiee ne TpedbyeT 0coObIX pasbsiCHEHM. >
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Yopa>kHeHust
11.1. IlpusecTn npumepsl GaHAXOBBIX aaredp u He GAHAXOBBIX ajredp.

11.2. Iycrs A — Ganaxopa asnrebpa u Y € A% Takos, uto x(1) = 1 u npu sTOM
x(Inv(A)) C Inv(C). Jokazarb, 9T0 X MyJILTUIIMKATUBEH U HEIIPEPHIBEH.

11.3. Ilycrs cuekrp Sp(a) smeMenTa a 6aHaXOBOW arebpbl A JI€KUT B OTKPBI-
Tom mHOXKecTBe U. [lokasarb, uTo mmeercsa uucio € > 0 Takoe, aro Sp(a + b) C U
npu Beex b € A, nnst xoropeix [|b]| < e.

11.4. Onncarbs IpOCTpaHCTBAa MaKCHMAaJbHBIX naeasnos B anrebpax C(Q, C),
cM(Jo, 1], C) ¢ moTroyedHBIM yMHOMKEHHEM, B aireGpe JBYCTOPOHHEX CyMMHPYEMbIX
nocsieoBaTesibHocTel 11(7Z) co CBEPTOUHBIM yMHOXKEHHEM

oo

(a*b)(n):= Z [o—

k=—o0

11.5. YcranoeuTh, uTo B GaHaxoBoll anrebpe B(X) anement T mMeer JeBbIil
06paTHBIl B TOM U TOJBKO B TOM cjyd4ae, Korga 1 — moHomopdwusm u obpas T’
noroJiHsieM B X .

11.6. YcranoBuTb, uro B GanaxoBoil anrebpe B(X) snement T umeer npasblit
OOpaTHBI B TOM M TOJIBKO B TOM cjydae, ecau 1 — snumopdusMm u siapo T’ momos-
HsieMo B X.

11.7. B 6anaxoBoii anrebpe A eCTb 3JIEMEHT C HECBSI3HBIM CIIeKTpoM. JlokazaTh,
uT0 B A HARAETCA HETPUBUAJIBHBIA MIEMIIOTEHT.

11.8. Ilycts A — koMMyTaTuBHas GaHaxoBa aaredbpa c eauHuneit u £ — Heko-
TOpOE MHOXKECTBO €€ MaKCHMAaJIbHBIX HaeasoB. MuoxkecrBo E Ha3bIBAIOT 2paHuyes
A, ecnu 151 BCAKOTO @ € A BBITIOJIHEHO

llalloo = sup|a(E)|.

JlokazaTb, 4TO IepecedeHre BCeX 3aMKHYTBIX MPAHUIl A Tak»Ke CJIy>KUT rpaHuliein A.
Eé nasbiBator eparuueti [lunosa anredbpnr A.

11.9. Ilycts A, B — KOMMyTaTUBHbIE GAHAXOBBI AJIr€OPbI C €AMHUIIECH, TPUIEM
B CAulp =14. Jokazars, YTO BCAKUI MaKCUMaJIbHBIN uaeasn rpanumsl [lmiosa
arebpel B cOmepKUTCsI B HEKOTOPOM MaKCHMAJIBHOM njease A.

11.10. Ilycrs A u B — e C*-anrebpst (¢ enuuuneit) u T — mopdusm A B
B. Ilycrtb, manee, a — HOpMaJIbHBIA 2sieMeHT A U f — HenpepbiBHas (PYHKIUS HA
Sp 4 (a). Yeranours, uro Spg(Ta) C Sp4(a) nu Tf(a) = f(Ta).

11.11. IIycrs f € A’, tne A — xoMmmyTaTuBHas C*-anrebpa. YCTaHOBUTD, 9TO
f — monoxurenvHast dopma, T. e. f(a*a) > 0 anst a € A, B TOM U TOJIBKO B TOM
ciyuae, ecau || f|| = f(1).

11.12. Onwucarb KpaiiHuE JIy9d MHOXKECTBA MOJIOXKUTEIbHBIX (DOPM B KOMMY-
TatuBHOM C*-ayreGpe.
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11.13. [oxkasarb, uaro anrebper C(Q1, C) n C(Q2, C) msomopdHBI B TOM H
TOJIBKO B TOM CJlydae, €CJIi KOMIIaKThl Q1 1 (Q2 roMeoMOpPdHBI.

11.14. IlycTs HeKOTOPBIH HOPMAIBLHEIH 3s1eMeHT C*-aarebphbl UMeeT BEIECTBEH-
HBII crleKTp. JloKa3aTh, YTO OH SPMHUTOB.

11.15. Pa3BuTh CreKTpabHYIO TEOPHUIO HOPMAJIbHBIX OIIEPATOPOB B THMJILOEPTO-
BOM IIPOCTPAHCTBE C ITOMOIIBIO HEIIPEPBIBHOTO (DYHKIMOHAJILHOTO ucyucienusi. Omu-
caTh KOMIIAKTHBIE HOPMAaJIbHBIE OIEPATOPHI.

11.16. Ilycrs T — anrebpamdeckuii Mmopdusm C*-anrebp, npuuém ||T] < 1.
Torga T'(a*) = (Ta)* nns Beex a.

11.17. Ilycts T — HOpMAJBHBIH OIEpaTop Ha MUILOEPTOBOM IpocTpaHcTBe H.
Y6eaurbes, 9TO CymiecTBYIOT 3pMHUTOB omneparop S Ha H u HenpepbiBHas dyHKIHs
f :Sp(S) — C rakue, uro T = f(S). CupaBeyIuBo i1 aHAJIOIHYHOE YTBEPXKICHHUE B
C*-anrebpax?

11.18. Ilycts A, B — nBe C*-anrebpsl u p — 910 *-MonoMopdusm u3 A B B.
JlokazaTb, 94TO p — U30MeTpUUecKoe Bioenue A B B.

11.19. IlycTeb a, b — spmuToBsl smeMmenTbl C*-anrebpel A, npuyém ab = ba u,
kpome toro, a < b. okazarp, uro f(a) < f(b) nns moaxomsmux cy»KeHuil aro6oii
BO3PACTAIONIEH HENPEPBIBHON cKajisipHol dynkuuu f na R.
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Cantor Criterion, 4.5.6

Cantor Theorem, 4.4.9

cap, 3.6.3 (4)

Cauchy—Bunyakovskii-Schwarz
inequality, 6.1.5

Cauchy filter, 4.5.2

Cauchy net, 4.5.2

Cauchy—Wiener Integral Theorem,

8.1.7
centralizer, 11.1.6
chain, 1.2.19

character group, 10.11.2

character of a group algebra,
10.11.1 (1)

character of an algebra, 11.6.4

character space of an algebra,
11.6.4

characteristic function, 5.5.9 (6)

charge, 10.9.4 (3)

Chebyshev metric, 4.6.8

classical Banach space, 5.5.9 (5)

clopen part of a spectrum, 8.2.9

closed ball, 4.1.3

closed convex hull, 10.6.5

closed correspondence, 7.3.8

closed cylinder, 4.1.3

closed-graph correspondence, 7.3.9

closed half-space, Ex. 3.3

closed linear span, 10.5.6

closed set, 9.1.4

closed set in a metric space,
4.1.11

closure of a set, 4.1.13

closure operator, Ex. 1.11

coarser cover, 9.6.1

coarser filter, 1.3.6

coarser pretopology, 9.1.2

codimension, 2.2.9 (5)

codomain, 1.1.2

cofinite set, Ex. 1.19

coimage of an operator, 2.3.1

coincidence of the algebraic and
topological subdifferentials,
7.5.8

coinitial set, 3.3.2

cokernel of an operator, 2.3.1

comeager set, 4.7.4

commutative diagram, 2.3.3

Commutative Gelfand—-Naimark
Theorem, 11.8.4

compact convergence, 7.2.10

Compact Index Stability
Theorem, 8.5.20

compact-open topology, 8.3.8

compact operator, 6.6.1

compact set, 9.4.2

compact set in a metric space,
4.4.1

compact space, 9.4.7

compact topology, 9.4.7

compactly-supported distribution,
10.10.5 (6)

compactly-supported function,
9.6.4

compactum, 9.4.17

compatible topology, 10.4.1

complementary projection,
2.2.9(4)

complementary subspace, 7.4.9

Complementation Principle, 7.4.10

complemented subspace, 7.4.9

complement of an orthoprojection,
6.2.10

complement of a projection,
2.2.9(4)

complete lattice, 1.2.13

complete metric space, 4.5.5

complete set, 4.5.14
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completely regular space, 9.3.15

completion, 4.5.13

complex conjugate, 2.1.4 (2)

complex distribution, 10.10.5 (5)

complex plane, 8.1.3

complex vector space, 2.1.3

complexification, 8.4.8

complexifier, 3.7.4

composite correspondence, 1.1.4

Composite Function Theorem,
8.2.8

composition, 1.1.4

Composition Spectrum Theorem,
5.6.22

cone, 3.1.2 (4)

conical hull, 3.1.14

conical segment, 3.1.2 (9)

conical slice, 3.1.2 (9)

conjugate distribution, 10.10.5 (5)

conjugate exponent, 5.5.9 (4)

conjugate-linear functional, 2.2.4

conjugate measure, 10.9.4 (3)

connected elementary compactum,
4.8.5

connected set, 4.8.4

constant function, 5.3.10,

10.8.4 (6)

Continuous Extension Principle,
7.5.11

continuous function at a point,
4.2.2,9.2.5

Continuous Function Recovery
Lemma, 9.3.12

continuous functional calculus,
11.8.7

continuous mapping of a metric
space, 4.2.2

continuous mapping
of a topological space, 9.2.4
continuous partition of unity,
9.6.6
contour integral, 8.1.20
conventional summation, 5.5.9 (4)

convergent filterbase, 4.1.16

convergent net, 4.1.17

convergent sequence space,
3.3.1(2)

convex combination, 3.1.14

convex correspondence, 3.1.7

convex function, 3.4.4

convex hull, 3.1.14

convex set, 3.1.2 (8)

convolution algebra, 10.9.4 (7)

convolution of a measure and
a function, 10.9.4 (7)

convolution of distributions,
10.10.5 (9)

convolution of functions, 9.6.17

convolution of measures,
10.9.4 (7)

convolutive distributions,
10.10.5 (9)

coordinate projection, 2.2.9 (3)

coordinatewise operation,
2.1.4(4)

core, 3.4.11

correspondence, 1.1.1

correspondence in two arguments,
1.1.3 (6)

correspondence onto, 1.1.3 (3)

coset, 1.2.3 (4)

coset mapping, 1.2.3 (4)

countable convex combination,
7.1.3

Countable Partition Theorem,
9.6.20

countable sequence, 1.2.16

countably normable space, 5.4.1

cover of a set, 9.6.1

C*-algebra, 6.4.13

C*-subalgebra, 11.7.8

Davis-Figiel-Szankowski
Counterexample, 8.3.14

de Branges Lemma, 10.8.16

decomplexification, 6.1.10 (2)
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decomposition reduces
an operator, 2.2.9 (4)

decreasing mapping, 1.2.3

Dedekind complete vector
lattice, 3.2.8

deficiency, 8.5.1

delta-function, 10.9.4 (1)

delta-like sequence, 9.6.15

é-like sequence, 9.6.15

d-sequence, 9.6.15

dense set, 4.5.10

denseness, 4.5.10

density of a measure, 10.9.4 (3)

derivative in the distribution
sense, 10.10.5 (4)

derivative of a distribution,
10.10.5 (4)

descent, Ex. 8.10

diagonal, 1.1.3 (3)

diagonalization, 11.8.9

diagram prime, 7.6.5

Diagram Prime Principle, 7.6.7

diagram star, 6.4.8

Diagram Star Principle, 6.4.9

diameter, 4.5.3

Dieudonne Lemma, 9.4.18

dimension, 2.2.9 (5)

Dini Theorem, 7.2.10

Dirac measure, 10.9.4 (1)

direct polar, 7.6.8, 10.5.1

direct sum decomposition, 2.1.7

direct sum of vector spaces,
2.1.4 (5)

directed set, 1.2.15

direction, 1.2.15

directional derivative, 3.4.12

discrete element, 3.3.6

Discrete Krein—-Rutman Theorem,
3.3.8

discrete topology, 9.1.8 (4)

disjoint measures, 10.9.4 (3)

disjoint sets, 4.1.10

distance, 4.1.1

distribution, 10.10.4

distribution applies to a function,
10.10.5 (7)

Distribution Localization
Principle, 10.10.12

distribution of finite order,
10.10.5 (3)

distribution size at most m,
10.10.5 (3)

distribution of slow growth,
10.11.16

distributions admitting
convolution, 10.10.5 (9)

distributions convolute, 10.10.5 (9)

division algebra, 11.2.3

domain, 1.1.2

Dominated Extension Theorem,
3.54

Double Prime Lemma, 7.6.6

double prime mapping, 5.1.10 (8)

double sharp, Ex. 2.7

downward-filtered set, 1.2.15

dual diagram, 7.6.5

dual group, 10.11.2

dual norm of a functional,
5.1.10 (8)

dual of a locally convex space,
10.2.11

dual of an operator, 7.6.2

duality bracket, 10.3.3

duality pair, 10.3.3

dualization, 10.3.3

Dualization Theorem, 10.3.9

Dunford—Hille Theorem, 8.1.3

Dunford Theorem, 8.2.7 (2)

Dvoretzky—Rogers Theorem,
5.5.9 (7)

dyadic-rational point, 9.3.13

effective domain of definition,
3.4.2

Eidelheit Separation Theorem,
3.8.14

eigenvalue, 6.6.3 (4)
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eigenvector, 6.6.3
element of a set, 1.1.3 (4)
elementary compactum, 4.8.5
endomorphism, 2.2.1, 8.2.1
endomorphism algebra, 2.2.8,
5.6.5
endomorphism space, 2.2.8
Enflo counterexample, 8.3.12
entourage, 4.1.5
envelope, Ex. 1.11
epigraph, 3.4.2
epimorphism, 2.3.1
e-net, 8.3.2
e-perpendicular, 8.4.1
e-Perpendicular Lemma, 8.4.1
Equicontinuity Principle, 7.2.4
equicontinuous set, 4.2.8
equivalence, 1.2.2
equivalence class, 1.2.3 (4)
equivalent multinorms, 5.3.1
equivalent seminorms, 5.3.3
estimate for the diameter of
a spherical layer, 6.2.1
Euler identity, 8.5.17
evaluation mapping, 10.3.4 (3)
everywhere-defined operator, 2.2.1
everywhere dense set, 4.7.3 (3)
exact sequence, 2.3.4
exact sequence at a term, 2.3.4
exclave, 8.2.9
expanding mapping, Ex. 4.14
extended function, 3.4.2
extended real axis, 3.8.1
extended reals, 3.8.1
extension of an operator, 2.3.6
exterior of a set, 4.1.13
exterior point, 4.1.13
Extreme and Discrete Lemma,
3.6.4
extreme point, 3.6.1
extreme set, 3.6.

face, 3.6.1

factor set, 1.2.3 (4)

faithful representation, 8.2.2

family, 1.1.3 (4)

filter, 1.3.3

filterbase, 1.3.1

finer cover, 9.6.1

finer filter, 1.3.6

finer multinorm, 5.3.1

finer pretopology, 9.1.2

finer seminorm, 5.3.3

finest multinorm, 5.1.10 (2)

finite complement filter, 5.5.9 (3)

finite descent, Ex. 8.10

finite-rank operator, 6.6.8, 8.3.6

finite-valued function, 5.5.9 (6)

first category set, 4.7.1

first element, 1.2.6

fixed point, Ex. 1.11

flat, 3.1.2 (5)

formal duality, 2.3.15

Fourier coefficient family, 6.3.15

Fourier—Plancherel transform,
10.11.15

Fourier—-Schwartz transform,
10.11.19

Fourier series, 6.3.16

Fourier transform
of a distribution, 10.11.19

Fourier transform of a function,
10.11.3

Fourier transform relative to
a basis, 6.3.15

Fréchet space, 5.5.2

Fredholm Alternative, 8.5.6

Fredholm index, 8.5.1

Fredholm operator, 8.5.1

Fredholm Theorem, 8.5.8

frontier of a set, 4.1.13

from A into/to B, 1.1.1

Fubini Theorem for distributions,
10.10.5 (8)
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Fubini Theorem for measures,
10.9.4 (6)

full subalgebra, 11.1.5

fully norming set, 8.1.1

Function Comparison Lemma,
3.8.3

function of class C™), 10.9.9

function of compact support, 9.6.4

Function Recovery Lemma, 3.8.2

functor, 10.9.4 (4)

fundamental net, 4.5.2

fundamental sequence, 4.5.2

fundamental solution, 10.11.21

fundamentally summable family
of vectors, 5.5.9 (7)

gauge, 3.8.6

gauge function, 3.8.6

Gauge Theorem, 3.8.7

I’-correspondence, 3.1.6

T-hull, 3.1.11

I-set, 3.1.1

Gelfand—Dunford Theorem in
an operator setting, 8.2.3

Gelfand—Dunford Theorem
in an algebraic setting, 11.3.2

Gelfand formula, 5.6.8

Gelfand—Mazur Theorem, 11.2.3

Gelfand-Naimark—-Segal
construction, 11.9.11

Gelfand Theorem, 7.2.2

Gelfand transform of an algebra,
11.6.8

Gelfand transform of an element,
11.6.8

Gelfand Transform Theorem,
11.6.9

general form of a compact
operator in Hilbert space,
6.6.9

general form of a linear functional
in Hilbert space, 6.4.2

general form of a weakly
continuous functional,
10.3.10

general position, Ex. 3.10

generalized derivative in the
Sobolev sense, 10.10.5 (4)

Generalized Dini Theorem, 10.8.6

generalized function, 10.10.4

Generalized Riesz—Schauder
Theorem, 8.4.10

generalized sequence, 1.2.16

Generalized Weierstrass Theorem,
10.9.9

germ, 8.1.14

GNS-construction, 11.9.11

GNS-Construction Theorem,
11.9.10

gradient mapping, 6.4.2

Gram—Schmidt orthogonalization
process, 6.3.14

graph norm, 7.4.17

Graph Norm Principle, 7.4.17

greatest element, 1.2.6

greatest lower bound, 1.2.9

Grothendieck Criterion, 8.3.11

Grothendieck Theorem, 8.3.9

ground field, 2.1.3

ground ring, 2.1.1

group algebra, 10.9.4 (7)

group character, 10.11.1

Haar integral, 10.9.4 (1)
Hahn-Banach Theorem, 3.5.3
Hahn—Banach Theorem

in analytical form, 3.5.4
Hahn—-Banach Theorem

in geometric form, 3.8.12
Hahn—-Banach Theorem

in subdifferential form, 3.5.4
Hamel basis, 2.2.9 (5)
Hausdorff Completion Theorem,

4.5.12
Hausdorff Criterion, 4.6.7
Hausdorff metric, Ex. 4.8
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Hausdorff multinorm, 5.1.8
Hausdorff multinormed space,
5.1.8
Hausdorff space, 9.3.5
Hausdorff Theorem, 7.6.12
Hausdorff topology, 9.3.5
H-closed space, Ex. 9.10
Heaviside function, 10.10.5 (4)
Hellinger—Toeplitz Theorem, 6.5.3
hermitian element, 11.7.1
hermitian form, 6.1.1
hermitian operator, 6.5.1
hermitian state, 11.9.8
Hilbert basis, 6.3.8
Hilbert cube, 9.2.17 (2)
Hilbert dimension, 6.3.13
Hilbert identity, 5.6.19
Hilbert isomorphy, 6.3.17
Hilbert—Schmidt norm, Ex. 8.9
Hilbert—Schmidt operator,
Ex. 8.9
Hilbert—Schmidt Theorem, 6.6.7
Hilbert space, 6.1.7
Hilbert-space isomorphism, 6.3.17
Hilbert sum, 6.1.10 (5)
Holder inequality, 5.5.9 (4)
holey disk, 4.8.5
holomorphic function, 8.1.4
Holomorphy Theorem, 8.1.5
homeomorphism, 9.2.4
homomorphism, 7.4.1
Hoérmander transform, Ex. 3.19
hyperplane, 3.8.9
hypersubspace, 3.8.9

ideal, 11.4.1

Ideal and Character Theorem,
11.6.6

ideal correspondence, 7.3.3

Ideal Correspondence Lemma,
7.3.4

Ideal Correspondence Principle,
7.3.5

Ideal Hahn—Banach Theorem,
7.5.9
ideally convex function, 7.5.4
ideally convex set, 7.1.3
idempotent operator, 2.2.9 (4)
identical embedding, 1.1.3 (3)
identity, 10.9.4
identity element, 11.1.1
identity mapping, 1.1.3 (3)
identity relation, 1.1.3 (3)
image, 1.1.2
image of a filterbase, 1.3.5 (1)
image of a set, 1.1.3 (5)
image of a topology, 9.2.12
image topology, 9.2.12
Image Topology Theorem,
9.2.11
imaginary part of a function,
5.5.9 (4)
increasing mapping, 1.2.3 (5)
independent measure, 10.9.4 (3)
index, 8.5.1
indicator function, 3.4.8 (2)
indiscrete topology, 9.1.8 (3)
induced relation, 1.2.3 (1)
induced topology, 9.2.17 (1)
inductive limit topology, 10.9.6
inductive set, 1.2.19
infimum, 1.2.9
infinite-rank operator, 6.6.8
infinite set, 5.5.9 (3)
inner product, 6.1.4
integrable function, 5.5.9 (4)
integral, 5.5.9 (4)
integral with respect to
a measure, 10.9.3
interior of a set, 4.1.13
interior point, 4.1.13
intersection of topologies, 9.1.14
interval, 3.2.15
Interval Addition Lemma, 3.2.15
invariant subspace, 2.2.9 (4)
inverse-closed subalgebra, 11.1.5
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inverse image of a multinorm,
5.1.10 (3)
inverse image of a preorder,
1.2.3 (3)
inverse image of a seminorm, 5.1.4
inverse image of a set, 1.1.3 (5)
inverse image of a topology, 9.2.9
inverse image of a uniformity,
9.5.5 (3)
inverse image topology, 9.2.9
Inverse Image Topology Theorem,
9.2.8
inverse of a correspondence,
1.1.3 (1)
inverse of an element
in an algebra, 11.1.5
Inversion Theorem, 10.11.12
invertible element, 11.1.5
invertible operator, 5.6.10
involution, 6.4.13
involutive algebra, 6.4.13
irreducible representation, 8.2.2
irreflexive space, 5.1.10 (8)
isolated part of a spectrum, 8.2.9
isolated point, 8.4.7
isometric embedding, 4.5.11
isometric isomorphism of algebras,
11.1.8
isometric mapping, 4.5.11
isometric representation, 11.1.8
isometric *-isomorphism, 11.8.3
isometric *-representation, 11.8.3
isometry into, 4.5.11
isometry onto, 4.5.11
isomorphism, 2.2.5
isotone mapping, 1.2.3 (5)

James Theorem, 10.7.5
Jensen inequality, 3.4.5

join, 1.2.12

Jordan arc, 4.8.2

Jordan Curve Theorem, 4.8.3
juxtaposition, 2.2.8

Kakutani Criterion, 10.7.1
Kakutani Lemma, 10.8.7
Kakutani Theorem, 7.4.11 (3)
Kantorovich space, 3.2.8
Kantorovich Theorem, 3.3.4
Kaplansky—Fukamija Lemma,
11.9.7
Kato Criterion, 7.4.19
kernel of an operator, 2.3.1
ket-mapping, 10.3.1
ket-topology, 10.3.5
Kolmogorov Normability
Criterion, 5.4.5
Krein—Milman Theorem, 10.6.5
Krein—Milman Theorem
in subdifferential form, 3.6.5
Krein-Rutman Theorem, 3.3.5
Krull Theorem, 11.4.8
Kuratowski—Zorn Lemma, 1.2.20
K-space, 3.2.8
K-ultrametric, 9.5.13

last element, 1.2.6
lattice, 1.2.12
lear trap map, 3.7.4
least element, 1.2.6
Lebesgue measure, 10.9.4 (1)
Lebesgue set, 3.8.1
Lefschetz Lemma, 9.6.3
left approximate inverse, 8.5.9
left Haar measure, 10.9.4 (1)
left inverse of an element
in an algebra, 11.1.3
lemma on continuity of a convex
function, 7.5.1
lemma on the numeric range
of a hermitian element,
11.9.3
level set, 3.8.1
Levy Projection Theorem, 6.2.2
limit of a filterbase, 4.1.16
Lindenstrauss space, 5.5.9 (5)
Lindenstrauss—Tzafriri Theorem,
7.4.11 (3)
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linear change of a variable under
the subdifferential sign, 3.5.4

linear combination, 2.3.12

linear correspondence, 2.2.1, 3.1.7

linear functional, 2.2.4

linear operator, 2.2.1

linear representation, 8.2.2

linear set, 2.1.4 (3)

linear space, 2.1.4 (3)

linear span, 3.1.14

linear topological space, 10.1.3

linear topology, 10.1.3

linearly independent set, 2.2.9 (5)

linearly-ordered set, 1.2.19

Lions Theorem of Supports,
10.10.5 (9)

Liouville Theorem, 8.1.10

local data, 10.9.11

locally compact group, 10.9.4 (1)

locally compact space, 9.4.20

locally compact topology, 9.4.20

locally convex space, 10.2.9

locally convex topology, 10.2.1

locally finite cover, 9.6.2

locally integrable function, 9.6.17

locally Lipschitz function, 7.5.6

loop, 4.8.2

lower bound, 1.2.4

lower limit, 4.3.5

lower right Dini derivative, 4.7.7

lower semicontinuous, 4.3.3

Lo-Fourier transform, 10.11.15

Mackey—Arens Theorem, 10.4.5

Mackey Theorem, 10.4.6

Mackey topology, 10.4.4

Malgrange—Ehrenpries Theorem,
10.11.21

mapping, 1.1.3 (3)

massive subspace, 3.3.2

matrix form, 2.2.9 (4)

maximal element, 1.2.10

maximal ideal, 11.4.5

maximal ideal space, 11.6.7

Maximal Ideal Theorem, 11.5.3

Mazur Theorem, 10.4.9

meager set, 4.7.1

measure, 10.9.3

Measure Localization Principle,
10.9.10

measure space, 5.5.9 (4)

meet, 1.2.12

member of a set, 1.1.3 (4)

metric, 4.1.1

metric space, 4.1.1

metric topology, 4.1.9

metric uniformity, 4.1.5

Metrizability Criterion, 5.4.2

metrizable multinormed space,
5.4.1

minimal element, 1.2.10

Minimal Ideal Theorem, 11.5.1

Minkowski—Ascoli-Mazur
Theorem, 3.8.12

Minkowski functional, 3.8.6

Minkowski inequality, 5.5.9 (4)

minorizing set, 3.3.2

mirror, 10.2.7

module, 2.1.1

modulus of a scalar, 5.1.10 (4)

modulus of a vector, 3.2.12

mollifier, 9.6.14

mollifying kernel, 9.6.14

monomorphism, 2.3.1

monoquotient, 2.3.11

Montel space, 10.10.9 (2)

Moore subnet, 1.3.5 (2)

morphism, 8.2.2, 11.1.2

Motzkin formula, 3.1.13 (5)

multimetric, 9.5.9

multimetric space, 9.5.9

multimetric uniformity, 9.5.9

multimetrizable topological
space, 9.5.10

multimetrizable uniform space,
9.5.10

multinorm, 5.1.6
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Multinorm Comparison Theorem,
5.3.2
multinorm summable family
of vectors, 5.5.9 (7)
multinormed space, 5.1.6
multiplication formula, 10.11.5
multiplication of a germ
by a complex number, 8.1.16
multiplicative linear operator,
8.2.2

natural order, 3.2.6 (1)
negative part, 3.2.12
neighborhood about a point,
9.1.1 (2)
neighborhood about a point
in a metric space, 4.1.9
neighborhood filter, 4.1.10
neighborhood filter of a set, 9.3.7
neighborhood of a set, 8.1.13 (2),
9.3.7
Nested Ball Theorem, 4.5.7
nested sequence, 4.5.7
net, 1.2.16
net having a subnet, 1.3.5 (2)
net lacking a subnet, 1.3.5 (2)
Neumann series, 5.6.9
Neumann Series Expansion
Theorem, 5.6.9
neutral element, 2.1.4 (3), 10.9.4
Nikol skii Criterion, 8.5.22
Noether Criterion, 8.5.14
nonarchimedean element,
5.5.9 (5)
nonconvex cone, 3.1.2 (4)
Nonempty Subdifferential
Theorem, 3.5.8
non-everywhere-defined operator,
2.2.1
nonmeager set, 4.7.1
nonpointed cone, 3.1.2 (4)
nonreflexive space, 5.1.10 (8)
norm, 5.1.9
norm convergence, 5.5.9 (7)

normable multinormed space,
5.4.1
normal element, 11.7.1
normal operator, Ex. 8.17
normal space, 9.3.11
normalized element, 6.3.5
normally solvable operator, 7.6.9
normative inequality, 5.1.10 (7)
normed algebra, 5.6.3
normed dual, 5.1.10 (8)
normed space, 5.1.9
normed space of bounded
elements, 5.5.9 (5)
norming set, 8.1.1
norm-one element, 5.5.6
nowhere dense set, 4.7.1
nullity, 8.5.1
numeric family, 1.1.3 (4)
numeric function, 9.6.4
numeric range, 11.9.1
numeric set, 1.1.3 (4)

one-point compactification, 9.4.22

one-to-one correspondence,
1.1.3 (3)

open ball, 4.1.3

open ball of RY, 9.6.16

open correspondence, 7.3.12

Open Correspondence Principle,
7.3.13

open cylinder, 4.1.3

open half-space, Ex. 3.3

Open Mapping Theorem, 7.4.6

open segment, 3.6.1

open set, 9.1.4

open set in a metric space, 4.1.11

openness at a point, 7.3.6

operator, 2.2.1

operator ideal, 8.3.3

operator norm, 5.1.10 (7)

operator representation, 8.2.2

order, 1.2.2

order by inclusion, 1.3.1
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order compatible with vector
structure, 3.2.1

order ideal, 10.8.11

order of a distribution, 10.10.5 (3)

ordered set, 1.2.2

ordered vector space, 3.2.1

ordering, 1.2.2

ordering cone, 3.2.4

oriented envelope, 4.8.8

orthocomplement, 6.2.5

orthogonal complement, 6.2.5

orthogonal family, 6.3.1

orthogonal orthoprojections,
6.2.12

orthogonal set, 6.3.1

orthogonal vectors, 6.2.5

orthonormal family, 6.3.6

orthonormal set, 6.3.6

orthonormalized family, 6.3.6

orthoprojection, 6.2.7

Orthoprojection Summation
Theorem, 6.3.3

Orthoprojection Theorem, 6.2.10

Osgood Theorem, 4.7.5

pair-dual space, 10.3.3

pairing, 10.3.3

pairwise orthogonality of finitely
many orthoprojections,
6.2.14

paracompact space, 9.6.9

Parallelogram Law, 6.1.8

Parseval identity, 6.3.16, 10.11.12

part of an operator, 2.2.9 (4)

partial correspondence, 1.1.3 (6)

partial operator, 2.2.1

partial order, 1.2.2

partial sum, 5.5.9 (7)

partition of unity, 9.6.6

partition of unity subordinate
to a cover, 9.6.7

patch, 10.9.11

perforated disk, 4.8.5

periodic distribution, 10.11.17 (7)

Pettis Theorem, 10.7.4

Phillips Theorem, 7.4.13

Plancherel Theorem, 10.11.14

point finite cover, 9.6.2

point in a metric space, 4.1.1

point in a space, 2.1.4 (3)

point in a vector space, 2.1.3

pointwise convergence, 9.5.5 (6)

pointwise operation, 2.1.4 (4)

polar, 7.6.8, 10.5.1

Polar Lemma, 7.6.11

polarization identity, 6.1.3

Pontryagin—van Kampen Duality
Theorem, 10.11.2

poset, 1.2.2

positive cone, 3.2.5

positive definite inner product,
6.1.4

positive distribution, 10.10.5 (2)

positive element of a C*-algebra,
11.9.4

positive form on a C*-algebra,
Ex. 11.11

positive hermitian form, 6.1.4

positive matrix, Ex. 3.13

positive operator, 3.2.6 (3)

positive part, 3.2.12

positive semidefinite hermitian
form, 6.1.4

positively homogeneous
functional, 3.4.7 (2)

powerset, 1.2.3 (4)

precompact set, Ex. 9.16

pre-Hilbert space, 6.1.7

preimage of a multinorm,
5.1.10 (3)

preimage of a seminorm, 5.1.4

preimage of a set, 1.1.3 (5)

preintegral, 5.5.9 (4)

preneighborhood, 9.1.1 (2)

preorder, 1.2.2

preordered set, 1.2.2

preordered vector space, 3.2.1



340

Iinoccapmit

presheaf, 10.9.4 (4)
pretopological space, 9.1.1 (2)
pretopology, 9.1.1
primary Banach space, Ex. 7.17
prime mapping, 6.4.1
Prime Theorem, 10.2.13
Principal Theorem of the
Holomorphic Functional
Calculus, 8.2.4
product, 4.3.2
product of a distribution and
a function, 10.10.5 (7)
product of germs, 8.1.16
product of sets, 1.1.1, 2.1.4 (4)
product of topologies, 9.2.17 (2)

product of vector spaces, 2.1.4 (4)
product topology, 4.3.2, 9.2.17 (2)

projection onto X; along X,
2.2.9 (4)

projection to a set, 6.2.3

proper ideal, 11.4.5

pseudometric, 9.5.7

p-sum, 5.5.9 (6)

p-summable family, 5.5.9 (4)

punctured compactum, 9.4.21

pure subalgebra, 11.1.5

Pythagoras Lemma, 6.2.8

Pythagoras Theorem, 6.3.2

quasinilpotent, Ex. 8.18

quotient mapping, 1.2.3 (4)

quotient multinorm, 5.3.11

quotient of a mapping, 1.2.3 (4)

quotient of a seminormed space,
5.1.10 (5)

quotient seminorm, 5.1.10 (5)

quotient set, 1.2.3 (4)

quotient space of a multinormed
space, 5.3.11

quotient vector space, 2.1.4 (6)

radical, 11.6.11
Radon F-measure, 10.9.3

Radon—Nikodym Theorem,
10.9.4 (3)
range of a correspondence, 1.1.2
rank, 8.5.7 (2)
rare set, 4.7.1
Rayleigh Theorem, 6.5.2
real axis, 2.1.2
real carrier, 3.7.1
real C-measure, 10.9.4 (3)
real distribution, 10.10.5 (5)
real hyperplane, 3.8.9
real measure, 10.9.4
real part map, 3.7.2
real part of a function, 5.5.9 (4)
real part of a number, 2.1.2
real subspace, 3.1.2 (3)
real vector space, 2.1.3
realification, 3.7.1
realification of a pre-Hilbert
space, 6.1.10 (2)
realifier, 3.7.2
reducible representation, 8.2.2
refinement, 9.6.1
reflection of a function, 10.10.5
reflexive relation, 1.2.1
reflexive space, 5.1.10 (8)
regular distribution, 10.10.5 (1)
regular operator, 3.2.6 (3)
regular space, 9.3.9
regular value of an operator,
5.6.13
relation, 1.1.3 (2)
relative topology, 9.2.17 (1)
relatively compact set, 4.4.4
removable singularity, 8.2.5 (2)
representation, 8.2.2
representation space, 8.2.2
reproducing cone, Ex. 7.12
residual set, 4.7.4
resolvent of an element
of an algebra, 11.2.1
resolvent of an operator, 5.6.13
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resolvent set of an operator,
5.6.13

resolvent value of an element
of an algebra, 11.2.1

resolvent value of an operator,
5.6.13

restriction, 1.1.3 (5)

restriction of a distribution,
10.10.5 (6)

restriction of a measure,
10.9.4 (4)

restriction operator, 10.9.4 (4)

reversal, 1.2.5

reverse order, 1.2.3 (2)

reverse polar, 7.6.8, 10.5.1

reversed multiplication, 11.1.6

Riemann function, 4.7.7

Riemann—Lebesgue Lemma,
10.11.5 (3)

Riemann Theorem on Series,
5.5.9 (7)

Riesz Criterion, 8.4.2

Riesz Decomposition Property,
3.2.16

Riesz—Dunford integral, 8.2.1

Riesz—Dunford Integral
Decomposition Theorem,
8.2.13

Riesz—Dunford integral

in an algebraic setting, 11.3.1

Riesz—Fisher Completeness
Theorem, 5.5.9 (4)

Riesz—Fisher Isomorphism
Theorem, 6.3.16

Riesz idempotent, 8.2.11

Riesz—Kantorovich Theorem,
3.2.17

Riesz operator, Ex. 8.15

Riesz Prime Theorem, 6.4.1

Riesz projection, 8.2.11

Riesz—Schauder operator,
Ex. 8.11

Riesz—Schauder Theorem, 8.4.8

Riesz space, 3.2.7
Riesz Theorem, 5.3.5
right approximate inverse, 8.5.9
right Haar measure, 10.9.4 (1)
right inverse of an element

in an algebra, 11.1.3
R-measure, 10.9.4 (3)
rough draft, 4.8.8
row-by-column rule, 2.2.9 (4)

salient cone, 3.2.4
Sard Theorem, 7.4.12
scalar, 2.1.3
scalar field, 2.1.3
scalar multiplication, 2.1.3
scalar product, 6.1.4
scalar-valued function, 9.6.4
Schauder Theorem, 8.4.6
Schwartz space of distributions,
10.11.16
Schwartz space of functions,
10.11.6
Schwartz Theorem, 10.10.10
second dual, 5.1.10 (8)
selfadjoint operator, 6.5.1
semi-extended real axis, 3.4.1
semi-Fredholm operator,
Ex. 8.13
semi-inner product, 6.1.4
semimetric, 9.5.7
semimetric space, 9.5.7
seminorm, 3.7.6
seminorm associated with
a positive element, 5.5.9 (5)
seminormable space, 5.4.6
seminormed space, 5.1.5
semisimple algebra, 11.6.11
separable space, 6.3.14
separated multinorm, 5.1.8
separated multinormed space,
5.1.8
separated topological space, 9.3.2
separated topology, 9.3.2
separating hyperplane, 3.8.13
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Separation Theorem, 3.8.11

Sequence Prime Principle, 7.6.13

sequence space, 3.3.1 (2)

Sequence Star Principle, 6.4.12

series sum, 5.5.9 (7)

sesquilinear form, 6.1.2

set absorbing another set, 3.4.9

set in a space, 2.1.4 (3)

set lacking a distribution,
10.10.5 (6)

set lacking a functional, 10.8.13

set lacking a measure, 10.9.4 (5)

set of arrival, 1.1.1

set of departure, 1.1.1

set of second category, 4.7.1

set supporting a measure,
10.9.4 (5)

set that separates the points
of another set, 10.8.9

set void of a distribution,
10.10.5 (6)

set void of a functional, 10.8.13

set void of a measure, 10.9.4 (5)

setting in duality, 10.3.3

setting primes, 7.6.5

sheaf, 10.9.11

shift, 10.9.4 (1)

Shilov boundary, Ex. 11.8

Shilov Theorem, 11.2.4

short sequence, 2.3.5

o-compact, 10.9.8

signed measure, 10.9.4 (3)

simple convergence, 9.5.5 (6)

simple function, 5.5.9 (6)

simple Jordan loop, 4.8.2

single-valued correspondence,
1.1.3 (3)

Singularity Condensation
Principle, 7.2.12

Singularity Fixation Principle,
7.2.11

skew field, 11.2.3

slowly increasing distribution,
10.11.16

smooth function, 9.6.13

smoothing process, 9.6.18

Snowflake Lemma, 2.3.16

space countable at infinity, 10.9.8

space of bounded elements,
5.5.9 (5)

space of bounded functions,
5.5.9 (2)

space of bounded operators,
5.1.10 (7)

space of compactly-supported
distributions, 10.10.5 (9)

space of convergent sequences,
5.5.9 (3)

space of distributions of order
at most m, 10.10.8

space of essentially bounded
functions, 5.5.9 (5)

space of finite-order distributions,
10.10.8

space of functions vanishing
at infinity, 5.5.9 (3)

space of X-valued p-summable
functions, 5.5.9 (6)

space of p-summable functions,
5.5.9 (4)

space of p-summable sequences,
5.5.9 (4)

space of tempered distributions,
10.11.16

space of vanishing sequences,
5.5.9 (3)

Spectral Decomposition Lemma,
6.6.6

Spectral Decomposition Theorem,
8.2.12

Spectral Endpoint Theorem, 6.5.5

Spectral Mapping Theorem, 8.2.5

Spectral Purity Theorem,
11.7.11
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spectral radius of an operator,
5.6.6
Spectral Theorem, 6.6.8, 11.8.6,
11.8.9
spectral value of an element
of an algebra, 11.2.1
spectral value of an operator,
5.6.13
spectrum, 10.2.7
spectrum of an element
of an algebra, 11.2.1
spectrum of an operator, 5.6.13
spherical layer, 6.2.1
x-algebra, 6.4.13
*-isomorphism, 11.8.3
x-linear functional, 2.2.4
*-representation, 11.8.3
star-shaped set, 3.1.2 (7)
state, 11.9.1
Steklov condition, 6.3.10
Steklov Theorem, 6.3.11
step function, 5.5.9 (6)
Stone Theorem, 10.8.10
Stone—Weierstrass Theorem for
c(Q, C), 11.8.2
Stone—Weierstrass Theorem for
C(Q, R), 10.8.17
Strict Separation Theorem, 10.4.8
strict subnet, 1.3.5 (2)
strictly positive real, 4.1.3
strong order-unit, 5.5.9 (5)
strong uniformity, 9.5.5 (6)
stronger multinorm, 5.3.1
stronger pretopology, 9.1.2
stronger seminorm, 5.3.3
strongly holomorphic function,
8.1.5
structure of a subdifferential,
10.6.3
subadditive functional, 3.4.7 (4)
subcover, 9.6.1
subdifferential, 3.5.1
sublattice, 10.8.2

sublinear functional, 3.4.6
submultiplicative norm, 5.6.1
subnet, 1.3.5 (2)
subnet in a broad sense, 1.3.5 (2)
subrepresentation, 8.2.2
subspace of a metric space, 4.5.14
subspace of a topological space,
9.2.17 (1)
subspace of an ordered vector
space, 3.2.6 (2)
subspace topology, 9.2.17 (1)
Sukhomlinov—Bohnenblust—Sobczyk
Theorem, 3.7.12
sum of a family in the sense
of Ly, 5.5.9 (6)
sum of germs, 8.1.16
summable family of vectors,
5.5.9(7)
summable function, 5.5.9 (4)
superset, 1.3.3
sup-norm, 10.8.1
support function, 10.6.4
support of a distribution,
10.10.5 (6)
support of a functional, 10.8.12
support of a measure, 10.9.4 (5)
supporting function, 10.6.4
supremum, 1.2.9
symmetric Hahn—Banach formula,
Ex. 3.10
symmetric relation, 1.2.1
symmetric set, 3.1.2 (7)
system with integration, 5.5.9 (4)
Szankowski Counterexample,
8.3.13

tail filter, 1.3.5 (2)

T-dual of a locally convex space,
10.2.11

Taylor Series Expansion Theorem,
8.1.9

tempered distribution, 10.11.16

tempered function, 5.1.10 (6),
10.11.6
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tempered Radon measure,
10.11.17 (3)

test function, 10.10.1

test function space, 10.10.1

theorem on Hilbert isomorphy,

6.3.17

theorem on the equation AZ =B,
2.3.13

theorem on the equation Z°A= B,
2.3.8

theorem on the general form
of a distribution, 10.10.14
theorem on the inverse image
of a vector topology, 10.1.6
theorem on the repeated Fourier
transform, 10.11.13
theorem on the structure
of a locally convex topology,
10.2.2
theorem on the structure
of a vector topology, 10.1.4
theorem on topologizing
by a family of mappings,
9.2.16
Tietze-Urysohn Theorem,
10.8.20
topological isomorphism, 9.2.4
topological mapping, 9.2.4
Topological Separation Theorem,
7.5.12
topological space, 9.1.7
topological structure of a convex
set, 7.1.1
topological subdifferential, 7.5.8
topological vector space, 10.1.1
topologically complemented
subspace, 7.4.9
topology, 9.1.7
topology compatible with
duality, 10.4.1
topology compatible with vector
structure, 10.1.1

topology given by open sets,
9.1.12

topology of a multinormed
space, 5.2.8

topology of a uniform space, 9.5.3

topology of the distribution
space, 10.10.6

topology of the test function
space, 10.10.6

total operator, 2.2.1

total set of functionals, 7.4.11 (2)

totally bounded, 4.6.3

transitive relation, 1.2.1

translation, 10.9.4 (1)

translation of a distribution,
10.11.17 (7)

transpose of an operator, 7.6.2

trivial topology, 9.1.8 (3)

truncator, 9.6.19 (1)

truncator direction, 10.10.2 (5)

truncator set, 10.10.2

twin of a Hilbert space, 6.1.10 (3)

twin of a vector space, 2.1.4 (2)

Two Norm Principle, 7.4.16

two-sided ideal, 8.3.3, 132; 11.6.2

Tychonoff cube, 9.2.17 (2)

Tychonoff product, 9.2.17 (2)

Tychonoff space, 9.3.15

Tychonoff Theorem, 9.4.8

Tychonoff topology, 9.2.17 (2)

Tychonoff uniformity, 9.5.5 (4)

Ti-space, 9.3.2

Ti-topology, 9.3.2

Ty-space, 9.3.5

Tz-space, 9.3.9

T3 ,,-space, 9.3.15

Ty-space, 9.3.11

ultrafilter, 1.3.9

ultrametric inequality, 9.5.14

ultranet, 9.4.4

unconditionally summable family
of vectors, 5.5.9 (7)
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unconditionally summable
sequence, 5.5.9 (7)

underlying set, 2.1.3

Uniform Boundedness Principle,
7.2.5

uniform convergence, 7.2.10,
9.5.5 (6)

uniform space, 9.5.1

uniformity, 9.5.1

uniformity of a multinormed
space, 5.2.4

uniformity of a seminormed
space, 5.2.2

uniformity of a topological vector
space, 10.1.10

uniformity of the empty set, 9.5.1

uniformizable space, 9.5.4

uniformly continuous mapping,
4.2.5

unit, 10.9.4

unit ball, 5.2.11

unit circle, 8.1.3

unit disk, 8.1.3

unit element, 11.1.1

unit sphere, Ex. 10.6

unit vector, 6.3.5

unital algebra, 11.1.1

unitary element, 11.7.1

unitary operator, 6.3.17

unitization, 11.1.2

unity, 11.1.1

unity of a group, 10.9.4 (1)

unity of an algebra, 11.1.1

unordered sum, 5.5.9 (7)

unorderly summable sequence,
5.5.9(7)

Unremovable Spectral Boundary
Theorem, 11.2.6

upper bound, 1.2.4

upper envelope, 3.4.8 (3)

upper right Dini derivative, 4.7.7

upward-filtered set, 1.2.15
Urysohn Great Lemma, 9.3.13
Urysohn Little Lemma, 9.3.10
Urysohn Theorem, 9.3.14
2-Ultrametric Lemma, 9.5.15

vague topology, 10.9.5

value of a germ at a point, 8.1.21

van der Waerden function, 4.7.7

vector, 2.1.3

vector addition, 2.1.3

vector field, 5.5.9 (6)

vector lattice, 3.2.7

vector space, 2.1.3

vector sublattice, 10.8.4 (4)

vector topology, 10.1.1

Volterra operator, Ex. 5.12

von Neumann—Jordan Theorem,
6.1.9

V-net, 4.6.2

V-small, 4.5.

weak derivative, 10.10.5 (4)
weak multinorm, 5.1.10 (4)
weak topology, 10.3.5
weak™ topology, 10.3.11
weak uniformity, 9.5.5 (6)
weaker pretopology, 9.1.2
weakly holomorphic function,
8.1.5
weakly operator holomorphic
function, 8.1.5
Weierstrass function, 4.7.7
Weierstrass Theorem, 4.4.5, 9.4.5
Well-Posedness Principle, 7.4.6
Wendel Theorem, 10.9.4 (7)
Weyl Criterion, 6.5.4

X-valued function, 5.5.9 (6)
Young inequality, 5.5.9 (4)

zero of a vector space, 2.1.4 (3)
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o HenpepbiBHOCTH dyHKImu 9.3.12
— o mougpax 7.6.11
0 pas6uenun cuexkrpa 6.6.6
o cuexxkunke 2.3.16
o cpaBHeHuu pyHKIui 3.8.3
o cybnuddepenmaie moryHOpMbL
3.7.9
— 0 CyMMe NpPOMEXKYTKOB 3.2.15
— O TOIIOJIOTUYECKOM crTpoenun 7.1.1
— 0 gucyioBom obpaze 11.9.3
— 00 ugeasibHOM cooTBercTBuUM 7.3.4
— 00 e-niepriengukyssipe 8.4.1
— IMudaropa 6.2.8
— VYpbicona maJjias 9.3.10
— — Gospmas 9.3.13

Mepa 10.9.3
— abCOJIIOTHO HENPEPbIBHAS
10.9.4 (3)
— BemecrBennas 10.9.4 (3)
— Hupaxa 10.9.4 (1)
— koneuHas 10.9.4 (2)
— JleGera 10.9.4 (1)
— mesasucuMas 10.9.4 (3)
— orpanndentas 10.9.4 (2)
— Panona 10.9.1
— ymepensoro pocra 10.11.17 (3)
— Xaapa 10.9.4 (1)
— spMuTOBO coupsikénnas 10.9.4 (3)
F-mepa 10.9.3
Merpuka 4.1.1
— Yebbiména 4.6.8
Muoroo6pasue addunnoe 3.1.2 (5)
MHoxkecTBO BTOpOit Kareropuu 4.7.1
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— seimykioe 3.1.2 (8)

— — abcomorHo 3.1.2 (6)
— — ugeasbHo 7.1.3

— mHAayKTuBHOe 1.2.19

— 3amkuyToe 9.1.4, 4.1.11
— kommnaxkTHoe 9.4.2, 4.4.1
— — oTHOcuTenbHO 4.4.4

— Kpaiinee 3.6.1

— neberoso 3.8.1

— JHejinoe 3.1.2 (2)

— JsmHelHO Hesaucumoe 2.2.9 (5)
— — ynopsjodennoe 1.2.19
— Majioe 4.5.3

— wampanienHnoe 1.2.15

— wmeroree 4.7.1

— HuUrge He mwiorHoe 4.7.1
— HOopMupyIomee 8.1.1

— — Bnosue 8.1.1

— orpanundennoe 5.4.3

— — Buosue 4.6.3

— oproronaJsibHoe 6.3.1

— ocraroyHoe 4.7.4

— orkpbiToe 9.1.4, 4.1.11

— mepBoii Kareropuu 4.7.1
— nyotHoe 4.5.10

— norjiomaroriee 3.4.9

— npeaynopsgodennoe 1.2.2
— PaBHOCTEIIEHHO HempepbiBHOE 4.2.8
— pasgensioniue touku 10.8.9
— paspexkenHoe 4.7.1

— crekrpaJjbHoe 8.2.9

— Tomee 4.7.1

— ynopsigodyeHHoe 1.2.2

— ypasuosemenroe 3.1.2 (7)
— dunsrpoBanunoe 1.2.15
Mopaynp wag kosbiom 2.1.1
— ayieMeHTa 3.2.12
Mouomopdusm 2.3.1
Mopduam 8.2.2
Mynbrumerpuka 9.5.9
Mynsrunopma 5.1.6

— Apenca 8.3.8

— cuibHelmas 5.1.10 (2)

— cnabas 5.1.10 (4)

— dunbrpoBanHas 5.3.9

— xaycaopdosa 5.1.8

Haarpaduk 3.4.2
Hanpasienne 1.2.15

— cpesbiBaresteit 10.10.2 (3)
Hepasencrso Beccens 6.3.7

— TI'énbuepa 5.5.9 (4)

— Vencena 3.4.5

— Komu — Byusakosckoro 6.1.5
— Munkosckoro 5.5.9 (4)

— nopmarussoe 5.1.10 (7)

— rTpeyrosbuuka 4.1.1 (3), 9.5.7 (3)
Hopwma 5.1.9

— conpskénnas 5.1.10 (8)

— cyOMmynbpTUIIHKATHBHAA 5.6.1
— oneparopnas 5.1.10 (7)
Hocurens meper 10.8.12, 10.9.4 (5)
— pacnpegesteraust 10.10.5 (6)

— dyukiuu 9.6.4

Ob6nacrs 3HaveHnit 1.1.2

— omnpenesenus: 1.1.2

— — sddexrunas 3.4.2

— ornpasiienus 1.1.1

— npubbrtus 1.1.1

O6osouka Bblnykias 3.1.14
— nuneitnasa 3.1.14

O6pas Ganaxos 7.4.19

— mHOXKecTBa 1.1.3 (5)

— Tomnosorun 9.2.12

— dunsrpa 1.3.5 (1)

— gmcsosoit 11.9.1
OgsemecrBienne 3.7.2
OxpecrHocTh MHOXKECTBa, 9.3.7
— 7moukm 4.1.9, 9.1.1
Oxkpyxenue 4.1.5

Omneparop 2.2.1

— addunnsri 3.1.7

— Butoxxenust 2.3.5 (5)

— maeMnoTeHTHBIH 2.2.9 (4)
— KOMIAaKTHBINA 6.6.1

— KOHEeYHOMepHbIi 8.3.6

— JmmHelHbIH 2.2.1

— — BCIOAY ompeeséHHbI 2.2.1
— MYJIBTHUINUIMKATUBHBINA 8.2.2
— Hérepos 8.5.1

— HOPMAaJIbHO pa3permumblii 7.6.9
— obparumbrit 5.6.10

— orpannyvenus 10.9.4 (4)

— orpannvenusiii 5.1.10 (7)
— nosiokuTeabHbIA 3.2.6 (3)
— nouru obparumerii 8.5.9
— — obparublit 8.5.9

— perynsapubiii 3.2.6 (3)

— CaMOCOIPsI2KEHHBIN 6.5.1
— capura 10.9.4 (1)

— CONpsI>KEHHBIN 7.6.2
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— — spmuToBO 6.4.5

— yHuTapHbIi 6.3.17

— dpearonsmos 8.5.2

— spmuToB 6.5.1

Oproronanuzanus ['pama —
MImuara 6.3.14

OpTonpoexkTop 6.2.7

— OpPTOroHAJIbHBIN 6.2.12

Otrnomenue 1.1.3 (2)

— antucuMmMerpudHoe 1.2.1

— mnopsaka 1.2.2

— upeanopsigka 1.2.2

— — COIJIaCOBaHHOE C BEKTOPHOI
cTpyKTypoii 3.2.1

— npomuckyurera 1.1.3 (3)

— pedaekcusnoe 1.2.1

— cuMMeTpudHoe 1.2.1

— Toxaecreennoe 1.1.3 (3)

— SKBHBaJIeHTHOCTH 1.2.2

Orobpazkenne 1.1.3 (3)

— Bospacratomee 1.2.3 (5)

— xanoHHMueckoe 1.2.3 (4)

— HenpepsiBHOe 9.2.4, 4.2.2

— paBHOMEpPHO HemnpepbiBHOE 4.2.5

Orpazxenne 10.10.5 (9)

Tlernst 4.8.2

ITomanrebpa cepBanrnas 11.1.5

C*-nogasrebpa 11.7.8

Ilonmokpertne 4.4.2

IToanpocTpancTBO BEKTOPHOTO
npocrpancTsa 2.1.4 (3)

— — — ynopsngodennoro 3.2.6 (2)

— — — — maccuBHoe 3.3.2

— TOIOJIOTUYECKOTO MIPOCTPAHCTBA
9.2.17 (1)

Ioxcers 1.3.5 (2)

ITokperTre 9.6.1

— JIOKaJIbHO KoHeuHoe 9.6.2

— orkpbiToe 4.4.2

— TO4YEeYHO KOHeuHoe 9.6.2

Ilomymerpuka 9.5.7

ITomynopma 3.7.6

Ilosnst ocHoBHBIE 2.1.2

ITonsipa nognpocrpancra 7.6.8

— obparnas 10.5.1

— nupsamaz 10.5.1

ITonosinenue 4.5.13

ITopsiok 1.2.2

— IPOTHBONOJIOXKHBIH 1.2.3 (2)

— pacnpegenerns 10.10.5 (3)

ITocnenosarenbunocts 1.2.16

nesibroobpasnasi 9.6.15
kaHOHMYecKas 2.3.5 (6)
kopotkas 2.3.5 (5)
nosayrounas 2.3.5 (1)
caérHaza 1.2.16

TouHasd 2.3.4
dysgamenTanabiaa 4.5.2

IIpenen 6asuca dunsrpa 4.1.16

nocsenoBarenbuoctu 4.1.17

TIpepunTerpan 5.5.9 (4)
IIpenokpecraocrs 9.1.1
IIpennopsmok 1.2.2

[IPOTUBOIONOXKHBIA 1.2.3 (2)

TIpenmyuok 10.9.4 (4)
IIpencrasienue 8.2.2

KaHoHn4eckoe 11.1.7
oneparopHoe 8.2.2
TogHoe 8.2.2

*-1mipescrapienne 11.8.3
IIpengrononorusa 9.1.1
IIpeobpazosanue 'enpdanma 11.6.8

Dypoe 10.11.3

— oTHOCHUTEJIbHO Ga3zuca 6.3.16
— — Ilnanmepens 10.11.15

— — HIsapna 10.11.19

IIpunnun aBTOMaTUYECKONR

HenpepbsiBHOCTH 7.5.5
Banaxa ocnosnoit 7.1.5
aByx HOpM 7.4.17
nonostasiemoct 7.4.10
MJIeaJIbHOIO COOTBETCTBUS 7.3.5
KoppekTHoCcTH 7.4.6
nokasm3anuu mep 10.9.10
— pacnpegesennit 10.10.11
HEIIPEPBHIBHOT'O TPOJOJI2KEHUST
7.5.11
HOpMBI rpaduka 7.4.18
oTkpsiTocTu 7.3.13
PaBHOMEPHOI OI'PAHUYIEHHOCTH
7.2.5
PaBHOCTEIIEHHOW HEIPEPBIBHOCTH
7.2.4
crymenusi ocobeHnocrei 7.2.12
dukcanuu ocobennoctu 7.2.11
HITPUXOBaHUsA auarpamm 7.6.7
— mocJieoBaTesibHOCTER 7.6.13
SPMUTOBA COIPSI>KEHUsT JIHarpamMM
6.4.9

— — mocJiegoBaTesbHOCTER 6.4.12

ITpucoenunenue equuuipr 11.1.2
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IIpoekTop 2.2.9 (4)

— KoopauHaTHbIH 2.2.9 (3)

— Pucca 8.2.11

ITpoekmus nHa mMHOXKecTBO 6.2.3

IIpousBesieHre BEKTOPHBIX
npocrpascTs 2.1.4 (4)

— PaBHOMEPHBIX IPOCTPAHCTB
9.5.5 (4)

— ckaJipHoe 6.1.4

— ruxoHosckoe 9.2.17 (2)

— TomoJioruii 9.3.2, 9.2.17 (2)

IIpousBonnas pacrpeeeHust
10.10.5 (4)

— B cmbicsie CoGosesa 10.10.5 (4)

IIpoo6pas momynopmser 5.1.4

— npegnmopsaxa 1.2.3 (3)

— pasHomepHocTu 9.5.5 (3)

— rtononorun 9.2.9

IIpocras xapruna 4.8.8

IIpocrpancrBo Ganaxoso 5.5.1

— — kJjaccuuaeckoe 5.5.9 (5)

— Gopuosornaeckoe 10.10.9 (3)

— 6oueynoe 7.1.8

— Oaposckoe 4.7.2

— BekTOpHOe 2.1.3

— — ynopsaodenHoe 3.2.2

— runsbeproso 6.1.7

— — acconumposanHoe 6.1.10 (4)

— nayasbhoe 2.1.4 (2)

— KanToposuua 3.2.8

— KoMmnaxkTHoe 9.4.4

— Jlungenmrpaycca 5.5.9 (5)

— JIOKaJIbHO BbIIyKjoe 10.2.9

— MaKCHUMaJIbHBIX #ujeaaoB 11.6.7

— merpuyeckoe 4.1.1

— — nosHoe 4.5.5

— monTesieso 10.10.9 (2)

— mysbTuMeTpusyemoe 9.5.10

— MysabTEMeTpHYeckoe 9.5.9

— MyJIBTHHOPMUpOBaHHOE 5.1.6

— — accoruupoBannoe 10.2.7

— — Metpusyemoe 5.4.1

— — nosHoe 5.2.13

— "HOpMHpoBaHHOE 5.1.9

— — pedurekcusnoe 5.1.10 (8)

— — conpsikénnoe 5.1.10 (8)

— "opMupyemoe 5.4.1

— napaxoMuakTHoe 9.6.9

— IoJyHOpMHUpOBaHHOe 5.1.5

— npearuabbeproso 6.1.7

— — mayanbHoe 6.1.10 (3)

— npexaronosorudeckoe 9.1.1

— pasHoMepHoe 9.5.1

— cenapabesibHoe 6.3.14

— conpspkénnoe 10.2.11

— CO CBOMCTBOM alllIPOKCUMAIUU
8.3.10

— cuérHoHopMupyemoe 5.4.1

— Tomostorundeckoe 9.1.7

— — BekTopnoe 10.1.1

— — BIIOJIHE perynsipHoe 9.3.15

— — guneitnoe 10.1.3

— — JIoKaJbHO KommakTHoe 9.4.20

— — HOpMaJyibHOe 9.3.11

— — otaenuMoe 9.3.2

— — peryaspsHoe 9.3.9

— — TuxoHoBckoe 9.3.15

— — xaycnopdoso 9.3.5

— xapakTepoB 11.6.5

— @pemre 5.5.2

— IlIBapua pacnpenenenuit 10.11.16

— — ¢yukmuit 10.11.6

K-npocrpancrso 3.2.8

ITyuok 10.9.11

PasencrBo ITapceBass 6.3.16,
10.11.12

Pasnomepnocrs 9.5.1

— Metpuueckas 4.1.5

— MYJIBTUMETPHIECKOTO
npocrpascTsa 9.5.9

— MYJIBTUHOPMUPOBAHHOT'O
mpocTpaHcTBa 5.2.4

— IOJIyHOPMHUPOBAHHOI'O
IpOCTPaHCTBa 5.2.2

— PaBHOMEDHON CXOJUMOCTHU
9.5.5 (6)

— cunbHasg 9.5.5 (6)

— cuabas 9.5.5 (6)

— TuxoHOBcKag 9.5.5 (4)

— TOIIOJIOIMYECKOI0 BEKTOPHOI'O
npocrpancrsa 10.1.10

Pajgukan 11.6.11

Pagnyc cmexrpa 5.6.16

Pazbuenne enqunuipr 9.6.6

Pacnpenenenne 10.10.4

— xoHeuHoro nopszaxa 10.10.5 (3)

— MemyieHHo pactyiiee 10.11.16

— nepuojudeckoe 10.11.17 (7)

— nosnoxurensuoe 10.10.5 (2)

— peryasiproe 10.10.5 (1)
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— C KOMIIaKTHBIM HOCHUTEJIEM
10.10.5 (9)

— yMmepennoe 10.11.16

— DPMHUTOBO CONIPSI?KEHHOE
10.10.5 (5)

Perynspuzarop sesbiit 8.5.9

— mpaBblit 8.5.9

PesonbeenTa oneparopa 5.6.13

— ayieMenTa aJirebpnr 11.2.1

Pemérka 1.2.12

— BeKTOpHas 3.2.7

— nousHag 1.2.13

Pan Heiimana 5.6.9 (1)

Ceéprra mep 10.9.4 (7)

— pacnpegesennii 10.10.5 (9)

— dyskmmit 9.6.17

— — u mep 10.9.4 (7)

— — — pacnpegenenuit 10.10.5 (9)

Cewmeticrso 1.1.3 (4)

— cymmupyemoe 5.5.9 (7)

— — abcomotHo 5.5.9 (7)

— — HeynopsigoueHuo 5.5.9 (7)

Cern 1.2.16

— Komu 4.5.2

— dyugamenranbias 4.5.2

V-cers 4.6.2

e-ceThb 8.3.2

CucreMa ¢ MHTErPpUPOBAHUEM
5.5.9 (4)

Cumxenne 1.2.3 (4)

CobcrBennoe u1ucio 6.6.3

CoorsercrBre 1.1.1

— BBIIyKJI0€E 3.1.7

— 3amMkKHyTOE 7.3.8

— wuneanapnoe 7.3.3

— nuHelHOE 2.2.1

— obparHoe 1.1.3 (1)

— oxuosnagnoe 1.1.3 (3)

Cocrosinne 11.9.1

CoekTp omeparopa 5.6.13

— sjeMeHTa ayre6bpsr 11.2.1

CrekTpanbHblii paguyc 5.6.6

Cpeseiaress 9.6.19 (1)

Cybmuddepennman 3.5.1

— IOJIYyHOPMBI 3.7.8

— ToIoJIorn4ecKuit 7.5.8

Cyxenue 1.1.3 (5)

CyMMa BEKTODHBIX IIPOCTPAHCTB
2.1.4 (5)

— ruwsGeprosa 6.1.10 (5)

— Heynopsigodennasa 5.5.9 (7)
— no tuny p 5.5.9 (6)

— paga 5.5.9 (7)
CymmupoBanue 06bIKHOBEHHOE

5.5.9 (4)

Teopema Anaoriny — Bypbaku 10.6.7

— Ackonmu — Apuena 4.6.10

— Arkuncona 8.5.18

— Banaxa o romomopdusme 7.4.4

— — o 3aMKHyTOM rpadure 7.4.7

— — 006 uzomopdusme 7.4.5

— — 006 006paTUMBIX OIIEPaTOpax
5.6.12

— Banaxa — Ilreituraysa 7.2.9

— Bupkroda 9.2.2, 4.1.19

— Bspa 4.7.6

— Beitepmrpacca 4.4.5, 9.4.5

— — obobménnas 10.9.9

— Bengens 10.9.4 (7)

— Tenbdanga 7.2.2

— lenbdanga — Haundopaa 8.2.3

— — — — gy anrebp 11.3.2

— lenbdanma — Masypa 11.2.3

— lenbdanna — Haitmapka 11.9.12

— — — — xkoMmmyTaTuBHas 11.8.4

— I'unpbepra — HIMmuara 6.6.7

— I'porenguka 8.3.9

— Handopaa o cioxHOi pyHKIHMU
8.2.7

— Haudopna — Xuute 8.1.3

— nBoiicrBennoctu [loHTpsruna —
Ban Kamnena 10.11.2

— JBopernkoro — Pojpkepca
5.5.9 (7)

— xeiimca 10.7.5

— Hunn 7.2.10

— — obobménnas 10.8.6

— 2Koppana 4.8.3

— Kakyrann 7.4.11 (2)

— Kankuna 8.3.4

— Kanropa 4.4.9

— Kanroposuya 3.3.4

— Komu — Bunepa 8.1.7

— Kpeitna — Muiabsmana 10.6.5

— — — — s cy6nuddepeHnuaion
3.6.5

— Kpeitna — Pyrmana 3.3.8

— Kpymaa 11.4.8

— JleBu o mpoeknun 6.2.2
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— JIungenmrpaycca — [Hadbpupnu — o ¢dysrnuoHasle MIHKOBCKOrO
7.4.11 3.8.7

— JInouca o nocurensix 10.10.5 (9) — 006 abcooTHO# Gunossape 10.5.9

— JInyBuia 8.1.10 — 06 upeanax u xapakrepax 11.6.6

— Magypa 10.4.9 — 00 obpaze Tomosioruu 9.2.11

— Makku 10.4.6 — 06 0ob1eM Bule KOMIIAKTHOTO

oneparopa 6.6.9
— 06 ob1eM Bujie paclpeesieHui

— Maxkku — Apenca 10.4.5
— Mausbrpamxka — DpeHnpaiica

10.11.21

Munkosckoro — Ackosu —
Magypa 3.8.11

o 6unossipe 10.5.8

o rpanurnax crekrpa 6.5.5

o ayanmzarnuax 10.3.9

O KOMITAaKTHBIX BO3MYILEHHUSIX
8.5.20

O JIOKQJIbHOM 33JIaHUU MepbI
10.9.10

— — — pacupegesiennsa 10.10.11

0 MakcuMaJibHOM wujeaJsie 11.5.3

O MHHUMaJIbHOM umaeaJje 11.5.1

O HEIPEPBIBHOM (PyHKIIMOHATIHLHOM
ucunciaenun 11.8.6

O IIOBTOPHOM IIPe0Opa3oBaHUU

Dypoe 10.11.9

oCTosIHCTBE criekTpa 11.7.9

npeobpazosannu l'enpdanma

11.6.9

o mpoobpase Tomosnoruu 9.2.8

— — — BekTopHoit 10.1.6

o pa3buenun crnekrpa 8.2.12

0 pazbuenuun exumHUNbL 9.6.20

O Pa3JIOXKEHUV UHTErpaJjia
Pucca — dandopna 8.2.13

— — Teitopa 8.1.9

O pa3pelInMOCTH yPaBHEHHS
AZ = B 2.3.13

—— — ZA=DB 2338

o cocrosinuun C*-amre6por 11.9.10

O cmekTpe npousBedeHust 5.6.22

O CTPOEHHH BEKTOPHOMN TOIOJIOTUK
10.1.4

— — JIOKaJIbHO BBIILYKJIOHI
Tonostorun 10.2.2

— — cyomuddepennumana 10.6.3

O CpaBHEHUM MYJIBTUHOPM 5.3.2

O CYMMHUPOBaHUU OPTOIPOEKTOPOB
6.3.3

o cxomuMmocTu psina Helimana
5.6.9

[ele]

10.10.13

————— ymepennbix 10.11.18

— 06 OrpaHUYEHHBIX BO3MYIIEHUSIX
8.5.21

— 06 opromnpoekTope 6.2.10

— 06 orobparkenuu criekrpa 8.2.5

— obpamenus 10.11.12

— Ocryna 4.7.5

— ornenumoctu 3.8.11

— — B TOIOJIOTMYECKOM BapHAHTE
7.5.12

— — crporoi 10.4.8

— — Diigenbraiira 3.8.14

— Ilerruca 10.7.4

— Iludaropa 6.3.2

— Ilnanmepens 10.11.14

— Panona — Hukozuma 10.9.4 (3)

— Pumana — JleGera 10.11.5 (3)

— Pumana o pagax 5.5.9 (7)

— Pucca 5.3.5

— — o mrpuxoBanuu 6.4.1

— Pucca — Kawmroposuua 3.2.16

— Pucca — @umepa 5.5.9 (4)

— — — — 06 usomopdusme 6.3.16

— Pucca — Ilaynepa 8.4.8

— Poastes1 6.5.2

— cnekrpajibHasg 6.6.8, 11.8.6, 11.8.9

— Cappga 06 ypaBuenun ZA=B
7.4.12

— CrexkuoBa 6.3.11

— Croyna 10.8.10

— Croyna — Beitepmrpacca 10.8.17

— — — — gz C(Q, C) 11.8.2

— CyxomytmHoBa — BonenbGrocTa
— Cobunka 3.7.11

— Twurne — Ypsicona 10.8.20

— Twuxonosa 9.4.8

— ymuOoxkerus 10.11.5 (6)

— Ypsicona 9.3.14

— Qunnunca 06 ypaBHEHHH
AZ = B 7.4.14

— ¢ou Heiimana — Mopnana 6.1.9

— ®@pearosnsMma 8.5.8
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